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PREFACE 


The first edition of this book was designed primarily to pro- 
vide a short course in Analytic Geometry, which would include 
all the topics with which students of the ordinary text in Calculus 
are supposed to be familiar and which could at the same time be 
shortened without difficulty. This purpose largely controlled 
both the selection and the arrangement of the contents. 

Since its publication the book has been used in a number of 
colleges, much to the gratification of the authors, and as a result 
of this use various suggestions as to improvements have been 
received. It has seemed desirable, therefore, to attempt a 
revision of the book, which, it is hoped, will remedy the defects 
without sacrificing the merits of the old edition. 

The most conspicuous changes are the addition of a chapter 
on graphs of functions and empirical equations and a large 
increase in the number of problems, both of which have been 
requested by several teachers. Answers to the odd numbered 
problems have been included in the book, so that problems can 
be assigned with or without answers, as may be desired, and so 
that the student can work by himself to advantage. Minor 
changes are chiefly in the nature of simplification of the text and 
additional explanatory material. 
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INTRODUCTION 


DEFINITIONS AND FORMULAS FROM ALGEBRA 
AND TRIGONOMETRY 


id. The Quadratic. — An expression reducible to the 
form 


Az? + Br+C, 


where A, B, and C are any constants, is called a quadratic 
in 2. 

2. Solution of the Quadratic. — The roots of any quad- 
ratic equation may be found by completing the square, or 
by using the quadratic formula. 

(a) To solve by completing the square, transpose the 
constant term to the right-hand member and divide both 
sides of the equation by the coefficient of x?. In the re- 
sulting equation add to both members the square of half 
the coefficient of x and extract the square root. 

(b) If the above rule is applied to the general quadratic 
Az? + Br + C = 0, we get 


_ _ B+ WB - 4AC 
kes 2A , 


which is known as the quadratic formula. To solve an 
equation by means of this formula simply substitute for 
A, B, and C in the formula their values in the given 
equation. 

3. The Discriminant.— The expression under the radical, 
B® — 4 AC, is called the discriminant of the quadratic. It 
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is denoted by the Greek letter A. The quadratic formula 
shows that the roots of a quadratic equation are 


imaginary, if A <0; 
real and equal, ifA=0; 
real and unequal, if A > 0. 


4. Logarithms. — The logarithm of a number to a given 
base is that exponent by which the base must be affected 
in order that the result may be equal tothe number. Thus 
if 6° = N, we say x is the logarithm of N to the base b and 
write x = log, W. 

The base 6 may be any positive number different from 
0 and 1. Two systems of logarithms are in common use: 
the natural, or Naperian, where the base is e = 2.71828... ; 
and the common, or Briggs, where the base is 10. 

Important properties of logarithms to any base are the 
following : 


log, 1=0; log b:== Le 
log, MN = log, M+ log, V; log. = log, M— log, NV; 


log, N* = k log, N; log, VN = ; log, N; 
log, V 

log, NW =-28~ — log, N - log, b. 

og, log, ¢ Of og. 


5. Angles. —In trigonometry an angle is supposed to be 
generated by revolving a line, called the generating line, 
about the vertex from one side of the angle, called the 
initial line, to the other side, called the terminal line. If 
the rotation is counter-clockwise, the angle is called posi- 
tive; if clockwise, it is called negative. 

Degree Measure.— The ordinary unit of angle measure- 
ment is one ninetieth part of a right angle, which is called 
a degree. One sixtieth part of a degree is called a minute | 
and one sixtieth part of a minute is called a second. Thus 
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60" = one minute ; 
60' = one degree ; 
360° = one complete revolution = four right angles. 
Circular Measure.—The unit of circular measure is a 
central angle subtended by an are equal to the radius of 
the circle. It is called a radian. We find at once that 
a radians = 180°; 
180°. 


1 radian = —; 
T 
1° = a radians. 


From this definition we have the important result that in 
any circle the length of an are equals the product of the 
measure of its subtended central angle in radians and the 
length of the radius, 


6. Trigonometric Functions.— From any point P of the 
terminal line VP of the angle 6= AVP drop a perpendic- 
ular on the initial line of the angle (produced if necessary). 
The ratios of the sides of the triangle thus formed are 
called the trigonometric ratios or functions of the given 
angle. 
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They are 
sind =e cos 6 = ahi tan = 2; 
P VP VM 
ese = 1 500 6 ie Cot.) == 


In these ratios the side of the triangle opposite the 
angle is considered positive when it extends up from the 
initial line, negative when down; the adjacent side is con- 
sidered positive if it extends to the right of the vertex, 
negative if to the left; the hypothenuse is always positive. 


7. Relations between the Functions. — For any angle, 


1 cos 6 

6 = —; GO “ 

he cos 6” ae sin 6’ 
esc 8 =; sin? @ + cos?9@=1; 

cot = 5 1 + tan? d= sec? 6; 

tang = S28, 1 + cot? 6= csc? 6. 


8. Reduction of Angles. — 


sin (— 6)=— sin 9; sin BEOF cos 6; 
cos (—6)= cos; cos Ge 0) = sind; 
tan (— 6)=— tan 0; tan (5+ 0)== cot 6; 


sin ( + 0)=F sin 6; 
cos (x + 6)=— cos 6; 
tan (r+ = tan 6. 
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9. Special Angles. — 


4 aa Ge 5) wa AL? ] = 
Angle o| = ™ ™ ™ 3m by 
8 6 4 3 9 7 5 T 
, + > /a ri 
Sine 0 = v2 A 
2 = 2 tO oe o 
Cosine 1 V3 v2 1 Sark 1 
2 2 2 
Tangent 0 x“ 1 V3 oo) 0 oo) 0 


10. Formulas for the Sum and Difference of Two Angles. — 


sin (6+ ¢)=sin 6 cos + cos 6 sin g; 
cos (6+ $)= cos 6 cos @ F sin Osin ¢; 


tan 6 + tan d 


tan (6 = —__—___, 
spat Bag 1F tan étan¢ 


11. Double and Half Angle Formulas. — 


sin 29=2sin 6 cos 6; 
cos 2 6 = cos? 6 — sin? 6=1 — 2sin? 6 = 2 cos? @ —13 
tin eee 
1 — tan? 6 

mo. i — cond ay aL 
ie ee a c08 5 = wea 

eno = 1—cos@_1—cos@_ __sin@ 

2 Ni+eos@ sind 1+cos6 


12. Triangle Formulas. — In any triangle ABC, 


Pare at : (Law of Sines) ; 


sin A sinB sin C 


ve=?+ce—2becos A (Law of Cosines). 
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13. The Greek Alphabet — 


LETTERS NAMES Letrers Names 
A, a Alpha N, v Nu 

By. B Beta B, £ 56 
Dy Gamma O, o Omicron 
Ao Delta Il, + Pi 

E, ¢ Epsilon Pp Rho 
ay Zeta x, ¢ Sigma 
H, 9 Eta por Tau 

©, 6 Theta ¥y Upsilon 
| Takes Tota ®, > Phi 

K, x Kappa X, x Chi 
Ae Lambda vw Psi 

M, « Mu Q, o Omega 
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CHAPTER I 
CARTESIAN COORDINATES 


1. Introduction. — The chief feature of Analytic Geom- 
etry, which distinguishes it from the geometry hitherto 
familiar to the student, is its extensive use of algebraic 
methods in the solution of geometric problems. Just 
as the use of symbols in algebra makes possible the 
ready solution of many problems which would be difficult 
if not impossible by the processes of arithmetic, so the use 
of algebraic reasoning simplifies much of geometry and 
widens its scope.- The student is already familiar with 
some of these applications; for example, the theorems 
stating the numerical properties of a triangle are derived 
in whole or part by algebraic reasoning. 


2. Position; Coérdinates. — A relation exists between 
the numbers of algebra and the points of geometry where- 
by to any point in the plane correspond two numbers, 
and conversely, any two numbers determine a point in 
the plane. Any system of representing the position of 
points in a plane by a pair of numbers is known as a 
system of coérdinates. The two numbers may represent 
the distance and the direction of a point from a fixed 
reference point; or they may represent the respective 
_ distances of a point from two fixed perpendicular lines of 
reference. Both of these methods are commonly used 


in ordinary life. Thus we say, Baltimore is 40 miles 
1 
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northeast (N.45° E.) of Washington; or we say — go 
5 blocks east of A Street and 3 blocks south of First 
Avenue to reach the library. Each of these systems will 
be developed analytically so that algebraic equations will 
represent geometric loci, and conversely geometric loci 
will be represented by algebraic equations. The second 
method is simpler and will be discussed first. 


3. Cartesian Coordinates. — In the figure the reference 
lines are the perpendiculars X’X and Y’Y. These are 
called the axes of codrdinates 
or coordinate axes, and their 
intersection O is called the 
origin. The two axes di- 
vide the plane into four 
- quadrants numbered as in 
trigonometry. The position 
of a point P is determined by 
measuring its distance from 
Y’Y along a_ parallel to 
X’X, and its distance from 
X’X along a parallel to 
Y’Y. Distances measured to the right of Y’Y or up 
from X’X are called positive, those to the left or down 
negative. The measures of these distances, with the 
proper signs prefixed, are called the codrdinates of the 
point; the one measured along a line parallel to X’X 
is the x-coérdinate or abscissa; the one parallel to Y’Y 
is the y-codrdinate or ordinate. Thus in the figure the 
abscissa of P is BP = +4, its ordinate is AP = —3. 
The coérdinate axis X’X is called the axis of abscissas or 
x-axis, and the axis Y’Y the avis of ordinates or y-axis. 


4. Notation. — In naming a point by its codrdinates 
we write them in a parenthesis, putting the abscissa first. 
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Thus in the figure P is the point (4, —3). If the co- 
ordinates are variable or unknown, the abscissa is de- 
noted by the letter x, and the ordinate by y. Fixed points 
of which the codrdinates are not known or are arbitrary, 
will be distinguished by means of subscripts, being let- 
tered P,, Pe, etc., and represented by the codrdinates 


(x1, Yi), (Xo, Y2), ete. 


5. Plotting of Points. — It is clear that any point in a 
plane is fixed by means of its coérdinates; for the abscissa 
locates it on a parallel to the y-axis and the ordinate on a 
parallel to the x-axis, and these meet in one point. 

To locate a point whose coérdinates are given (or as 
commonly stated, to plot the point), first mark the co- 
ordinate axes and choose a convenient unit of measure, 


then measure off the abscissa on the x-axis and the ordi- 
nate from the end of the abscissa. Thus to plot (—3, 2) 
count 3 units to the left on the z-axis and 2 units up. 
This is especially convenient when using codrdinate paper, 
i.e., paper ruled with sets of equally spaced parallel lines. 

The system of codrdinates which has been described is 
the rectangular system and is the particular case of 
Cartesian coérdinates which is usually employed. In the 
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general Cartesian system the axes are not necessarily 
perpendicular, but may be oblique. All of the above 
definitions hold for the oblique system, which is illustrated 
above. 


PROBLEMS 


1. Plot each of the following groups of points, using a single 
set of codrdinate axes: 


area: 


area: 


(a) (2, 5), (3, 0), (—2, 5); 

(6) (-3, 0), (5, 8), qd, 12); 

(d) (10,0), (0; —8), (8.5, 7.5); 

(e) (2; —6), (=—3; —3), (0, —v7); 
(f) tat, 2), (—2, —3), (— V3, 0). 


Draw the triangle whose vertices are as follows: 


(a) (8, —1), (—2, 5), (—8, —4); 


(c) (0, 0), (=3, 8); (4, 6); 

@) 2,4), 4, “8),@, Is. a 

(e) 6,3),6+4V2,3+4V2), 64-8723 — v9). 
Draw the quadrilateral whose vertices are as follows: 

(a) (~-2, 0), (2, 4), (6, 0), (2, 4); 

(0) (0, =O) (8, 2), (0, 6), (—8, 2); 

(c) (0, 0), (5, 3), (0, 8), (5, 11). 


Draw the triangle with the given vertices and find its 


(a) (8, 6), (8, 4), (10, =): 

(6) (==2; 1), Kee; 9), (3, 9); 

(c) (3, sh); (=; 72), ce =<); 
(d) (0, 0), (0, 8), C6, 8). 


Draw the triangle with the given vertices and find its 


(a) (7, =); a = 13); (=2, —18); 
(0) eS 2) (1 8), (3, 8); 
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(c) (8, 8), (16, 8), (16, ash) 
(d) (a, b), (a, ¢), (d, ce). 


6. What is the length of the hypotenuse of each triangle in 
Problem 4? 


7. What is the length of the hypotenuse of each triangle in 
Problem 5? 


8. Find the codrdinates of the point 8 units to the right and 

10 units below the point (—2, 4). 

_9. Construct with compasses on codrdinate paper V D8, 
V5, and estimate the value of each. 

Hint. — Each radical will be the measure of the hypotenuse or leg 
of a right triangle. 

10. Draw a circle of radius 10 with its center at the origin. 
Draw radii at 20° intervals up to 180°. Estimate from the 
figure the codrdinates of the ends of these radii. 


11. From the figure of Problem 10 make a table of sines and 
cosines of the angles drawn. 


12. What is the abscissa of all points on the y-axis? the ordi- 
nate of all points on the z-axis? What are the codrdinates of 
the origin? 

13. To what quadrants is a point limited if its abscissa and 
ordinate have like signs? unlike signs? 

14. If a point moves on a parallel to the z-axis, which of its 
coérdinates remains constant? which if it moves on a perpen- 
dicular to the x-axis? 

15. (a) What is the locus of a point whose abscissa is 6? 


whose ordinate is —6? 
(b) What is the locus of all points having the same abscissa? 
having the same ordinate? 


16. What is the locus of points whose abscissas and ordinates 


are (a) equal? (0) numerically equal, but of unlike sign? Why? 


17. A square whose side is of length a has its vertices on the 


4 coordinate axes. Find the coérdinates of the vertices. 
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18. A square whose side is of length 2 a has its center at the 
origin and its sides parallel to the axes. Find the codrdinates of 
its vertices. 

19. An equilateral triangle of side a has one vertex at the 
origin and the opposite side parallel to the y-axis. Find the 
coordinates of the other vertices. 

20. The base of an equilateral triangle extends from (—a, 0) 
to (a, 0). What are the codrdinates of the vertex? 


21. A rhombus has one angle of 60° and two vertices at (0, 0) 
and (a, 0). Find the codrdinates of the other vertices if (a) 
both are in the first quadrant; (0) one is in the second quadrant. 

22. A regular hexagon of side a is placed so that one diagonal 
lies along the z-axis and the center is at the origin. Find the 
coérdinates of the vertices. 

23. Three vertices of a parallelogram are (0,0), (a, 0), and 
(6, c).. What is the fourth vertex? 


6. Directed Lines. — We have referred to the advan- 
tage of using positive and negative lines in trigonometry 
and have defined the signs of codérdinates. In analytic 
geometry we constantly use directed lines, that is, lines 
whose lengths are reckoned as positive or negative ac- 
cording to the direction in which they are read. For 
example, if the positive direction is from left to right, and 
AB is 8 units long, then 


a a a ae 


AB = 8, while BA = — 8.° Thus, changing the direc- 
tion of reading a line changes its sign, i.e. BA = — AB. 

In adding or subtracting line segments great care should 
be taken to avoid errors of sign. It is advisable for begin- 
ners to read all segments in one direction in performing 
such operations, later reversing segments as required. For 
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example, let us find the relation between AB, BC, and AC 
in the figure. 


A ¢ B 


We have AB = AC+CB= AC — BC. 


In the Cartesian coérdinate system the positive direction 
on all lines parallel to the x-axis is to the right; on lines not 
parallel to the x-axis the positive direction is upward. All 
lines should be read in the positive direction unless it is 
intended that their lengths are to be considered negative. 
Since coérdinates are the measures of directed lines, they 
must be read up or to the right if positive, and down or to 
the left if negative. 


Exercise 1. Prove that if A and B are any two points on a 
directed line passing through the point O, 


AB =OB —OA. (Three cases.) 


7. Projections of a Directed Segment on the Codrdinate 
Axes. — THEOREM. — The projection on the x-axis or any 
line parallel to it of the segment P,P: is x2 — 21. The 


P\(@1,m) _S 


M r Po(Xo,y2) 


projection on the y-axis or any line parallel to it of the 
~ segment P,P. is yo — Yi. 
' Proor. In the figure PiP2 is the given (directed) 
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segment, and MP; and P.B are parallel to the y-axis 
while P,S and MP, are parallel to the x-axis. 
The projection on the z-axis is 
AB = OB + AO = OB — OA = TP; — SP. 


By the definition of abscissa T’P2 = x. and SP; = 2. 
Substituting these values above we have 


AB =%— 1%. 
In the same way the projection on the y-axis is 
ST = PiM = BP,+ PiA = y2 — 1. 


Since the z-axis.is usually drawn horizontally it will 
be convenient to refer to these projections as the hor7- 
zontal and vertical projections. Since this theorem is used 
constantly the proof should be worked out for several 
positions of the points P; and P» so as to show the validity 
of the formulas for all possible positions. Note that the 
horizontal projection of P,P; is x; — 2, and that its 
vertical projection is yi — ye. 

Exercise 2. Prove the theorem of §7 when 

(a) P, lies in the fourth quadrant and P; in the second; 

(6) P, lies in the second quadrant and P» in the third; 

(c) P, lies in the third quadrant and P: in the fourth. 


8. Distance Formula. — The distance between any two 
points, P; (a1, yi) and Pe (22, y2), is given by the formula, 


d = V(x; — %)? + (yi — yo)”. (1) 
. 


a 
P2(@2,Y2) M(x, y2) 


For d= P,P, = VPM’ + MP, 
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But, by §7, PM = 2, — x, 
and MP, = yi — yr. 
Substituting, we have the formula. 


9. Point of Division Formulas. — The codrdinates 
(xo, Yo) of a point Po dividing a line joining Px(x1, yi) and 
P2(x2, y2) in a given ratio ry : re are given by the formulas 
_ MX + 1X _ hYi + Ye 
ha TS , vim M+ 12 (2) 


Since parallel lines cut off proportional segments on two 
transversals, we have 


[Pale IR ER = PIA: PC, 
But PiPo: PoP: = 11:72 by hypothesis. Also, by $7, 
P,A = fy — ti, and’ PC = X22 — Xo. 
my _ @o— 2, 


Substituting, 
T2 3 — Lo 
: _ Tol, + Tike 
Solving for 2p, to = (7 


We derive the formula for yo in the same manner. 
When P» is the mid-point of the line, 71 = 2: and these 
formulas become: 
H=F(Xit+%), Yur(yity), (2 a) 


which are called the mid-point formulas. 
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Exercise 3. State in words the rule expressed by (a) the 
distance formula, (b) the mid-point formulas. 


Exercise 4. Derive the mid-point formulas directly from a 
figure. 


Exampte. — A segment joins (—3, 6) to (13, 30). (a) Find 
the point on this segment which is % the distance from the first 
to the second point. (b) To what point must the segment be 
extended beyond (13, 30) in order to increase its length by one 
fourth? 


Solution. — Let Pi be (—3, 6) and P2 be (13, 30). (a) We 
must find Py (%, yo) so that PiPo = 3P,P:. If this relation 
exists, we see at once that P: Po: PoP: = 5:3. 


Then, in Formula 2, 1 = 5,7: = 3,2 = —3, y= 6, % = 13, 
and y2 = 30. Substituting, we have 
=f) 13) +) C2375 
Xo Rane =F 


ajo = Wo) (80) =F B) (6) oy 


and 543 


Thus the first required point is (7, 21). 


(b) If,in this case, Py denotes the end of the extended seg- 
ment, we have PiP) = $PiP:. But since Pp lies without P:P2, 
P,P, and P,P: are of unlike signs. Hence 


Taking r, = 5 and r: = —1, we find from the formula that 


a(S) (13a yee 
tt = a ie 
 — ©)(80) + (=) ©) _ a6 


and y Bal 


Hence the required point is (17, 36). The same result is ob- 
tained if we take 1, = —5 and rz = 1. 
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10. Applications to Geometric Proofs. — By means of 
these formulas and others which will follow, many of the 
theorems of plane geometry can be proved in a very simple 
manner. 


Examp.e. — Show by analytic means that the mid-point of 
the hypotenuse of any right triangle is equidistant from the 
vertices. 

Solution. — Let the lengths of 
the legs be a and b. Let the co- 
ordinate axes be taken along the 
legs of the triangle. Then the 
vertices are (0, 0), (a, 0), (0, d). 
Let C be the mid-point of the 
hypotenuse. By Formula 2a 

b 
its codrdinates are (5 ’ 5) 7 er ne 
distance formula gives 


0c =\/F 45 =3ver Th. 


The same result is obtained for CB and AC, which proves the 
theorem. 


Nore. — In this problem the lengths of the sides were expressed 
by letters so as to insure that OBA should represent any right tri- 
angle. This procedure must be followed in all such problems in 
order to make the proof general and not merely a verification of a 
special case. The particular choice of codrdinate axes obviously 
does not affect the size or shape of a figure. 


PROBLEMS 


1. Show that the triangle whose vertices are (—4, 16), 
(2, 6), and (12, 12) is isosceles. 

Solution. — Using the distance formula, we let P: be (—4, 16) 
and P; be (2, 6). Then 1 = —4, y: = 16, z: = 2, and yz = 6- 
“eee we have 

= V(—4 — 2)? + (16 — 6)? = V136 = 2V34. 
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Applying the same formula to the points (—4, 16) and 
(12, 12), we find 


= V(—4 — 12)? + (16 — 12)? = V272 =4V17, 
Similarly the distance between (2, 6) and (12, 12) is 
= V(2 — 12)? + (6 — 12)? = V136 = 2V34. 


Since di = d;, the triangle is isosceles. 

In solving problems a figure should always be drawn, because 
it often suggests a means of solving the problem or of shorten- 
ing the solution and it always furnishes a check on the accuracy 
of arithmetical work. In this problem a figure would show 
that dz cannot possibly be equal to either of the other sides and 
hence it was unnecessary to find its length. 


2. Find the lengths of the sides of the triangles whose ver- 
tices are 

(a) (4, 3), (2, 2), (—3, 5); 

: (0) (-3,; 1), (7, 2), (—6, 5); 
(c) (5, 4), (—3, 2), (—3, =6); 
(d) (4, 5); (2, —3); (—6, =3); 
(e) (8, 10), (—7, —6), (12, —20); 

, (f) (a, 0), (—a, 0), (0, b). 


8. Find the perimeter of each of the triangles in Problem 2. 


4. Show that the following are the vertices of isosceles tri- 
angles: 
(a) (2, 4), (5, 1), (6, 5); 
- —(b) (2, 6), (6, 2); (—3, —3); 
(c) (-6, 5), (8, 2), (-38, —9). 
5. Show that (3, 3), (—3, —3), (3V3, —3V3) are the ver- 
tices of an equilateral triangle, and find the length of its medians. 
6. Show that (3, 1), (6, 5), (—1, 4) are the vertices of a right 


triangle. What is its area and the distance between the mid- 
points of its legs? 


~~ 7. Find the area of the triangle whose vertices are (—5, a 
(7, —8), and (12, 4). 
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8. Show that the points (3, 4), (2, 1 + V7), (4, 3) lieona 
circle with its center at (1, 1) 


9. Show that (15, 8), (28, —7), (8, —15), \0, 0) are the ver- 
‘ tices of a square. Find the length of its diagonals. 


10. Find the coérdinates of the point dividing in the ratio 
3:5 the segment whose extfemities are: : 
(a) (5, 6) and (13, —10);* 
Xb) (—1, 5) and (3, —9); 
ee (—6, 3) and (8, —7); 
(d) (0, 0) and (—24, 6). 


11. In each of the following find the coérdinates of the point 
three fourths of the distance from the first to the second point: 
(a) (5, 6) and (13, —8); 
(6) (—1, 5) and (3, —4); 
(c) (—6, 8) and (3, —2); 
(d) (0, 0) and (a, 6). 


Hint. — First determine the ratio of the segments. 
_12. Find four points on the line passing through (—4, 7) and 


(8, —3) each of which is twice as far from one of these points 
as from the other. 


13. Find the point of intersection of the medians of the 
triangles whose vertices are the points in Problem 2. 


Hint. — We know from plane geometry that it is two thirds of 
the distance from a vertex to the middle of the opposite side. 


14. Find a point 10 units vgs ae from the point (—8, 6) and 


with the abscissa 3. 
15. Find a point equidistant from the points es Be (6, 15) 
Find (—4, —9). 
16. Verify the mid-point formulas by means of the distance 
formula. 


17. Two of the vertices of an equilateral triangle are (1, 4) 


and (3, —2). Find the other vertex. 
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18. Prove analytically that: 

(a) the diagonals of a rectangle are equal; 

\(b) the diagonals of an isosceles trapezoid are equal; 

(c) a line joining the middle points of two sides of a triangle is 
one half the third side; 
~—~(d) the median of a trapezoid is one half the sum of the bases; 
‘\(e) the lines joining the mid-points of opposite sides of a 
quadrilateral bisect each other. 

19. Prove analytically that in any triangle: 

(a) the square of the side opposite an acute angle is equal to 
the sum of the squares of the other two sides decreased by twice 
the product of one of those sides and the projection of the other 
upon it; 

“(b) the sum of the squares of two sides is equal to twice the 
square of one half the third side, increased by twice the square 
of the median on that side; 

(c) the sum of the squares of the medians is equal to three 
fourths the sum of the squares of the three sides. 

20. Prove analytically that: 

(a) the sum of the squares of the four sides of a parallelogram 
is equal to the sum of the squares of the diagonals; 

~(b) the sum of the squares of the four sides of any quadrilateral 
is equal to the sum of the squares of the diagonals increased by 
four times the square of the line joining the mid-points of the 
diagonals. 


11. Angle between two Lines. — The angle of intersec- 
tion of two directed lines is understood to be the angle between 
their positive directions; 1.e., 
if two lines intersect, their 
' angle of intersection is that 
one of the four angles 
formed for which the sides 
are positive if read from 
the point of intersection. 
Thus, in the figure the 
angle of intersection of AB 
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and CD is BED. The object of this convention is to 
avoid ambiguity and its effect is to keep the value of 
any angle between 0° and 180°. For example, suppose 
the line CD to be rotated around FE so that the angle 
BED increases from 0° until HD reaches and passes the 
position HA. After that the positive direction on CD 
becomes HC’ and the angle between the lines is BEC’. 


12. Inclination and Slope. — The inclination of a line is 
ats angle of intersection with the x-axis. If it is parallel 
to the z-axis, its inclination-is zero. 

The slope of a line is the tangent of its inclination. We 
denote the inclination by the letter a, the slope by m. 
Thus m = tana. When m is positive, a is acute and the 
line extends wpward to the right; when m is negative, 
a is obtuse, and the line extends downward to the right. 

The slope fixes the direction of a line. Hence a line is 
determined when its slope and one point on it are known. 


13. The Slope Formula. 
— The slope of a line pass- 
ing through the two points 
Pi(a1, yi) and P2(a2, y2) 1s 
given by the formula 


47 
eee 5, (3) 


all 
Ps (x2,y2) M 


Take the case where P, lies in the first quadrant and 
P, in the third. 


_ BP,_ MP, 

Then tana = AB = P.M 
Now, by §7, MP, = 91 — ¥, 
and P.M = %1 — QM. 


“Substituting, we have the formula. 
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Exercise 5. Derive the slope formula when 

(a) P, is in the fourth quadrant and P, in the second; 

(6) P, is in the second quadrant and P, in the third; 

(c) P, is in the third quadrant and P» in the fourth; 

(d) both points are in the first quadrant and the inclination is 
greater than 90°. 


Exercise 6. State in words the rule expressed by the slope ° 
formula. 


14. Applications of the Slope Formula.—1. To jind 
the slope and inclination of a line through two given points. 
To solve this problem we simply substitute the codérdi- 
nates of the points in the formula and look up the corre- 
sponding inclination. For example, consider the line 
passing through (—5, 6) and (11, —6). Formula 3 gives 
at once 


Gab Geile 
== pina) iy oe 


The inclination is the angle whose tangent is —0.7500. 
We recall from trigonometry that this is the supplement of 
the angle whose tangent is +0.7500, which is 36°52’. 
Hence a = 180° — 36°52’ = 143°8’. 

2. To draw a line through a given point with a given 
slope. The natural procedure would be to look up the 
inclination in the tables and draw the line with a pro- 
tractor. It is easier, however, to use the slope formula. 
For example, consider the line through (3, —6) with slope 
—%. Since the slope formula shows that the slope is 
merely the difference of the ordinates divided by the 
difference of the abscissas, another point on the line is 
that 3 units to the right and 2 units below (8, —6), namely 
(6, —8). As —? = —$ = —, etc., we also get points 
on the line by counting 6 units to the right and 4 down, 
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or 9 to the right and 6 down, etc. We may also count 6 
to the left and 4 up, ete. 


15. Parallelism and Perpendicularity.— if two lines 
are parallel “iheir slopes are-equal, and conversely; if they 
are perpendicular their slopes are negative reciprocals, and 
conversely. 

If 1, and 2 are parallel, obviously a; = a2, whence the 
slopes are equal. 


If 1, is perpendicular to J,, we have a, = a2 + 90°. 


Since tan (a + 90°) = —cot a by trigonometry, we have 
Ae. Fa 1 
tan a; = tan (a. + 90°) = — cot a, = FeyAs- 
Substitution of m: and mz: gives 
m = pth or mim, = —1. 


Me 
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Let the student prove the converse theorems. 


Summarizing, we have: 
Test for parallelism, 


m,; = Mm; (4) 
Test for perpendicularity, 
mim, = —1, (5) 


. °°316..The Angle Formula. 
: + Phe: angie B between two 
lines is “given by the formula 


Moe 


mM — 
eit ie 15 nym,” 


my denoting the ‘ee of the 
line of greater inclination. 


(6) 


Obviously a=atsB and B = a1 — a, 
whence 
tan a; — tan a2 
1 + tan a; tan ag 
mM: — ™M 


tan B = tan (a; — a2) = 


1+ mim 


Norsr. — When the inclinations are known, it is obvious from the 
above that 8 = a — a, may be used as an alternative to For- 
mula 6. 


Exercise 7. Derive the angle formula for the case when the 
point of intersection is below the x-axis. 


ExampLe. — Find the angles of the triangle whose ver- 
tices are A (7, 5), B (—11, 6), and C (8, —2). 


Solution. — The triangle is illustrated in the figure. By 
means of the slope formula we find at once that the slopes of AB, 
CB, and CA are respectively —;s, —%,and }. Since the product 
of the last two is —1, the angle BCA is 90° by Formula 5. 
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At A the angle given by Formula 6 is DAB, since the positive 
direction from A on the side CA is AD and not AC. The in- 


x 


clination of AD is acute and that of AB is obtuse, hence we set 
m, = slope AB = —,;; and m, = 3. Then Formula 6 gives 

1 7 
Tie se 


Lee, 


7 


= —2, 


tan DAB = tan B = 


The tables give DAB = 180° — 63°26’, whence BAC = 63°26’. 
Since ABC is a right triangle; angle ABC is the complement of 
angle BAC. By finding it directly, however, we can use this 
fact as a check on our work. 
At the vertex B angle “6” of Formula 6 is the angle EBF, 
which is equal to the required angle ABC. The larger in- 


clination is that of AB; hence m = slope AB = —7, and 
m, = —%. Therefore 
aes! + 4 
tan ABC = —*%—* = 3 = 0.5000 
1 + a3 
Hence ABC = 26°34’. 
Check:. ABC + BCA + CAB = 180°. 
PROBLEMS 
1. Find the slope and the inclination of the line passing 
through ; 
(a) (2, 3), (12, 18); (d) (—5, 8), (-18, —7); 


(c) (—12, 6.3), (9, =6); (f) (a of b, ¢), (a, b —- c). 


’ 
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2. Find the slope and the inclination of the line passing 
through 


Yio) @, 3), (—3, -3); “Xd (-6,0), (—4,2V3); 
*Hb) (—9, 6), (—12, 9); (e) (0, —8), (—6, 2); 


3. Prove by means of slopes that (2, 3), (6, —3), and (—2, 9) 
are on the same straight line. 
4. Prove that (4, 7) is on the line joining the points (6, 6) 
and (2, 8) and is equidistant from them. 
5. Prove that the line joining (6, —3) and (2, 8) is perpen- 
dicular to the one joining (0, 0) and (11, 4). 
6. What is the-inclination of a line parallel to the y-axis? 
perpendicular to the y-axis? What are the slopes of these lines? 
7. Find the angle between the line joining (—6, —3) and 
(2, 7) and each of the lines in Problem 2. 
8. Find the angle between the line joining (1, 7) and (6, —2) 
and each of the lines in Problem 1. 
9. Find the angle between a line whose inclination is 135° 
and each of the lines in Problem 2. 
10. Find the angle between a line whose inclination is 40° 
and each of the lines in Problem 1. 
“\11. Find the angle between the line from (8, —4) to (—6, 12) 
and the line bisecting the first quadrant. 
12. Prove by means of slopes that the following points are 
vertices of a right triangle and find its acute angles: 
(a) (10,0), (16, 8), (2, 6); 
(0) (5, 5), (2, 8), (10, 10); 
(c) dl, 1), (9, =); C=; =a}; 
(d) (0, 0), (10, 6), (13, 1). 
13. Prove by means of slopes that the following points are 
the vertices of a parallelogram and find its angles: 
(a) (= 1, —=2), (0, 1), (3, 4), (2, 1); 
(0) (3, =3); cs 0), (7, 3), (6, 0); 
(c) (—5, —A), dl, 4), (Li, 16), (5, 8); 
(d) (3, =1); (8, 8), (11, 1), (6, =8): 


8 
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“4. Prove that (0, —2), (4, 2), (0, 6), and (—4, 2) are the 
vertices of a square. 


, 15. Find the angles of the triangle whose vertices are: 
(a) (=2) 2), (4, 2), dq, 5); 
2» er geen (c) (5, 8), (8, —6), (--8, =5)); 
16. Prove analytically that 
_—_ (a) the diagonals of any square are perpendicular; 
(6) the median of a trapezoid is parallel to the bases; 
(c) the lines joining the mid-points of the sides of any quad- 
rilateral form a parallelogram; 


__—— (d) the lines joining the mid-points of the sides of a rectangle 
form a rhombus. 


17. Show that two lines for which m, = —ms. form with the 
a-axis an isosceles triangle. 


18. Show that the points (a, b), (a +d,b +e), (a+2d,b + 
2e), (a +3d,b + 3e), etc., all lie on the same straight line and 
find its slope. 


19. Derive formula (5) from formula (6). 
_ 20. Three vertices of a parallelogram are in order (8, 6), (2,5), 
and (4, —2). Find the fourth vertex. 

21. Find a point on the line joining (2, 3) and (—6, 7) and 2 
units distant from the former point. 


CHAPTER II 
CURVES AND EQUATIONS 


17. Introduction. — The codrdinates x, y, if no re- 
striction is placed on their values, represent any point in 
the plane. If, however, the values of x and y are subject 
to certain conditions, points having these codrdinates will 
lie upon certain lines or curves. For example, if y is 
unrestricted, but 2 always equals —6, all such points will 
lie upon a line parallel to the y-axis and 6 units to the left. 
Again, the locus of all points whose abscissas and ordi- 
nates are equal is the bisector of the first and third quad- 
rants. Such restrictions upon codrdinates are expressed 
by means of equations. Thus, the equation of the first 
locus is « = —6, of the second z= y. As a general 
definition, we have: 

The equation of a locus is an equation satisfied by the 
coérdinates of all points on the given locus, and conversely. 
The curve which contains all points whose codrdinates 
satisfy the given equation and no other points is called 
the locus or graph of the equation. 

The derivation of equations of loci and the study of 
graphs by means of their equations form the chief part of 
elementary Analytic Geometry. 


18. Plotting of Graphs. — When a locus is given by its 
equation, the shape of the curve is sometimes evident from 
the form of the equation, as in examples mentioned above, 
and as we shall see in more complicated problems later. 


Usually the graph is constructed by a process called plot- 
22 
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ting the graph of the equation, in which we proceed 
as follows: 


Solve the equation for y in terms of x. 


Set x equal to convenient positive and negative values 
(generally integral) and compute the corresponding values 
of y. Each pair of values of x and y is a solution of 
the equation, and hence the point of which these are 
the coérdinates lies on the curve by the definition of the 
locus. 

Make a table of values by arranging these pairs in order 
according to the magnitudes of the values of x. 


Plot the points thus tabulated and join them by a smooth 
curve in the order of the table. This gives an approxi- 
mation to the true curve which becomes more exact when 
a larger number of points is plotted. 


Remarks. — It is sometimes more convenient to solve for x in 
terms of y. In this case the above is applicable on interchanging 
x and y. 

If the solution for y in terms of x involves a square root, the double 
sign must be used with the radical and in general two points will be 
found for each value of x. A similar remark applies to a solution for 
x in terms of y. - 

The scale on which the curve is drawn must be small enough 
so that the tabulated points will fall within the limits of the paper, 
but it should not be chosen so small that the drawing cannot be well 
done. 

Sometimes the values of either x or y will be so large that it is 
impossible to draw a smooth curve through the plotted points. 
In this case use one scale for x and another for y. This should not 
be done unless necessary, for the figure thus drawn will not be a 
true image of the locus, but will be a distortion much like those 
produced by convex mirrors. 

When the points plotted do not show the form of the curve, look 
for an error in the table of values. If there is no error, assume in- 
termediate fractional values of x or y and plot the corresponding 


* points. 
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The table of values should be extensive enough to show the form 
of the curve completely. If it extends to infinity, the plot should 
contain all parts with considerable curvature and should extend far 
* enough to show the direction of the curve beyond the limits of the 
paper. 


Examp.e 1. — Plot the graph of 32 + y,— 4 =0. 


a y Solving for y, 


y = —32 44. 


—2, —1, 0, 1, 2, 3, 
we get y = 10, 7, 4, 
—5 1, —2, —5 respec- 

tively. Thus points 
on the line are (—2, 10), (—1, 
7), (0, 4), ete. The table of 
values is at the left and the plot 
at the right. 


0 
if 
4 Substituting x = 
1 
2 


EXxAmpLeE 2. — Plot the graph of 5 y? — 10 y = a — 15. 


y| x  Hereitis easier to solve 
—3|90 for x in terms of y: 
—2|55 


—1)] 30 
0/15 Inthe plot each unit on 


10 the y-axis has been taken 
15 equal to 10 units on the 
39° t-axis. This is because the 
55 values of x are so much 
90 larger than those of y that 
if the same scale were used 
on both axes, the curve would be 
impossible to draw on a small sheet of paper. 
In such cases the scale used should be indicated on the 
graph. 


x =5y? —10y + 15. 


oR WW Re 


oo a 
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EXAMPLE 3. — Plot the graph of 422 + y2 = 20. 


eae Solving for y in 
—3 | imag. terms of x, we get: - 
—2) sa y = +V20—423 
—1} +4 Ber era 
0 42/5 =e ZV) = £7, 
= +4.5 Here no part of the 
ij eurve can lie outside 
‘ 42 of « = +3 and x = 
3 | imag. —3, but there are two Gy 
points corresponding 
to each of the values x = +2. To 
find out where the curve crosses the 


x-axis, we set y = 0 in the equation 
and solve, getting = +V5 = +2.2+. 
Adding the points (2.2+, 0) and 
(—2.2+, 0) to the plot, we are able to 
draw the entire curve. 


ExampLe 4, — Plot the graph of zy = —4, ory = ca 
wv 


wo] y wily 
Pir—44 Vl) 4 
24 ee. SO.L6 
ale 3) 8 
78 a | —4)\ 1 
613 <= Gale 
a ee eS 


Since x cannot equal 0,* we 
must take fractional values of x ! 
between +1 in order to find the | 
shape of the curve. These give | 
additional points: 


eg er 
Pres tah, 8 
216 [4h 16 


This is due to the fact that the substitution of 2 = 0 in the 
equation involves division by 0, an impossible operation. Since 
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Adding these to the plot, we see that the curve goes to infinity 
along the x- and y-axes in the second and fourth quadrants. 


19. Equations Containing Arbitrary Constants. — Con- 
sider the equation 42? + y? = a*. For each value of a 
this equation has a locus. When a = V20, we have the 
closed curve of Example 3 above; when a = 5, we have a 
similar curve, somewhat larger than the one in the figure, 
etc. The letter a is called an arbitrary constant, since 
real values may be assigned to it at pleasure. As we 
shall see later, the loci of equations of a given form con- 
stitute a class or system of curves having many properties 
in common and frequently of the same general shape. 
Thus the graph of any equation of the form 4 x? + y? = a* 
is an ellipse twice as long as it is wide. 

In plotting such an equation we set the arbitrary con- 
stant equal to a convenient value and proceed as in $18. 
The value of the arbitrary constant chosen should not be 
zero, as this value will generally not show the properties 
of the system. For a similar reason, if there are two arbi- 
trary constants, the same value should not be used for 
both. 


PROBLEMS 
Plot the graphs of the following equations: 
oe 1G. 8. ze - ye 103 
2. y =0. 9. 32 —y = 12. 
3. y = —2. 10. 32 —y = 21. 
45 oes 11. 4y = 64 — 2°. 
5. y = —22. 12. y=a2? —82¢ + 12: 
6. 3274+ 4y =0. 13. 2y =a? —4x% +10. 
7. 4u—3y = 24. 14: y2=8 2! 


y becomes indefinitely great as x approaches 0, it is sometimes stated 
that for x = 0, y = ©, but this abbreviation should not be allowed 
to obscure the fact that for x = 0 there is no point on the curve. 


15. 
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y = 2. 


. 2 —382+2y=6. 
.- c=y—6y+5. 

. y—y=r+2, 

. e+y? = 64. 

. 22 + y? = 25. 

. 2 +44? = 64. 

- Ox? + y? = 144. 

. 422 + y? = 36. 

. 252? + 16 y? = 400. 
. 2+ 2y? = 2. 

; oF —y? = 9. 

. 2 —y?+16 =0. 

. y? = 25 +27. 

. 22 —9y? = 36. 

. 922? —y2 +9 =0. 
. 2+47r+4=y?—-—3y. 


. Find two of the above curves which pass through 


32. 
33. 
34, 


35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44. 
45. 


46. 


57. — 


(a) 0,0); @) (-1,); 
my — ones 
pea" hee (>) 
ie fk Ce << ():) 58. 
ae — as. , (a >0:) 
, De S Gas (Sp) 59. 
~ P 2G (Ms) 60. 
eras. (a <\0)) 61. 
- YY? = ax. 62. 
» 27? yt = a?. 63. 


y = 27 —92?, 

y = x. 

y =e —7e2 —- 82 — 
12; 


OO) 3 ae Ge 

4y =x! -—82, 

SWE Sanh 

ye = 2. 

xy = 48. 

2x2y = —15. 

ry =y +2. 

L3G — 1s 

xy? = 16. 

uy = 25. 

zy — y? = 10. (Solve 
for x.) 

xty —22zy =0. 


(c) G, 1). 
a? y? 
a2 be = ie 
a2 y? 
a oF 
w= Ch, (de 0).) 
y= a. (a< 0.) 
y = 2 — ax. 
xy = a’, 


y = 2° — ax. 


20. Derivation of Equations. — When a curve is not 
given by means of its equation, it is usually defined as the 
locus of a point satisfying certain definite conditions. 
Thus the circumference of a circle is the locus of a point 
at a given distance (the radius) from a fixed point (the 


- cénter). 


When a curve is defined in this way we have the 
problem of finding its equation. 
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This problem is to translate the definition of the curve 
into algebraic language and to obtain as a result an 
equation in x and y satisfied by the codrdinates of every 
point on the locus and by those of no other point. No rule 
can be stated which will automatically yield a solution of 
every such problem, but the following general directions 
should be followed as far as practicable. 

1. Take the origin and axes in a convenient position. 
The origin will usually be a fixed point mentioned in the 
problem, or the point midway between two such points, 
with one of the axes passing through them. This does 
not involve any loss of generality as far as the locus is 
concerned, since the locus is independent of the position 
of the codrdinate axes; but a correct choice of axes will 
greatly simplify the form of the equation and the work of 
deriving it. 

2. Designate by P(x, y) any point satisfying the given 
conditions and therefore on the curve. This must not be a 
point in some special position, as on one of the codrdi- 
nate axes, unless the problem expressly requires such a 
location. 

3. Draw any lines suggested by the data of the problem. 
These lines may suggest auxiliary construction as well. 
It is sometimes helpful to draw the perpendiculars from 
P to the codrdinate axes. 

4. Express the conditions of the problem in an equation 
which contains x, y, and the given constants, or which can be 
reduced to such a form. For this purpose it will be neces- 
sary to find some formula or principle of geometry re- 
lating to the codrdinates, the given constants, and the 
auxiliary lines. 

5. Simplify the equation. It should contain all the 
given arbitrary constants, but no variables other than x 
and y. 
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EXAMPLE 1. — Find the 
equation of the circle* of ra- 
dius 6 whose center is (7, —4). 


Solution. — We are to find 
the equation of the locus of a 
point whose distance from the 
point (7, —4) is always 6. 
Here the coérdinate axes are 
fixed by the statement of the 
problem. Take any point 
P (x, y) as one satisfying the 
conditions of the problem 
and draw CP. Then 


CP. = 6. 
Applying the distance formula gives at once 
Viz 7)? + y+ 4)* = 6. 
or (x — 7)? + (y + 4)? = 36. 


We can either plot the curve by points, or, since we know that 
it is a cirele, draw it with compasses. 


ExampLe 2. — A rock in the ocean lies 6 miles off a stretch of 
straight coast and a ship moves so as to be always equidistant 
from the rock and the coast. Find the locus of the ship. 

Solution. — Take the coast for the z-axis and let the y-axis 
pass through the rock, which will have the coérdinates (0, 6). 
Take a point P (x, y) and draw its ordinate AP. Then OA = 
zx, AP =y. P is to be equidistant from R and OX. This 
suggests drawing RP, AP being already drawn. By the con- 
ditions of the problem RP = AP. To get the length of RP 
~ use the distance formula, which gives 


RP = Vx? + (y — 6)?. But its equal AP = y. 
“Va? + (y — 6)? = y, whence x? — 12y + 36 =0. 


* In Analytic Geometry the word circle always means the same 
thing as circumference. "2 
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We have now found the equation of the locus. To complete 
the solution of the problem we plot the graph of the equation 
and draw the lines RP and AP to a typical point P of the graph 
to indicate that it actually satisfies the conditions of the problem. 


Exampte 3. A fixed point and a fixed line at a distance p 
from the point are given. Find the locus of a point which is 
always equidistant from the given point and the given line. 


Solution. — This is obviously a generalization of Example 2. 
Let the fixed line be the x-axis and the fixed point be (0, :). 
We can use the figure of Example 2 if we understand that R 
designates (0, p), which is any point on the y-axis except the 
origin. Then as before, we have 


RP: = AP, 
whence Va? + (y —p)? =y, 
or x? —2py + p? = 0. 


The graph of this equation is the same as that of Example 2 
when p = 6; for other values of p we have similar curves. 

The derivation of the above equations shows that the 
coérdinates of ali points which lie on the locus satisfy 
the equation obtained. .To show that the equation fulfills 
the second requirement of the definition of the locus, 
namely, that any point the codrdinates of which satisfy the 
equation, lies on the locus, it is merely necessary to see 
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that the various steps taken in the derivation of the 
equation can be retraced. To illustrate, in Example 2 
any point P (x, y), whose codrdinates satisfy the equation 
x’? — 12y + 36 = 0, must also satisfy the previous equa- 
tion since it can be reduced to that form by reversing the 
steps by which the latter was obtained. But the relation 
Va? + (y — 6)? = y simply says that the point P is 
equidistant from the z-axis and R, which was the con- 
dition stated in the problem. 


PROBLEMS 


1. What is the equation of a straight line 
(a) parallel to the z-axis and 6 units above it; 
(6) parallel to the y-axis and 6 units at the left; 
(c) parallel to the z-axis and a units distant from it; 
(d) parallel to the y-axis and a units distant from it? 


2. Solve Example 2 on page 29 when 


(a) the origin is at the rock; 
(6) the origin is midway between the rock and the shore. 


3. Find and plot the equation of the locus of points equi- 
distant from 

Aa) (3, 2) and (6, —2); 

“ (0) (~4, 8) and (6, 0); 

_Ac) (—5, 0) and (0, 4); 
(d) (2, —2) and (—8, 8); 
(e) (10, 0) and (—2, 4); 
(f) (0, 0) and (a, 0). 


4. Find and plot the equation of the locus of points equi- 
distant from 
(a) (7, 6) and (—5, 4); (d) (9, 9) and (—1, —1); 
_{b) (10, —6) and (12, 8); 7e) (—10, 6) and (8, —10); 
~ ™* (ce) (—2, 0) and (16, —8); (f) (a, 0) and (0, a). 
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5. Find and plot the equation of the circle having 
(a) the radius 3 and the center (—5, 6); 
(b) the radius 6 and the center (1, —3); 
(c) the radius 10 and the center (0, 0); 
(d) the radius r and the center (h, k). 


6. Find and plot the equation of the circle having 
(a) the center (9, 0) and the radius 9; 
(b) the center (8, —6) and the radius 10; 
(c) the center (—2, 4) and the radius 8; 
(d) the center (0, 7) and the radius r. 


7. Find and plot the equation of the locus of points equi- 
distant from — 
(a) the line y = 6 and the point (3, 0), ~~ 
(b) the line x = 4 and the point (—2, 0); 
(c) the line x —3 and the point (0, —5); 
(d) the line x = 0 and the point (p, 0). 


8. Find and plot the equation of the locus of points equi- 
distant from 
(a) the line x = 4 and the point (—2, 0); 
Ab) the ine x = —1 and the point (2, 2); 
(c) the line y —1 and the point (0, 5); 
(d) the line y = p and the point (0, 0). 


9. Find the locus in Problem 7 when the distance from the 
point is twice that from the line. 


I| 


10. Find the locus in Problem 8 when the distance from the 
point is one half that from the line. 


11. Find the locus in Problem 7 when the distance from the 
line is twice that from the point. 


‘2. Find the locus in Problem 8 when the distance from the 
line is one half that from the point. 


13. Find the locus in Problem 8 if the distance from the point 
is 2 units greater than the distance from the line. 


14. Find the locus in Problem 7 if the distance from the 
point is 2 units less than the distance from the line. 
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15. Find the equation of the straight line passing through 
(a) (3, 4) and (5, —2); = Ne) (1, 1) and (—2, —2); 
(b) (4, 3) and (—1, 6): (d) (a, 0) and (0, b). 
ié. Find the equation of the straight line passing through 
each pair of points in Problem 3. 
17. Find the equation of the straight line passing through 
(—2, 3) and of inclination 
(a) 45°; (6) 135°; += Xe): 150°; — (d)- 80°. 
18. Find the equation of the straight line of slope 2 which 
passes through 
(a) (-4,0); (6) 6,2); © (3,5); @) (8, —4). 
19. The distance between two fixed points is 2 c. Find the 
locus of a point moving so that the sum of the squares of its 
distances from the points is 4 c?. 
Hint. — Let the points be (-te, 0). 
20..The base of a triangle is of length 2 a. Find the locus of 
the vertex if the vertical angle is 90°. 
‘21. The ends of a straight line of variable length rest on two 
perpendicular lines. Find the locus of the middle point if the 
area of the triangle formed is a constant k. 


21. Functional Variables.— The symbols used in 
mathematics represent two kinds of quantities, variables 
and constants. 

A variable is a quantity which takes on an unlimited 
number of values; e.g. the velocity of a falling body, the 
abscissa of a point moving along a curve, etc., are variable 
quantities. 

A constant is a quantity having a fixed value. There are 
two kinds of constants: absolute constants, which have 
the same value in all problems, as 2, —6, 7; and arbitrary 
constants, which may have any value assigned, but keep 
the same value in a given discussion, as the quantities 
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m, and m2 in the discussion of parallel and pepe 
lines in § 15. 

When two variables are connected by some law such that 
the value of one depends upon that of the other, the first 
variable is said to be a function of the other. The first vari- 
able is called the dependent and the second the independent 
variable. Thus the area of a circle is a function of the 
radius, the ordinate of a point on a curve is a function of 
the abscissa, the pressure of steam is a function of the 
temperature, etc. Such relations are commonly expressed 
by means of equations, as, in the case of the formula ex- 
pressing the area of a.circle, A = zr’. 


22. Functional Notation. — The expression f (x) is used 
to denote any function of x; it is read “ function of z,” 
or “f of x.” Similarly f (a, y) stands for a function of 
both x and y. To denote a different function of x, some 
other letter is used, as F (x) org (x). When it is possible, 
functional relations are usually expressed by means of 
equations and in this case the expression f (x) may be 
regarded as an abbreviation for some combination of terms 
containing x and no other variable. It is in this sense 
only that we shall use the functional notation for the 
present. 

If an equation in x and yis solved for y, we may regard x as 
the independent variable and y as a function of x. Thus, 
if x and y are connected by the relation x? + 4 y? = 4, 
y = +3 V4 — x* may be denoted by the abbreviation 

= f (x), where f (x) stands for the quantity +4 V4 — 2?. 
The symbols f (1), f (—2) represent the values of the func- 
tion when 1 and —2 respectively are substituted for z. 
For this function f(1) = 43V4—1=+43V3, and 
f(—2) = 43v4-4=0. 
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If it is not desired to solve the equation for either variable, 
we may transpose all terms to the first member and 
denote this form of the equation by the expression 
f(@, y) = 0. 


PROBLEMS 


1. Write the equation 2 x? + y? = 4 zy in the three forms 
y =f (a), x =f (y), and f(z, y) =0. 


Solution. —'To express y in terms of 2, solve the equa- 
tion for y. To do this we write the equation in the form 
y?—4xy+222=0. This is a quadratic in y and the quad- 
ratic formula (see Introduction) gives at once: 


pee Ser V2 
Hence y =f (x) =2e 42 V2. 
In like manner 2x =f (y) =y +4y V2. 
and f(a, y) =22%? —42y + y? =0. 


2. Write each of the following equations in the three forms 
y =f (x), =f (y), and f(z,y) = 0: 


(a) ry +y =6; (e) #— 4a +4y? = 16; 
(b) 27 +9y? =9; (f)etta+t+yty =6; 
(c) a? +22 =y?—6y; () 2? —4y? = 16; 
(d) y = (x + 1); (hy o + y? = 8y. 


3. If f(x) = 2? —222?4+32+9, find the value of f (1), 
$F (—32), f(—2)- 
4. If f(z) =62!-—522?+3, show that f(—z) =f (x) 
identically. 
5. If f(x,y) = 82? + y — y?, show that f(—z,y) =f(z,y) 
identically. Does f (x, —y) =f (a, y)? 
6. Write a function of « and y such that 
(a) f (x, —y) =f (@,y) identically; 
(6) f (—a, —y) =f (a, y) identically; 
(c) f (—2, y) =f (a, y) identically. 
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23. Discussion of Curves. — Since it is possible to plot 
but a few points on a curve, the graph is always more or 
less inaccurate. Some of the properties of a curve can 
be found by an examination of its equation, sometimes 
called a discussion. The purpose of this discussion is 
threefold: it gives exact information regarding the curve, 
it furnishes a check upon the accuracy of the plot, and it 
usually facilitates the labor of plotting. A complete 
discussion of a curve in general requires the aid of the 
calculus. The properties that can be most conveniently 
studied without the calculus are the intercepts, symmetry, 
extent, and asymptotes of the curve. 


24. Intercepts. — The intercepts of a curve are the dis- 
tances from the origin to the points where it meets the axes. 
In other words, the z-intercepts are the abscissas of the 
points where the curve meets the z-axis; the y-intercepts 
are the ordinates of the points where it meets the y-axis. 
Hence, to find the x-intercepts set y = 0 in the equation 
of the curve and solve for x; to find the y-intercepts set 
x = 0 and solve for y. 


25. Symmetry. — Definitions. The axis of symmetry 
of two points is the perpendicular bisector of the line joining 
them. The center of symmetry of two points is the point 
midway between them. 

A curve is symmetrical with respect to an axis or to a 
center when each point of the curve has its symmetrical point 
on the curve. 

Thus the points (8, 4) and (—3, 4) are symmetrical with 
respect to the y-axis; (3,4) and (8, —4) with respect to 
the x-axis; and (8, 4) and (—3, —4) with respect to the 
origin. From the figure we can readily establish the 
general principle: 
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Two points are symmetrical with respect to the x-axis 
when their abscissas are the same and their ordinates differ 


Yy 


POXy)) F(a %) 


PCxy-y,) P(2y-h) 


only in sign; to the y-axis when their ordinates are the 
same and their abscissas differ only in sign; to the origin 
when their respective codrdinates differ only in sign. 

The proof is left to the student. 

Applying this theorem to 
curves, we see that a curve 
is symmetrical with respect 
to the y-axis, if for each 
point (x, y) on the curve, the 
point (—z, y) is also on the 
curve. The symmetry of a 
curve may be determined 
by inspection of the equa- 
tion according to the fol- 
lowing theorem: 

If an equation is unchanged* by the substitution 
of —x for x, its locus is symmetrical with respect to 
the y-axis. 

If an equation is unchanged by the substitution of —y 
for y, its locus is symmetrical with respect to the x-axis. 

* That is, identical with the original equation or such that it is 

satisfied by the same values of « and y. 
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If an equation is unchanged by the substitution of —x 
for x and —y for y, its locus is symmetrical with respect 
to the origin. 

The proof of the first statement is as follows: 

Let the equation be written in the form 


f(y) = 9. (1) 


Let P (x1, y1) be any point on the curve ard Q (—4, y:) 
be its symmetrical point with respect to the y-axis. 

We must show that the codrdinates of Q satisfy equa- 
tion (1), z.e., that 


. f a Yi) = 0. 
If we substitute —x for x in equation (1), we obtain 


This equation is satisfied by the same values of x and y 
as equation (1) by hypothesis. 

Now P is on the curve, hence its coérdinates satisfy 
equation (1) and therefore equation (2). Hence 


(=a, y1) = 0; 


which was to be shown. 

Therefore Q is also on the curve. 

Thus the definition of symmetry is satisfied and the 
theorem proved. The other cases are treated in exactly 
the same manner. 

The figure at the bottom of page37isthegraph y | x 


of x? — 2y — 1 = 0, an equation satisfying the —7| 90 
test for symmetry with respect to the y-axis. 9/ +1! 
Solving for x, we have x =+V2y+1, and !} +V3 
the table of values illustrates various pairs of ; ae 


symmetrical points. 
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A curve which is symmetrical with respect to both the 
x- and y-axes is symmetrical with respect to the origin, 
but the converse is not true (e.g., y =x). Moreover, a 
curve may have axes of symmetry other than the co- 
ordinate axes. In this case, if there are two perpendicular 
axes of symmetry, their intersection will be a center of 
symmetry. 


Exercise 1. Prove that if P; (a, y:) and Ps» (x, y2) are sym- 
metrical with respect to the z-axis, then x, = m, and y. = —y. 


Exercise 2. Write a proof of the third test for symmetry. 


26. Extent. — To investigate the extent of a curve, we 
solve its equation for y in terms of z, and for x in terms of 
y. If either operation gives rise to radicals of even degree 
involving one of the variables, say x, then values of x 
which make the expression under the radical negative 
must be excluded, for the corresponding values of y 
would be imaginary. 

ExampLe. — Find the extent of the locus of 4”? — 9y? = 36. 

Solution. — Solving for y and x, respectively, we have 

y = +2V2? —-9, a= tivy? +4. 


For x? < 9, or for values of x between + 3, x? — 9 is negative, 
and therefore y is imaginary. Hence such values of x must be 
excluded from the table of values and the curve lies wholly 
without that part of the plane bounded by the lines x = 3. 
As y2 + 4 > 0 for all values of y, no value of y needs to be 


excluded. 


; PROBLEMS 
1. Discuss and plot the graph of 4 x? + y? — 16x = 0. 


Solution. — Setting y = 0, we find that the z-intercepts are 
Q-and 4; setting « = 0, we find that the only y-intercept is 0. 
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Symmetry: Witii re- 


xz) Y__ spect to the z-axis. 

0; 0 Extent: Solving for 
1} +3.4 x we have 

2) +4 Se anes 
3) +3.4 x =2+1V16—y?*. 
4 


0 Hence y? must be < 
16 and the curve lies 
between the lines y = +4. 


Solving for y, we have 
jee See 
= +2Vz2 (4 — 2). 


By factoring the expression under the radical, we make it 
easy to determine the sign of this expression for various values 
of x. If >4orz < 0, the factors under the radical have un- 
like signs and their product is negative. Hence such values 
of « must be excluded and the curve lies between the lines x = 
Oandz = 4, 

2. Discuss and plot the graph of y = 2° — a?x. 

Solution. — This equation contains an arbitrary constant a. 
It will have a different graph for each value given a, but the 
properties obtained by the discussion will be common to all 
such curves. Therefore in treating any equation containing an 
arbitrary constant the discussion should be carried out without 
substituting a value for the arbitrary constant. 

Intercepts: Setting x = 0, the y-interceptisO. Setting y = 0, 
x’ — a*x = 0; the z-intercepts are 0, +a. 

Symmetry: The substitution of —xfor zx, or —y for y, changes 
the equation, but if —2 is substituted for x and also —y for y, we 


get - -y = (=2)? —a*(—2), 
or Sas I Hi 


This may be reduced to the original equation by multi- 
plying through by —1. Hence the same values of x and y 
satisfy both equations and the curve is symmetrical with re- 
spect to the origin. 
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Extent: Since this equation is ¥ 
of the third degree, it will have 
at least one real solution for any 
value of y. Thus we need not 
attempt to solve it for x. It 
is already solved for y and no 
radicals appear, hence no values 
of x need to be excluded, for 
none make y imaginary. If the 
equation is put in the form 
y = «x (x? — a2), it becomes evi- 
dent that when x > a, y is posi- 
tive, and when 2x approaches 
infinity, y approaches infinity. 
Thus the curve extends to infinity in the first quadrant. Owing 
to the symmetry, the path where zx < 0 is similar, extending to 
infinity in the third quadrant. 


ca a We could now sketch the curve roughly. A table of 


0| 0 values for x positive gives a more accurate graph. In 
1 | —3 making the table we assign to a any convenient value, 
1 On ass i: 

2 GZetG: 


Discuss and plot the graphs of each of the following equa- 
tions: 


3. 22 —4y =0. 15. 472+ 64x +y? =0. 
4. y27—82+16 =0. 16. 4272+ 642 — y? =0. 
5. 4y = 16 — 2. Whee GR Se 
6. Sy = 2? — 25 . 18. y =2§ —92. 
7. y =2*-—22. 1997/3: 
8. y? = —8r. 20. y — (x — 2)3 = 0. 
‘9. w+ y? — 162 =0. “21. y = 2! —42?. 
Mo. 2? +4y2+4y =0. G 22. y= 273 + 2. 
11. 2?+2y? = 16. 23. 402+ y? — 1l6y = 0. 
12. 9y? — 2 — 36 = 0. 24. 472+3y? =0. 
M18. 2? —y? + 12y =0. 25. y? = ax’. (Semi-cubical 


14. 22 -—4y?+42 =0. parabola.) 


42 ANALYTIC GEOMETRY 


26. y2 =2 px. (Parabola.) 30. x? =2py. (Parabola.) 
27. 227 ++y2? =a*. (Circle.) 31. y = ax’, (Cubical pa- 


28. si a =1. (Ellipse.) Segue 
Oe 7 So — a . (Equilateral 
w y = r = 
rhe at bt stdin hyperbola.) 
bola.) 


27. Horizontal and Vertical Asymptotes. — In Example 
4, page 25, we found that the curve extended indefinitely 
along the coérdinate axes. In such cases we say that each 
axis is an asymptote of the curve. In general we have the 
definition: 

An asymptote of a curve is a straight line approached by 
the curve as its tracing point recedes to infinity. 

Not all curves which extend indefinitely have asymp- 
totes (Example 2, page 29), but, when asymptotes exist, 
they are of considerable assistance in drawing the curve. 
For the present we shall consider only horizontal and 
vertical asymptotes, 7.e., those parallel to the codrdinate 
axes. 

In order to develop a method for finding asymptotes 
let us take the equation zy + x — 2y = 8 as an example. 
If we solve first for y and then for x, we obtain 


—o— = 

Y x—2 

Beye der: 

and Sey a 


Inspection of the first solution shows that as x ap- 
proaches 2, the numerator approaches 6 and denominator 
0; hence y becomes indefinitely great. Thus the line 
x = 2 is an asymptote of the curve. In like manner the 
second solution shows that y = —1 is an asymptote. 
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Making a table of values and using the asymptotes as 
guiding lines, we now draw the curve. 


x y =) y 
et 1G. e +00 
—6] —1.75 3]5 
—4} —2 4|2 
—2|—2. 5)1_ 

0O| —4 6 | 0.5 

1| —7 8/0 
coe 023 —(),4 


The procedure employed in this example may be formu- 
lated in the following rule: 

To find a vertical (horizontal) asymptote, solve the equa- 
tion for y(x). If the solution is a fraction, set the de- 
nominator equal to zero and solve for x (y).* 


* The horizontal asymptote can also be found from the soluticn 
for y in terms of x by finding the value approached by y as x ap- 
proaches infinity. If the solution for y in terms of x contains x 
in both numerator and denominator, both terms of the fraction 
should be divided by the highest power of x. Thus, in the example 
just worked 

8-2. 
1 ie 


Dividing numerator and denominator by x, we have 


a 
ee 


yas 
aes 
xv 


As x ean aeaey 8/x and 2/x both approach 0; hence y 


EA Sa —1, and y = —1 is the horizontal asymptote. 


Te 
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In discussing the locus of an equation the asymptotes, 
if any exist, should always be found. 


EXxamPLe. — Discuss and plot the graph of xy +4y = 8. 


Solution. — Solving for y and z, we have respectively: 


8 2-—y 
= —_ and = +24 /—— 
. v?+4 ES : V y 


Intercepts: No x-intercept; y-intercept 2. 

Symmetry: With respect to the y-axis. 

Extent: The solution for y contains no radical, hence no 
values of x need to be excluded. The solution for x shows that 
x is imaginary wher y is negative or greater than 2; hence we 
must exclude values of y < 0 and > 2. 

Asymptotes: There is no vertical asymptote, since z2 + 4 = 
0 yields no real values of x. The solution for x in terms of y 
shows that the line y = 0, or the z-axis, is an asymptote. 


PROBLEMS 


Find the horizontal and vertical asymptotes and pis the 
graphs of the following equations. 


Pee ty +62 = 12. fe x =y (« —1)?. 
2. cy —4y = 16. . wy = 27 -—9y. 
3. xy — 16y = 32. f (wt —422)y =8. 


4. -(@? — 9) (y — 2) = 18. 9. xy? — 16x = 16. 
N56. (32) y =6. eu zy +42+4y+4=0. 
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Discuss and plot the graphs of the following equations: 


ty ey — 36; 16. zy = —16. 

12. «(y?+4) = 16. 17%. (2 — 9) yy = 12) 
TS, eye 25; 18. (@ — 2)2y =8. 
14. sy = a'. 19. x (y2? — 4) = 16. 
LoS 2y = 12. 20. xy? = 36. 


28. Symmetrical Transformations. — Ii the tests for 
symmetry of § 25 are not satisfied, the substitutions used 
will transform the given equation into a new equation. 

For example, if we substitute —z for x in the equation 
of a curve symmetrical with respect to the y-axis, the 
equation is unchanged; but if the curve is not symmetrical 
with respect to the y-axis, a new equation is obtained. 
The question at once arises: what relation has the locus 
of the new equation to that of the given equation? 

In this case it can be shown as in the proof of § 25, that 
for any point P (x, y:) on the locus of the given equation 
f (x, y) = 0, the symmetrical point Q (—21, yi) lies on the 
locus of the new equation f (—z, y) = 0. For this reason 
the curves are said to be symmetrical to each other with 
respect to the y-axis, and the transformation is called a 
symmetrical transformation. Similar reasoning applies 
to the other substitutions. 

Summarizing, we have the following definition and 
theorem: 

Two curves are symmetrical to each other with respect to 
an axis or to a center, when each point of one curve has its 
symmetrical point on the other. 


If in an equation substitution is made of 
the locus of the new equa- 
tion is symmetrical to that 


~yfory ld with respect t 
— =aforxand —yfory As ad ie Bes ee origin. 


—axforx 


46 ANALYTIC GEOMETRY 


Exampie. — Write the equation of the curve symmetrical 
to y = x2 — 5a +6 with respect to the y-axis, and plot both 
curves on the same axes. 


Solution. — Putting —2x for xz, we getty = 2? ++52+6. The 
continuous curve is the graph of the original equation, the dotted 
curve that of the new one. 

Note that the table of values for y = 22 + 52 +6 may be 
obtained from that for y = 2? — 5x + 6 by merely changing 
the signs of the values of x. 


TABLES OF VALUES 
y=2?—524+6 y=2?+52+6 


zy xz\y 
“016. ie: 
‘ 112 Ato 
210 =o10 
310 2310 
4}2 —4|2 
516 aS $6 


29. Transformations of Equations not Altering Loci. — 
The following transformations of the equation leave the 
form of the locus unchanged. 

(a) Rearrangement of terms, solving for one variable, 
multiplying by a constant. 

These do not alter the relation between x and y. 

(b) The symmetrical substitutions. 

(c) Interchange of variables. 

The effect of this is to interchange the axes. 


PROBLEMS 


1. Write the equation of the curve symmetrical to the given 
curve with respect to the x-axis, and plot both curves on the 
same axes. 

(a) 4y =2? —4; () y=" +2; 
(0) a@+4y2—16y=0; (d) y=x-—32%. 
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2. Write the equation of the curve symmetrical to the given 
curve with respect to the y-axis and plot both curves on the same 
axes, 

(a) yw» =42—-4; (Cc) y= +2; 
(6) 227+4y2?-—16%=0; (d) y= 23 — 32%. 


3. Write the equation of the curve symmetrical to the given 
curve with respect to the origin and plot both curves on the 
same axes. 

(a) y=2z? —32 +42; (c) 8y =a — 122; 
(6) « =2y2?-—6y —8; (d) y = 54 -—3. 
4. Plot on the same axes the graphs of 
(a) y2=3r2+5 and 2 =3y+4+5; 
(6) y=(@-1) and w=(y —1); 
(c) 2 —4y2? =4 and y? —422 =4; 
(dd) y=x and = 
Gi g=—2 ~ and y= Vz. 


30. Equations Whose Graphs cannot be Plotted. — 
Since real numbers alone are used as the codrdinates of 
a point, an equation which is satisfied only by imaginary 
values of the variables does not define a real curve. 
Such equations may be most easily distinguished by 
transposing all terms containing variables to the left- 
hand member and completing the squares. If we then 
have the sum of several squares equal to a negative con- 
stant, the equation is obviously satisfied only by imaginary 
values of x and y. 


PROBLEMS 


1. Show that 2? —22+2y?+8y+14 =0 has no real 
locus. 
Solution. — Completing the squares in x and y, we have 


mee Gy 2 y + 2) = 5. 
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For any real values of x and y, (x — 1)? and (y + 2)? are positive 
or zero; hence their sum cannot equal —5 and no real value of 
x and y can satisfy the equation. 
2. Examine the following equations for the existence of a 
locus: . 
\a) v+62+y2?—4y4+17 =0; 
(6) 2 —Ba+y2+4y = -7; 
(c) @-+2)* +9? —6y 48 =0; 
Xd) x? + 16 = 0; 
@2e+4y+4=0; 
(f) #2 +4ay +4y?+ 16 =0. 


“3. For what valtes of k has the equation 22 ++y2 +k =0 
no real locus? 


4. What is the locus of 
(a) 2? + y? = 0; 
“\b) (« — 3)? + (y + 3)? = 0? 


5. For what values of k will the locus be imaginary, a point, 
or a curve in each of the following: 
Ya) 224+ 9y? =k? —4; 
(0) e—4e+y?+8y +k =0; 
(c) @ +4x+y?-—6y —k =0; 
Nv(d@) x? —9y? +k =0. 


31. Intersection of Curves. — It follows from the defi- 
nition of the locus of an equation that a point lies on two 
curves if and only if its codrdinates satisfy the equation 
of each. Hence we conclude that the coérdinates of 
points of intersection may be obtained by solving the 
equations simultaneously. If there are no real solutions, 
the curves do not intersect. 


CURVES AND EQUATIONS 


PROBLEMS 


1. Find the points of inter- 
section of the curves xv? + y? = 
16 and y? = 62. 

Solution. — Solving simultane- 
ously, we have 22? + 6x% — 16 =0, 
whence « = 2 or —8. When « 
=2,y = +V12; whenz = -8, 
y = +vV-—48. Thus there are 
but two pairs of real solutions, 
giving the two points (2, V12) 
and (2, —V12). The figure shows 
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the curves and their points of intersection. 
Find the points common to the loci of the following equations 
and check the results by plotting the loci. 


2. 2£— 7 = 0, 
y2+62 =0. 
38. 42 -—y+2=0, 
zr+3y+16 =0. 
4, 2x+1ly —15 =0, 


62 —5y+3 =0. 
we z+y—8 =0, 

aw?—4y4+2=0. 
6. a? + y? — 25 =0, 
y —2¢2¢ +11 =0. 
x? + y? — 25 = 0, 
zw? —3y —21 =0. 


8. 2 +y =7, 
y2 — 81 =0. 


9. 922 +4 y? = 36, 
92? +16y = 27. 


is Wee S77 ay 
az? = ay. 


as 


411. 


12. 


y 


14. 


Pe 


19. 


x? — y? + 36 =0, 
y? — dx — 32 =0. 
2? + y? —82 =0, 
y? —8ae —2 =0. 


2? + 6y? = 20, 
cy =4 

322? +4y? = 48, 
CO ae 


x+y? —62 =0, 
Yy? = 23. 


: yY = 2, 
Dp Sg de Pe. 
ty = AP 
y? + a2 = 10. 
e+2y = 6, 
x? +4y? = 20, 
a? =4 ay, 
Rs 
U e+ 4a? 
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we. x? = 16y, 24, y =224 —3, 
a —y? = Hh. y? = 82. 
210 y= 2a, 25. 22 +y =5, 
x? +4y? = 36. a —4y = 20. 
22. y = 22? — 82, 26. 2? — y*? + 3a? = 0, 
— 2y =x? —4% — 15. y? = 4ax. 
23. y = mx, . 2 —Ay? —9 =0; 
a2 yt = 73, zy — 10 =0. 


28. Find the coédrdinates of the points of intersection of y = 
mex and y = x*+ 2. For what values of m is there but one point 
of intersection? 


29, Find the codrdinates of the points of intersection of the 
straight line y = mz and the hyperbola z? — y2 = 16. For what 
values of m are the intersections imaginary? What happens 
when m = +1? 


0.. Find the length of the common chord of 2? + ¥2 = 100 and 
y? = 152. 


31. Find the slope and the length of the line joining the 
points of intersection of y= 4% — 2 and y = 2? — 62. 


ee 


CHAPTER III 
THE STRAIGHT LINE 


32. Equations of the Straight Line. — Several prop- 
erties of the straight line, such as its determination 
either by two points or by a point and a direction, lead to 
relations between the codrdinates of its tracing point that 
can be expressed in the form of an equation. There are 
several forms of the straight line equation, but all are of 
the first degree and for a particular line each one may in 
general be reduced to any of the others. 


33. The Point Slope and Two-Point Forms. — Let the 
line / be fixed by a point and a direction. Let the point be 
P, (a1, y:) and let the direction of 1 be given by the 
slope m = tana. Let the 
tracing point be P (a, y). 
By the slope formula, 


or 
y-—y=m(x—x). (7) 
This is the point slope form of the straight line 
equation. It is used in writing the equation of a line 
when one point and the slope are known. It may also 
be used when two points are known, for then the slope of 
the line can be found at once by the slope formula (8). 
If in the latter case the line is determined by the points 


Py and Po», the value of m is = ~ oe Substitution of this 
: 7 are 2 
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in Formula 7 gives 


tg eer 
Y ead a (x — x1), 
which may be written 
Yee in eS oe (Ta) 
Phe? bt es 


This last equation is known as the two-point form. 


34. The Slope Intercept Form. — If the slope and the 
y-intercept are given, the line is determined by a point on 
the y-axis (0, b), and the slope m. Substituting in (7), we 


have ~ y—b=m (zx —0), 
or y =mx-+5, (8) 


which is called the slope intercept form. 

This form can be used in finding the equation of a 
straight line when the slope and the y-intercept are known. 
Its most important use is in finding the slope of a line from 
its equation. For, if the equation of the line is reduced to 
form (8), by solving for y, the coefficient of x is then the 
slope of the line and the constant term is its y-intercept. 


35. The Intercept Form. — Suppose that the intercepts 
of the line are given; let the x-intercept be a and the y- 
intercept b. 


Here the line is determined 
by two points (a, 0) and (0, b). 
We have at once, 

b 
=" 


m= — 


Then by (7) 


b 
y—b= —2(@-0), 
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which reduces to 
ig ee 
“fe i (9) 


This is called the intercept form. It is used in writing 
the equation of a straight line when the intercepts are 
known. 


36. Lines Parallel to the Axes. — The equation of a line 
parallel to the y-axis cannot be written in forms (8) or (9), 
since there is no y-intercept. The equation of such a line 
is obviously 

x=a. 
Similarly the equation of a line parallel to the z-axis has 
the form 
y = b. 
Exercise 1. Derive the intercept form geometrically* when 
(a) ais positive and b negative; 
(b) ais negative and b-positive; 
(c) both a and b are negative. 

Exercise 2. Derive the slope intercept form geometrically* 

for the cases given in Exercise 1. 


PROBLEMS 


1. Derive the equation of the line determined by the points 
(8, 1) and (5, 4). 

Solution. — By the slope for- 
mula m = 3. Using the point 
slope form, 

a 1 = 3 (x os 3), 
which reduces to 
8a —2y—7 =0. 

The same result is obtained 

if the two-point form is used. 


- "* Te, directly from a figure, without using forms (7) or (7a). 
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Equations can be readily checked by substituting the coér- 
dinates of known points or drawing the line from the in- 
tercepts and observing whether or not it satisfies the given 
conditions. 


2. Find the angle between the lines whose equations are 
82—4y=T7and271+4+3y =8. 

Solution. — Solving the equations for y in terms of x, we ob- 
tain y = 22 —i and y = —3x2 +. Since these are in the 
slope-intercept form, the slopes of the lines are { and —j. 


Hence the angle between them is given by 


ee ae Aa (ee 17 
ADD ie ame 


2 
and the value of the angle is 109° 26’. 
8. Derive the equation of the line determined by the given 
points in each of the following, and check the result by finding 
the intercepts and drawing the line. 


(6) (4, 2), (6, —5); (f) (8, —7), (—2, 6); 
(d) (8, —5), (—4, 8); (h) (7, —5), (A, 9). 


4. Write the equations of the lines satisfying the follow- 
ing conditions: 

(a) Passing through (3, 5) and of slope 3; 

Ab) Passing through (—5, 2) and of slope —3; 
(c) Passing through (—5, —1) and of slope 2; 

_Ad) Passing through (0, 0) and of slope —3; 
(e) Passing through (5, 1) and parallel to the y-axis; 
(f) Passing through (1, 5) and parallel to the z-axis; 
(g) Passing through (8, 2) and of slope 3; 
(h) Passing through (—2, 5) and of slope —2; 


of) Passing through (1, 5) and of slope —2; 

(j) a = 2,6 = -6; (n) m = 3,6 = —6; 
(k) a = —6,0 = —§; (0) m = —2,b6 = 3; 
fl) a =3,b =3; (p) m = 4,b = —8; 
(m)a = —5,6b = 2; (q) m = 3,6 = 2. 
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5. Derive the equations of the lines satisfying the se 
conditions: 
(a) Passing through (8, a and of inclination 45° 
io Passing through (—2, 5) and of inclination 135°; 
(c) Passing through (1, 5) and of inclination 60°; 


(Qin t—-5.ae— 4 (Cnt. — 4. 0 135°; 
(e) m= ee = —9; (ONO = =, @ = SPs 
(f) a= —3, a = 45°; OW So, e& = iPr, 


-/ 6. Reduce each of the following straight line eros to , 
the slope intercept form, and draw the lines. La | 


(a) 3a —4y —8 =0; (e) 4x —3y =0; 
eg See, SeUAR 
@) 3-4-1; (f) Set ey =4; 
(c) 32 —2y =6; (g) 2x +5y+3 =0; 
(d) 3y +2 =0; (h) e+ 3y =0. 


>t. Find the angle between the line* 22 — : es 5 and each 
of the lines in Problem 6. a,b 
8. Find the point of intersection of ce mas 9 L— 3 — 9 
and each of the lines in Problem 6. 
9. Two straight lines of slope —1 are tangent to a circle 
whose center is the origin and whose radius is 8. Find the 
_ equations of the lines. 
10. Find the equation of the straight line through the point 
(8, 6) which has equal intercepts. 
11. Find the equation of a line passing through the point (1, 3) 
and forming with the coérdinate axes a triangle of area 8. 
ee 12. Find the equations of the two lines ae the origin 


which trisect the triangle formed by the line i6 5 = | and 


the coérdinate axes. 
3. Find the area of the triangle whose sides are the lines 
~@=12,2+2y+2=0,and4z2 —5y = 18. 


* More properly we should say ‘‘the line whose equation is 2 x — 
3 y = 5,” but the close relation between a curve and its equation 
- has given rise to the custom of using the abbreviated phrase. 
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14. Derive the straight line equation « = ny + a, where 
n = cot a, and a is the z-intercept. 

15. Show that all lines for which 6 = a have the same slope. 
/ 16. The distance between two fixed points is 2c. Find the 

/ equation of the locus of a point moving so that its distances from 
the fixed points are equal. 

17. The distance between two fixed points is 2c. Find the 
equation of the locus of a point moving so that the difference of 
the squares of its distances from the fixed points is k. 

18. Show analytically that the centers of circles passing 
through two fixed points lie on a straight line. 

19. The base of 4 triangle is fixed in length and position. 
Find the locus of the opposite vertex if the slope of one side is 
twice the slope of the other and 

(a) the base lies on the z-axis; 
_ (b) the base lies on the y-axis. 


37. The Linear Equation.— THrorem I. The equa- 
tion of a straight line is of the first degree, in one or two 
variables. 


Proor. It has been shown that the equation of a 
straight line cutting the y-axis may be expressed in the 
form y = mz+ 6. If the line is parallel to the y-axis, 
its equation is of the form « = a. Both of these are of 
the first degree. 


TuHeorEM II. Conversely, the locus of every first de- 
gree equation in one or two variables is a straight line. 


Proor. The general form of the equation of the first 
degree is 


Ax + By +C =0, (10) 


where A, B, and C may have any values, zero included. 
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Case I.— When B #* 0, the equation may be solved 
for y, giving 
4 A . C 
mises sey 
This is of the form y = mx + 6 and therefore its locus is 


a straight line having the slope — Sand the y-intercept 


B 
va 
B 
Geet Whente —t0owe aves 


A 
This is of the form x = a and therefore its locus is a 
straight line parallel to the y-axis and having the z-inter- 


cept — a Thus the theorem is proved for both cases. 


Norer. — For this reason an equation of the first degree is called 
a lear equation, the term being used by analogy for all equations 
of the first degree in any number of variables. 


Exercise 3. Transform the general equation Ar + By + C 
= 0 into the intercept form. When is this impossible? 


38. Relations between Linear Equations.— THEOREM I. 
If iwo iinear equations in two variables have the coefficients 
of the variables proportional, the lines defined by those equa- 
tions are parallel, and conversely. 


Proor. Let the equations be 
Ags By + C = 0, 
and | A’e + Bry + C’ = 0. 
Solving for y, 
A Cc we Ct 
a; ae and Y = — Br 


FR * This symbol has the meaning, ‘‘is unequal to.” 
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These are in the slope intercept form. 


Ar 
Hence m= a and Beaty) 
But by hypothesis A: A’ = B: B’ 
VY : 
whence BB by alternation. 


Thus we have m = m’, and the lines are parallel since 
their slopes are equal. 

The converse and the special case where B = B’ = 0 
are left to the student. 


Exercise 4. Assume the lines parallel and prove that the 
coefficients of x and y are proportional. 


TueoreM II. If in any two linear equations, 
Azx+ By+C=0 
and © A’e + By +C’ =0, 
AA’ = —BB’, the lines defined by the equations are per- 
pendicular, and conversely. 
Proor. Solving the given linear equations for y,.as 
before, we have 
A A’ 
Le and m! = a 
A A’ (ee 
— —_-— — — | = ——_ 
Then mm -( 5) ( =) BB’ 
But by hypothesis AA’ = —BB’, hence mm’ = —1, 
and the test for perpendicularity is satisfied. 
Exercise 5. Assume the lines perpendicular and prove that 
AA’ = —BB’. 
THEOREM III. Jf in any two linear equations 
Ax+ By +C=0 
and A’'x + By +C’ =0, 
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A:A’=B:B'=C:(C’, the lines defined by the equa- 
tions are identical, and conversely. 


Proor. From the assumed proportions 


ee ee x ers 
BPR or b= 0’. 
A. A’ 

Also BB’ or m = m’ as before. 


Hence the lines have the point (0, 6) in common and also 
have the same direction. They are therefore identical. 


Exercise 6. Assume the lines identical and prove that 
Bo AererD, Se CC". 


With the aid of these theorems it is possible to determine, 
by inspection of their equations, whether two lines are 
identical, parallel, perpendicular, or otherwise. This is 
of considerable aid in checking the solutions of problems 
involving straight lines. Suppose, for example, that it is 
desired to write the equation of a line passing through the 
point (4, —2) and perpendicular to the line 10% — 4y + 
11 = 0. 

From the equation the slope of the given line is 3, and 
hence the slope of the required line is —? ($15). Sub- 
stituting in the point slope equation and reducing, we get 
2x+5y+2=0. This line is evidently perpendicular 
to the given line, for AA’ = 20 and BB’ = —20. Also 
it passes through the given point, for 2-4 + 5( —2) + 
2 = 0. 

The same problem may also be solved by using Theorem 
II. Any line whose equation has the form 4 z + 10 y = k 
will be perpendicular to the given line 102 —4y + 11 = 
0. Since the line passes through (4, —2), 


k=4-4+ 10(—2) = 16 — 20 = —4. 
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Hence the required equation is 
4x+10y = —4, or 22+5y+2=0. 


39. Application to the Solution of Linear Equations. — 
Two equations of the first degree in two variables are 
classified as 

(a) Simultaneous if they have one solution, which is 
usually the case; 

(b) Incompatible if they have no common solution, as 

| 3s2+7y =1, 
62+ 14y =1; 

(c) Dependent if they have innumerable solutions, as 

| 9x —6y =3, 
32 —2y=1. 

It is sometimes convenient to determine the number of 
solutions without solving. The test by which the class 
of the equations can be determined is easily deduced from 


the relation between their loci, and from Theorems I 
and III, §38. 


(a) The equations have one and only one solution, if 
their lines intersect. This is the case when 


A: A's#.B: 2B, 
(b) The equations have no common solution, if their 
lines are parallel. This is the case when 
A: Ate BB 
(c) The equations have innumerable solutions, if their 


lines have more than one point in common and are there- 
fore identical. This is the case when 


AY Avs EY eC eee 
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PROBLEMS 


1. Select two pairs each of parallel and perpendicular lines 
from the following: 


(@) y =22+3; (ec) r+5y =0; 

(6) 2y = —62 +9; (f) 62 +2y +1 =0; 
(c) y=224+9; (g) 5% —y —8 =0; 
(d) 2y = —42%47;° (hk) e+2y —7 =0. 


2. Identify the following pairs of equations as simultaneous, 
incompatible, or dependent: 


(a) 2x +6y —7 =0, (c) e-—3y =8, 
67+ 18y +8 =0; 12y —42% = —82; 

(6) 22+ 5y =3, (dq) 22+2y = 15, 
22 —5y = 8; y= 22 —5. 


3. Show that the equations 2 Ax + By +D =0 and Br + 
2Cy + F = 0 are simultaneous if B? — 4 AC #0. 


4. Find the equation of the line passing through the given 
point and parallel to the given line in each of the following cases: 
(a) (3,0), 62 —5y +30 =0; 
7b) (—2,6), 82+7y + 28 =0; 

“ (©) (4,3), 32 +4y = 12; 
(d) (0,0), 12% —5y = 16; 
(e) (2, 0), 82 +2y = 30; 
(f) (©,0), 5¢+5y = 12; 
(9) (3,3), 3% —4y = 15; 

~ (h) (0,0),% +6 =0. 

5. In each of the following cases find the equations of two 
lines passing through the given point, one parallel and the other 
perpendicular to the given line: 

=a) (0, 5), 54 —12y = 15; 
(6) (8,6), 2a+4y =15; 
(c) (—4, 7), 2 — 12y = 36; 
(d) (6, —5), 62 — 8y = 27; 
; (e) (10,5), 4% +3y = 18; 
} oe oa) (4, 6), z—y = 10; 
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(g) (, e 
(h) (- 


na in problem 4 find the equation of a line pass- 


case in Problem 5, find the perpendicular distance 
line and the point. 


~-9. In the triangle whose vertices are (0, 0), (6, 0), and (8, 6) 
find 
(a) the equations of its sides; 
(b) the equations of the perpendicular bisectors of the sides; 
(c) the equations of the perpendiculars from the vertices on 
the opposite sides; 
(d) the equations of the medians. 
10. In the triangle whose vertices are (0, 0), (12, 0), and 
(8, 10) find 
(a) the equations of its sides; 
(b) the equations of the perpendicular bisectors of the sides; 
(c) the equations of the perpendiculars from the vertices on 
the opposite sides; 
(d) the equations of the medians. 


11. Find the area of the triangle whose vertices are 
(a) (4, 4), (8, —12), (12,10); (6) (—5, 4), (2, —7), (9, 6). 
—— 12. Find the area of the triangle whose vertices are 
(a) (0,0), (8,12), (12, —4); (6) (1, —1), (-7, 5), (9, 9). 
13. In the triangle of Problem 10 show that 


(a) the perpendicular bisectors meet in a point; 

(b) the medians meet in a point; 

(c) the perpendiculars from the vertices on the opposite 
sides meet in a point. 


(In each case find the coérdinates of the intersection of two 
lines and show that they satisfy the equation of the third.) 
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14. Show that the three points of intersection found in the 
above problem lie in a straight line. 


15. Show that the medians of any triangle meet in a point. 
(Let the vertices be (0, 0) (a, 0), and (b, ¢).) 


————16. Show that the perpendicular bisectors of the sides of any 
triangle meet in a point. (Let the vertices be (0, 0), (a, 0), and’ 
(6, c).) 

17. Show that the perpendiculars from the vertices of a 
triangle on the opposite sides meet in a point. (Let the vertices 
be (0, 0), (a, 0), and (8, c).) 

18. Show that the three points of intersection found in Prob- 
lems 15, 16, and 17 lie in a straight line. 


19. Find the center and the radius of a circle circumscribed 
about the triangle whose vertices are 
(a) (0, 0), (0, —6), (4, 8); 
(c) (4,6), (8, —14), (—12, —18); 
~(d) Ce 2), (0, 4), (6, =a) 
‘20. The vertices of a parallelogram are (0,0), (12, 0), (8, 16); 
and (20, 16). Lines are drawn from two opposite vertices to 
the mid-points of opposite sides. Show that they are parallel 
and that they trisect one of the diagonals. 
“21. Two opposite vertices of a given square are (—4, 6) 
and (8,—10). Find the other vertices and the equations of the 
sides. 
22. Find the fourth vertex of a parallelogram which has 
three of its vertices: 
(a) (3, 5), (4, 9), (2, 8); (b) (6, 8), (5, —4), (0, 5). 
How many solutions to each part? 
‘93. Find the equation of a straight line through the origin 
making an angle of 45° with each of the lines of Problem 1. 


Hint. — To find the slope of the required line, observe that its 
inclination is 45° greater or less than that of the given line. 
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24. Show that the bisectors of the angles of any rectangie 
inclose a square. 
Hint. — Let the vertices be (0, 0), (a; 0), (0, 6) and (a, bh). 


40. The Normal Form. — The perpendicular from the 
origin to any line is called the normal azis of the line and 
the distance from the origin to the line measured along the 
normal axis is called the normal intercept. The inclination 


of the normal axis is denoted by w and the normal inter- 
cept is denoted by p. It is obvious that the normal 
intercept and the y-intercept always have the same sign. 
The equation of the straight line determined by the 
constants p and w is called the normal form. 

Derivation of the normal form. Referring to the above 
figures we can easily show that in any of the four possible 


cases b= 2. For any case, sin NBO =P But 
sin w b 


NBO is equal to either w or 180° — w, since the sides 
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of these angles are mutually perpendicular; hence 


sin NBO = sinw. This gives sin w = E. orb = —P. 
b sin w 

Since the normal axis is perpendicular to the line, its 

slope is the negative reciprocal of that of the line. Hence 


—1l COs w 


tan w sin w 


m 


Substituting these values in the slope intercept equation 
y = mz + b, we have 
cos 
el a 
sin w sin w 


Clearing of fractions and transposing gives the normal 
form: 
xcosw+ysinw = p. (11) 
The above proof does not cover the cases that the line 
is parallel to the y-axis, for there is then no slope-intercept 
equation. For these cases we take w = 0° and the equa- 
tion is x = p. This agrees with (11) since sin 0° = 0 and 
cos 0° = +1. 


Pp 


Exercise 7. Show that for any line the x-intercept a = ime 


and derive the normal form from the intercept form. 


41. Reduction of any Linear Equation to the Normal 
Form. — Let the given equation of the line / be 


Ax + By +C=0 (1) 
and let the normal form of the equation of | be 
xcosw+ysinw —p=0 (2) 


Since these two equations represent the same line, we 
have from Theorem III, § 38, that 
cos w _ snw —p 


me 8 A B Ca 


66 ANALYTIC GEOMETRY 


If we let r denote the common value of these ratios, we 
find 


cos w = TrA, 
sin w = rB, 
p= —rl. 


Squaring the first two of these equations and adding them 
gives 
1 =r? (A? + BY), 
whence 
phe toate 
‘+VA2+4 B? 


Substitution of the value of r gives 


A : B 
COS SS SS SS sim SS 
“4 VAP Be * 4V A? + BP 
Ppa 
+VA?+ B 
and equation (2) becomes 


ieee. 
Va | s/A? Be eee 


This is the normal form of (1). 

To determine the proper sign of the radical observe that 
sinw = rB and that sin w is always positive (since w < 
180°). Hence the sign of r must be the same as that of 
B. In the special case that B = 0 the line is parallel to 
the y-axis and w = 0°. Hence cos » = 1 and the sign of 
r must agree with that of A. 

Summing up, we have the following working rule: 

To reduce the linear equation Ax + By + C = 0 to the 
normal form, divide it by +V A? + B?, giving the radical 
the sign of B. 


eS (d) p = —4, = 135°; (h) p = —20, 
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Example. — Reduce 3 x — 
4 y — 20 = 0 to the normal 
form. 

Solution. —Here VA? + B? 
= 5, and B is negative. There- 
fore the required equation is 

oe + ey St: 

This gives cos w = —3, sin w 
and p = —4. Plotting 
the equation affords an excellent check on the work. 


ak 


The equation Ax + By + C = 0 can always be reduced 
to the normal form. For the division by the radical is 
always possible, since A and B cannot both be zero. This 
constitutes one of the two most important advantages of 
the normal form. The other consists in its convenience 
for use in finding the distance from a line to a point. 


PROBLEMS 


The sines and cosines of the angles used in this group of prob- 
lems should be taken from the table in the Introduction. 


1. Write the equations of the lines satisfying the following 
data: 


a) p = 6,4 = 45°; —te) p = —16, 4 = 135°; 

(6) p = 5,0 = 150°; i v= 20, S150" 
=< (¢) p = 12, = 60°; <9) p = —10, = 60°; 

(d) p = 8, = 90°; (h) p = —12,0 =0°. 


2. Find the equations of the lines satisfying the following 
data: 
<a) p =10,6 = 135°;  ,» ee) p = —12,% = 30°; 
(6) p = 8,0 = 120°; p= — Tin = BU", 
(c) p = —6,w = 90°; <—@) p = —16,4 = 120°; 
130°. 


I 


‘ 
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3. Reduce the following equations to the normal form: 


(a) 42 —3y = 12; (e) r—y =0; 
(b:) 8a + 15y = —12; (f) c= V24+y; 
(c) 8a +4y =12; (g) z+ vV3y = —10; 
(d) 122+ 5y =0; (h) 6% —8y = 25. 
4. Reduce the following equations to the normal form: 
et) Se eee (e) e+2y+5 =0; 
(b) 5a +12y = 60; (f) 124% —5y = 30; 
(c) 8a —15y = —60; 9) x—4y = —16; 
(d) 22 +y = 20; (h) «+y =0. 


5. Find the value of w for each of the lines in Problem 4 
correct to the nearest minute. 


6. By transformation to the normal form find the dis- 
tance of a line from the origin when its intercepts are: 
(a) 3and 4; (d) 6and 9; (g) Sand 15; 
(6) 3and —4; (e) Sand —12; (hk) 7and12;_ 
(c) —6and8; (f) —5and12; (i) 7and V15. 


7. Find the equation of the line passing through the point 
(5, —10) and having 


Ge o = 135°; (c) p =2; 
(hin 91202: (ad) p = —5. 
8. Prove tan w = —cota. 


9. Find p and tan w in terms‘of a and 6 
10. Find tan w in terms of A and B. 


11. Find the coérdinates of the foot of the perpendicular 
from the origin to a line in terms of its intercepts. 


12. Transform the normal form of the straight line equation 
into the intercept form. 


42. Distance from a Line to a Point. — Let | be a line 
of which the equation is given and P; a point whose co- 
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ordinates (x1, y1) are given 
and let d be the distance, 
NP, from the line to the 
point, reckoned from the 
line. 

Through P, draw the 
line 1; parallel to J and, 
if netessary, produce the 
normal p to meet it. The 
normal inclination w is 
the same for / and 1,, and 
is known from the equation of 1 when it is reduced to the 
normal form. Denote OF by p and OF by p;. Then 


pi = OF = OE + EF =p+d. 


Hence the normal equation of 1; is 
pt+d= @ COs w + y sin w. 
This is satisfied by the codrdinates of P:; hence 
pt+td=2,cosw+ yi Sin w, 
or d=x,cosw+yisinw — p. (12) 


But the equation of ! is 


xcoswa+ ysinw — p = 0. (it) 


Thus the first member of (11) becomes the value of d 

when the codrdinates of P; are substituted for x and y. 
Hence follows the rule: 
To find the distance from a line to a point, reduce the 
equation of the line to the normal form and substitute the 
coérdinates of the given point for the variables. The value 
‘of the first member is the required distance. 
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P(-1,6) ExampLe. — Find the distance 
of the point P (—1, 6) from the 
» Jjine2¢2 —3y = 10. 
Solution. —The normal equa- 
tion of 1 is 
22 3Yy MEA 
(VB V8 VB 
= (BE) a5 
V13 V13. V13 


=§8.32, approximately. 


Here p, being negative, is reckoned downward from the origin 
and d, being positive, is reckoned upward from the line l. 
An obvious check is to draw the figure and measure the dis- 
tance. 
Exercise 8. Show that the distance formula can be written 
ae Az +By+C 
+VA? + B? 


where the radical should have the sign of B. 


PROBLEMS 


1. In each case find the distance from the line to the point. 
(a) of — 4y so 10, (2, a); 
(0) c=Yy, (0, 4); 
Ac) 4% —2y +5 =0, (—8, 6); 
“ (d) 32+4y = 12, (4,0); 
(e) 5a + 12y = 15, (0,0); 
(f) z+y+1=0,64,4). 

2. In each case find the distance from the line to the point 
and verify the result by constructing a figure and measuring the 
required distance. 

(a) 2x —y = 16, (8,6); 
(b) 4% —3y = 24, (-10, 4); 
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(c) x +2y = 20, (2, —10); 
d) 3x +y = 12, (-—4, —6); 
(f) 2y — 3x = 24, (8, —5). 
3. Find the distance between each of the following pairs of 
parallel lines by finding the distance from one line to a point 
on the other. 


Aa) y = 32 +5, (c) 644+ 9y =0, 
y=32 —5; 4x+6y = —24; 

(6) 3%7+2y =12, (d) 4a —3y = 24, 
32 +2y = 16; 4x —3y =0. 


4, Find the distance from the intersection of the lines 
/@) x—4y—12=0 
3x —4y —12 =Oto the liner +y +10 =0; 


(6) 3x —y —2 =0 
5x +y — 12 =0to the line 127 — 5y + 23 =0; 


je) (x —Sy = —6 
“ 4x2 —11y =21 to the line x +2y = 10. 
5. Find the areas of the triangles formed by the sets of lines 
in Problem 4. 
6. Find the areas of the triangles whose vertices are 


<—™ (0, 0), (=1 2), (5, DD; 


(b) C—£, 3), (2, —4), (0, 6); \y f i . 
ee 4.5),(—7, —0), (1, —4)5 ~ Wasn” 
(d) (6, 4), (8, 3), (6, ca ear es 


er) Ch 4), (4, 6), ine 
7. Find the areas of the hice having the ines ver- 
tices: 
—<-{a) (6, 0), (7, 10), c—3, 5), C2 ea0); 
(0) (2, 0), OF 4), c=2; 2), ae 0) Oe —2); 
(c) (4, 3), (=2, 5), (=8, =), (6, 2); 
waned) (0, 0), (12, 0), (10, —A), (4, —8): 
_ 8. Find the equations of the bisectors of the angles between 
- thelines 3x —4y = 12and 12x +5y = 30. 
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Solution. — Let the lines meet at EH; there are two bisectors 
EF and EG. Let P; (x, y:) 
-lie upon EG, the bisector of 
the angle BEC. Then by 
plane geometry the per- 
pendiculars HP; and KP, 
are of equal length. 
To find the length of HP; 
use Formula 12. 
Then 


eat et 
HP, = 3x1 +44 + 12° 
oO 


Similarly 


RP. = 12a +5 — 30 : 
13 
But HP, is negative and KP, positive. 
Therefore 
HP; —KP,, or 
=o 2 +4y + 1 = —1227 — aN + 30 
5 13 

Simplifying and dropping subscripts, the equation of EG is 

21%2+77y.4+6 =0. 

In like manner the equation of HF is 

99x — 27y — 306 = 0. 
A convenient check on the accuracy of the work is the appli- 
cation of the test for perpendicularity to the two solutions. 


3. Find the equations of the bisectors of the angles between 
(a)\\3e +4y =5, (b) 38a —4y =7, 
4x+3y =6; 4x —3y =8. 

10. Find the locus of points twice as far numerically from the 

first line as from the second in each of the groups in Problem 3. 


11. Find the locus of points the sum of whose distances from | 
each of the pairs of lines in Problem 9 is 12. 
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12. Find the locus of points 6 units distant from the line 
aD x + 4y = 5; (c) 15% —8y = 12; 
(6) 12a —5y =17; (d) 42 —3y = 24. 
13. A triangle has vertices (3, 0) and (—1, 3). Find the 
locus of the third vertex if the area is to be 16. 
14. Find the equation of the line halfway between the par- 
allels 
(a) 2x +y 7, (6) 32 —2y+9=0, 
2x+y = 10; 3x2 —2y =16. 
15. A triangle has the vertices (0, 0), (123, 0), and (8, 6). 
(a) Find the equations of the bisectors of the angles. 
(6) Show that these bisectors meet in a point. 


(c) Find the coédrdinates of the center and the radius of the 
inscribed circle. 


43. Geometric Conditions Determining a Line. —- In 
each of the standard equations y = mx + b, = 45 = 1, 


and x cos w + y sin w — p 
= 0, we note that there 
are involved two arbitrary 
constants which represent 
geometric conditions de- 
termining the line. Three 
of these, a, b, and p, rep- 
resent distances, while the 
others, m and w, deter- 
mine the direction of the 
line. The direction may also be given by the inclination a. 

Thus we associate with any straight line six constants; 
three, a, b, and p, representing distances, and three, m, a, 
and w, representing directions. Any pair of them (one 
being a distance) will determine the line (and also the 
other constants), and combined with its current co- 
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ordinates they will furnish an equation of the line. Of 
the many possible equations involving these constants, 
only the three given above are commonly used. 


44. Systems of Straight Lines. — When one of the 
constants of a straight line equation is arbitrary and the 
other absolute, as in y = 32 +k, the equation defines a 
line for each value assigned to the arbitrary constant, but 
each line so defined has the property given by the nu- 
merical constant. 

Thus in the above equation k is the y-intercept, and it 
may have any value; but the slope of each line is 3, and 
by assigning all possible values to k we have all possible 
lines of slope 3. Such a group of lines is called a system, 
and the arbitrary constant is called the parameter of the 

system. In the particular case under 

Ag discussion we have a _ system of 

parallel lines of slope 3, of which 
several are drawn in the figure. 

We have already seen that any of 
the standard forms of the straight 
line equation involves two arbitrary 
constants which correspond to the 
geometric conditions defining the line. 
Hence if one of these constants is 
given a numerical value and the other 
left arbitrary, we get a system of 
straight lines characterized by the 
geometrical property defined by the 
numerical constant, and with one 
geometrical property left arbitrary or variable. This 
correspondence is general, as will be seen later in the case 
of the circle and the conics. 
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PROBLEMS 
1. Draw the lines satisfying the following conditions: 
Na) a = —5, a = 30°; Pict b= — 8,0 = 45°; 
(b) b =8,a = 60°; (g) a = —10,p = ; 
(i Ore "1 20° (h) b = -10,p = — 
(d) a = 10, = 150°: Xi) m = -2,p = 12: 
Xe) 6 = —8, 4 = 120°; Bie SP i= 


2. With ruler and compasses only construct the required line, 
given 


(a) aanda; (d) aand w; (g) aand p; 
(6) banda; (e) banda; (h) band p; 
(c) panda; (f) pando; (4) mand p. 


3. In each case in Problem 1 find the other four geometric 
constants. 

4. Find the equation of each line in Problem 1. 

5. Write the equaticns of the systems of lines defined as 
follows and draw several lines of each system. 

(a) passing through (5, —1); (f) having the slope — 

(b) passing through (—2, 2); (g) having the slope ; 

(c) passing through (6, —3); (A) distance from origin 13; 

(d) with the y-intercept —2; (c) distance from origin 5; 

(e) with the x-intercept —3; (j) having equal intercepts. 

6. What geometric conditions define the systems of lines 
represented by the following equations: 

Hint. — Put each equation in a standard form. 


(a) +k =0; (e) 2a —ky +4k =0; 
(6) 3a+4y +k =0; (f) kx +ky —6 =0; 

(c) + 3ky —5 =0; (g) kx —yV1 —k? =6; 
(d) ke +2y —6 =0; (h) y-1=mxe+2m? 


_%. Determine & so that 
‘Ya) the line 32x + 4y = k passes through (—2, 1); 
(b) the line 5x2 — 4y = k passes through (—3, 4); 
(c). the line kx — 2 y = —3 has the slope 2; 
~(d) the line3x —5y — k = Ohasits z-invercept = 3; 


: 
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(e) theline7 « —4ky + 5 = Ohasits y-intercept = —3; 
(f) the line 42 — 3y + k = 0 is distant 5 units from the 
origin. 
‘8. Write the equation of the system of lines perpendicular to 
each line in Problem 7. 
\9. Find the equation of the system of lines whose normal 
axis has the slope —;%. 
10. Find the equation of the system of lines whose normal 
axis has the inclination 135°. 


“11. Write the equation of the system of lines passing through 
the point (8, 5). Find the value of the parameter for which the 
line forms with the eodrdinate axes a triangle of area 80. 

12. In Problem 6 find the values of the parameter for which 
the line is 2 units distant from the origin. 


13. In Problem 6 find the value of the parameter for which 
the y-intercept is —12. 


45. Systems of Lines through the Intersection of Two 
Given Lines. — Suppose that it is desired to find the 
equation of the system of lines through the intersection of 
two given lines. One way of doing this would be to solve 
the two given equations for the point of intersection 
and to use the point slope equation. A method more 
expeditious and of great theoretical importance follows. 


THEOREM. Let |; = 0 and lI, = 0 be the equations* of 
two intersecting lines 1; and lz, and let k be an arbitrary 
constant. Then 1+ k+l =0 defines a system of lines 
passing through the intersection of the given lines. 


* The equation /; = 0 stands for an expression of the form 
Ayr a By + Cy = 0, 


and would more properly be written 1; (x, y) = 0, but the variables 
are omitted for convenience. 
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Proor. — We first observe that 1, + k - 1, = 0 defines a 
system of straight lines with k as a parameter, since it is 
obtained by adding two first degree equations. 

Let the point of intersection P have coérdinates (a, 6). 
By the locus definition the equations 1, = 0 and I, = 0 
are both satisfied by x = a and y = 3, since P (a, b) lies 
on both curves. Hence, the quantities J; (a,b) and lk (a, b) 
are both zero. Therefore 1; (a,b) + k-k (a,b) = 0 for 
all values of k. 

Hence every line of the system 1; + k-l, = 0 passes 
through P, since the codrdinates of P satisfy the equation.* - 


Examp Le. — Find the line containing the point (2, 3) and the 
intersection of L :32+y —5 =Oandi:x1+2y —3 =0. 


Solution. — The system 1, + k-l, =0 contains the inter- 
section, and k may be found for the assumed point by substituting 


* We can also prove that every line passing through P (with the 
exception of l.) belongs to the system. Let l; = 0 be another line 
through P, and let P; (21, y:) be some other point on J;. If the 
coérdinates of P; be substituted in , + k-l, = 0, we obtain an 
equation 


lL, (a1, 1) +k-l (x1, De) =0 


in which k, being the only unknown, can be found. For this value 
of k, the locus of the equation , + k-l, = 0 passes through Pi, 
since its coérdinates make the left hand member equal to zero. 
As it already passes through P, it must be identical with J, having 
two points in common with it. 

When k = 0 the equation of the system becomes l, = 0, but for 
no value of k& does it reduce to l, = 0. If we divide the equation 


through by k, we obtain zh +1, =0. This form of the equation 


shows that as k approaches infinity the corresponding lines of the 
system approach the line whose equation is 1, = 0. In like manner 
the equation y — 3 = m (x — 2) represents all lines passing through 
(2, 3) except the one parallel to the y-axis. This one has an infinite 
_ slope and its equation is  — 2 = 0. 
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the coérdinates of that point in the equation of the system, thus: 
s8x2+y-—-5+k(e«+2y —3) =0 


becomes 6+3-—-5+k(2+6 —3) =0, 
and k = —#; from which we have the result 1l « — 3y — 13 
=) 


Verification. Solving the given equations simultaneously, the 
intersection is (7, 4). These coérdinates and the codrdinates 
(2, 3) both satisfy the new equation. 


The above proof will apply to any two equations of the 
_form f (a, y) = 0, as well as to two linear equations. The 
general principle may be stated as follows: 

The equation f (x, y) + k-g (x, y) = 0 defines a system 
of curves passing through the intersections of the curves 
defined by the two equations f (x, y) = 0 and g (2, y) = 0. 


PROBLEMS 


1. Find by the method of the example given above the 
equation of the system of lines passing through the intersection 
of 8% —2y =16 and 38x+6y=1. Find the particular 
line of the system passing through (—5, 4). 

2. Find the line of the above system which has the slope 3. 

Hint. — The equation in k is 
3x%—2y—16+k(82+6y-—1) =0, 
or (3k+3)x2+(6k—2)y—k—16=0. 
Solve this equation for y and the coefficient of x is the slope. 


3. Find the line of the above system which is parallel to the 
x-axis; also the line which is parallel to the y-axis. 


4, Find by the method of the illustrative example the 
equations of the lines determined by 
(a) P (4, 3) and the intersection of 42 — 2y = 7and x — 2y 
= 3; | 
(6) P (3, 0) and the intersection of 32 — 2y = —12 and 
382+2y =0; 
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(c) P (—5, 0) and the intersection of 32 + 2y =5anda = 6; 

(d) P (—4, —1) and the intersection of x — y + 5 =0 and 

r+y—5=0. 

5. Find by the method of Problem 2 two lines of the system 
containing the intersection of the first pair of lines, one parallel, 
the other perpendicular to the third line: 

(a) 3x —5y +5 =0,574+4y =10,andr+y = 6; 

(6) r+y =0,4 —y =0,and24+3y+5 =0; 

(c) 64 —5y +4 =0,x4+y =1,andz =3; 

(dq) 62-—3y+9 = 0,42+4+3y= 10, anddz —9y +10 = 0. 

6. Solve Problem 4 by finding the point of intersection and 
using Formula 7. 

7. Find and plot the equations of two curves which pass 
through the intersections of 

(a) y2=82+ 16, (b) 22 + y? = 18, 
y? =42 +16; v?—y? =. 
8. In the system of lines passing through the intersection of 
each pair of lines in Problem 4, plot the lines for k = +3, +1, 
+2, +3,and+4. What happens as k approaches 0 and + 2%? 


46. Plotting by Factoring. THrorrem. [f 1, = 0 and 
l, = O define the lines 1, and lk, the locus of l, - lk = 0 con- 
sists of these lines. 


Proor. This follows directly from the locus definition. 
For the coérdinates of a point (a, 6) on either line, say 1, 
satisfy its equation /; = 0. But if 1; (w, y) vanishes for 
x =aand y = 5, the product of l; (x, y) and ly (x, y) must 
vanish for the same values, 7.e., (a, b) lies on the locus 
of ly © le = (), 

Conversely, if (a, b) is on this locus, one of the factors 
li (x, y), lb (x, y) must vanish for x = a, y = b. Hence 
(a, b) lies on the line defined by the equation formed by 
setting this factor equal to zero. 
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The utility of this theorem is made clear by the follow- 
ing illustration. 

Consider the equation 

v—4y—xr—2y=0. 
Factoring, we have 
(c+2y) («4 —2y—1) = 0. 

Now the coérdinates of any point on the line x + 2y = 0, 
as (2, —1), make the first factor zero and hence the prod- ~ 
uct is zero. Therefore all points on « + 2y = 0 lie on 
the locus of the given equation. The same is true of 
x—2y—1=0. Conversely, if a point les on the 
locus of #2? — 4y” — x — 2y = 0, its codrdinates satisfy 
the equation and must make at least one of the factors 
of the left-hand member zero. Therefore all points of 
the given locus belong to one of the lines x + 2y = 0, 
z—2y—1=0. 

This reasoning applies to all equations of the form 
f (x, y) = 0, whether they define straight lines or not, 
although it is useful chiefly for linear factors. It leads 
to the following rule. 

Rule for Plotting by Factoring. — Transpose all terms 
to the first member. Factor as far as possible; set each 
factor equal to zero, and plot the resulting equations on the 
same axes. 


PROBLEMS 


1. Plot by factoring the pairs of lines defined by the fol- 

lowing equations: 

(a) x2 —9y? =0; 

(b) x? +ay —2y2+32-—3y =0; 

(c) # —32°y —4ay? =0; 

@) ct -@—y? + y =0; 

(e) 4a2°+4ay+y2?+2ea+y —2=0; 

2+ 2a lea: 
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(g) yy +3y+2 =0; 
(h) 2 —4y2?-—a2—-—2y =0. 

2. Draw the locus defined by: 

(a) Say? =7 wy; (b) wy — 4 ay3 = 0. 

3. Find the area of the triangle defined by: 

(a) wy —2ay?+32y =0; 
(6) (@ +3) @y —y’) =0; 
(c) 2° — 62? — ay? +6y? =0. 

4. The sides of a quadrilateral are defined by y? — 4.2y + 
422 -—-3y+62 =0 and e2?+42+3 =0. Prove that it is 
a parallelogram. 

5. Plot the locus of the equation: 

(a) (22 +? = 29) (2* — y* — 25) = 0; 
(b) wy + zy? = 16 zy. 

6. Show that Ax? + Bx +C =0 defines a pair of lines 
parallel to the y-axis if B? — 4 AC >0, a single line if B? — 
4 AC = 0, and an imaginary locus if B? — 4 AC < 0. 

7. Write a single equation defining the locus of each of the 
following pairs of lines. 

(aq) z—-y=4,2+y =4; 
(b) 2a —y =6,24+y =4; 
(ce) 2y =24+38,2y =z —7; 
(d) 34+4y+4+12 =0,32 —4y — 12 =0. 
8. Show that the locus of Az? + Bry + Cy? = 0 is 
(a) a pair of intersecting lines if B2? — 4 AC > 0; 
(b) asingle line if B? —4AC =0; 
(c) imaginary if B? — 4 AC < 0. 

9. Find the equations of the bisectors of the angles between 
the lines defined by «2? —4y?+32%+6y =0. 

10. The sides of a parallelogram are y? — 6y = 0 and (y — 
22)? +6(y —2x) =0. Show that the perpendiculars upon 
a diagonal from opposite vertices are of equal length. 

11, The vertices of a triangle are (0, 0), (5, 0), (0, —3). 
_ Write an equation defining its three sides. 

- "12. Generalize and solve Problem 10. 


CHAPTER IV 
THE CIRCLE 


47. The Standard Equation of the Circle. — While the 
equation of the straight line is expressed in several stand- 
7 ard forms, depending on 
the choice of the geometric 
constants determining it, 
we use only one such form 
for the equation of a circle 
in rectangular codrdinates. 
The constants used in de- 
ji termining the circle are the 
codrdinates of its center 
and the length of its radius. 
Let the coérdinates of the center of the circle be (h, k), 
the length of the radius r, and the coérdinates of the point 
tracing the circle (x, y). By the distance formula, 


r= V@e—hP ty — Oe 


P(xr5y) 


This gives 
(x — h)? + (ie BR) See ae (13) 
as the standard form of the equation of the circle. 
When the center is at the origin, form (13) becomes 
x? yy? a 77, (13a) 


PROBLEMS 


1. In each of the following cases write the equation of the 
circle in the standard form and simplify the result; also check the 
work by finding the intercepts and drawing the circle: 

82 
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(a) center at (8, 5) and radius 5; 

(6) center at (—8, —6) and radius 10; 

(c) center at (4, —8) and radius 5; 

(d) center at (—8, 6) and radius 8; 

(e) center at (6, 0) and radius 6; 

(f) center at (1, 1), radius 12; 

(g) center at (4, 5), radius 10; 

(h) center at (—6, 6), radius 12; 

(i) center at (3, —4), radius 8; , 
(J) center at (—5, 12), radius 13. 


2. Write the forms which the equation of the circle takes in 
the following cases: 


(a) center on the z-axis; 
(b) center on the y-axis; 
(c) cirele touching the x-axis; 
(d) circle touching the y-axis; 
(e) circle touching both axes. 


3. Write the equations of the circles satisfying the fol- 
lowing conditions and draw the figure in each case: 
(a) tangent to the z-axis, radius 6, abscissa of center 4; 
(b) tangent to the y-axis, radius 8, ordinate of center —6; 
(c) tangent to both axes, radius 16, center in the third 
quadrant; , 
(d) passing through the origin, radius 10, abscissa of center 


z 
(e) passing through the origin, radius 13, abscissa of center 


—12; 
(f) passing through (2, 2), radius 5, ordinate of center —1. 


4. Find the equation of the circle whose center is (8, —6) 
and which passes through (6, 8). 

5. Find the equation of the circle which has the line joining 
(6, 2) and (—8, 6) as a diameter. 


. 6. Find the equation of the circle which has the center (r, 0) 
‘and is tangent to the y-axis. 
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7. Find the equation of the circle whose radius is 8 and whose 
center is at the intersection of the lines 22 + 5y = 10 and 
224 —5y = 14. 


8. Prove that an angle inscribed in a semicircle is a right 
angle. 


Solution. — Let the radius of the circle be r; take the diameter 
as the x-axis and the center as the origin. Let P (z, y) be any 
psint on the circumference. We have to prove that BPC is a 

right angle. 

Now the coordinates of B and C are 

(—r, 0) and (r, 0). Hence by the 
- slope formula, the slope of BP is 


—Y _; thatof CPis Calling 
HR ie x—r 
these slopes m and m’, we have 
mm! =—Y_. 
x? — rT? 


But P(a, y) ison the circle. Therefore, x? + y? = r?, or y? = 
r2 — a. This gives 
, Tr? — 2? 


mm = ——— = —| 
ey? — 2 


3 
which proves that BP and CP are perpendicular, or that BPC 
is a right angle. 


9. Prove without the use of slopes that an angle inscribed in 
a semicircle is a right angle. 


10. Prove that a perpendicular from any point on the cir- 
cumference of a circle to a fixed diameter is a mean proportional 
between the segments into which it divides the diameter. 


11. Prove that angles inscribed in the same segment of a 
circle are equal. 


Hint. — Let the ends of the segment be (c, d) and (—c, d) and 
use Formula 6. 
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12. Prove that a line from the center of a circle bisecting a 
chord is perpendicular to it. 
Hint. — Let the ends of the chord be (—r, 0) and (8, ¢). 


13. A regular octagon is inscribed in a circle of radius r. 
Show that the length of a side is r V 2 — V2. 


48. The General Equation of the Circle. — If we expand 
the standard form (13), we get 


oe ee RO 2 ye ht See re), 
This is of the form 
x? + y* + Dx + Ey + F = 0, (14) 


which may be called the general form of the circle equation. 
Conversely, this form represents a circle, since by com- 
pleting squares it is possible to reduce it back to form 
(13), which we know is the equation of a circle of center 
(h, k) and radius vr. (Note exception, § 49.) 

The general equation of the second degree has the 
form 


Az? + Bry + Cy? + Dx + Hy + F = 0. 


Comparison with (14) shows that this can be reduced 
to the same form if B = 0 and A = C, by dividing by A. 
Hence we have the theorem: 

An equation of the second degree in two variables defines 
a circle when, and only when, the coefficients of x? and y? are 
equal and the term in xy 1s missing. 


49. Identification of Center and Radius. — To find the 
center and the radius of a circle when the equation is 
given, reduce the equation to form (18). 


EXAMPLE. — Find the center and the radius of the circle 
ae > - Qa?>—-8x+2y?+6y —21 =0. 
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Solution. — Dividing by 2 and completing the squares, we 

have 
e—4e4+44y4+3y4+% =4448, 

or (2 ~ 2)* + yi + 4)* = An 

This is of form (13) and therefore represents a circle whose 
center is (2, —2) and whose radius is }V67 = 4.1 approximately. 

Degenerate Forms. — Sometimes on completing the 
squares the term corresponding to r? is negative, or zero. 
In the former case, it may be shown by the methods of 
§ 30 that the locus is imaginary and we say that the graph 
is an imaginary circle. In the latter case, the radius of the 
circle is zero, and the graph is called a point circle. Such 
forms are sometimés known as degenerate forms. 


50. Special Forms. — Comparing the general form (14) 
and the expansion of the standard form (13) in § 48, we see 
that 

D=-2h, E=-2k, and F=h?+k? —?’. 
The first two of these relations enable us to determine the 
center by inspection. They also enable us to determine 
the following special forms: 

if D = 0, h = 0 and the center is on the y-axis; 

if E = 0, k = 0 and the center is on the z-axis; 

if D = 0 and KE = 0, the center is at the origin; 

if F = 0, h? + k? = r?, and the origin is on the cir- 
cumference. 


Exercise 1. Prove by considerations of symmetry that if 
D = 0, the center is on the y-axis. 


PROBLEMS 
1. Find the center and the radius of each of the following 
circles. If the circle is real, illustrate by a figure. 
(a) Gee 8)? (yay 64 
(b) (w@ +4)? + y — 5)? =0; 
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(c) 2@+y?—4x4+6y —23 =0; 
(d) a +y? + l6y =0; 

(ec) 322+ 3y2 =a; 

(f) 2 +y?+2z2+8y+1 =0; 
(g) 227 +2y? —16z —20y =0; 
th) 2 +y? +52 —38y —}3 =0; 
(t) 22 + y? — 24x24 10y =0; 

(f) @+y2+2e%+2y+2 =0. 


2. Find the center and the radius of each of the following 
circles. If the circle is real, illustrate by a figure. 
(a) (z — 6)? + (y + 4)? = 49; 
(6) 2 +y?+1027+4+16y =11; 
(c) 2 +y?+14a —Ty = 28; 
(d) 242 +2y? — 22a” —22y =7; 
(e) z27+y? —1824+18y +81 =0; 
(f) 2 +y?+162+30y =0; 
(g) 2 +y2?+10x —S8y +41 =0; 
(h) x? +y? — 20y +125 =0; 
() 2+y? —16x+4 1l6y =0; 
G) w +49? +82 —15y =0. 


3. Determine by inspection which of the circles in Problem 1 
(a) have their centers on the z-axis; 
(b) have their centers on the y-axis; 
(c) pass through the origin. 


4, Determine by inspection the centers of the circles in 
Problem 2. 


5. Write the equations of the circles symmetrical to those of 
Problem 1 with respect to the z-axis and in each case draw both 
circles. 


6. The equation of a certain system of circles is (a + 4)? + 
(y — 3)? =k. What is the common center of the circles? 
For what values of k are the circles real? For which of the 
following values of k are the x-intercepts real: 


k = 0,1,4,9, 16, 25, 36. 
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7. For what values of k do the following equations have a 
locus? 


(a) w+ y? +ky = —8; (b) 2 +y?+kr = —6. 


8. Find the values of k for which each of the equations of 
Problem 7 defines a point. 


9. Find the points of intersection and the equation of the 
common chord of the circles: 


(a) w? +y?+8y = 20, (b) 22+ y? +42 — 60 =0, 

2? yt — Sa = 4s 2? +7? — 4y — 36 = 0. 

10. Find the equation of the locus of the vertex of a mght 
triangle which has the ends of its hypotenuse at 


(a) (4,0) and (—2, 6); (b) (—4, 3) and (0, 5). 


11. Find the equation of the tangent to each of the following 
circles at the point indicated. 
Hint. — The slope of the tangent is the negative reciprocal of the 

slope of. the radius drawn to the point of tangency. 

(a) 2? +y? + 16y — 105 = 0, (5, 4); 

(b) x2 + y2? —8x — 84 =0, (12, —6); 

(c) 7 +y?2 +82 — 273 =0, (4, 15); 

(d) x2 +y? —4y — 36 =0, (—2,8). 


12. Find the angle of intersection between the line x + y = 6 
and each of the following circles: 


Hint. — The required angle is the angle between the line and the 
tangent to the circle. 


(a) x? +y2 —4y — 36 =0; 
(b+) 2 +y2?+8x+8y—-4=0. 


13. The point (7, 1) bisects a chord of the circle a? + y? = 
100. Find the equation of the chord and its length. 


14. The point (4, 7) bisects a chord of the circle 2? + y? — 
4x —6y —12=0. Find the equation of the chord and its 
length. . 


15. Find the equation of a circle tangent to the line 4z + 3 y 
— 7 = 0 and having its center at the origin. 
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General Hint. —In each of the following locus problems, the 
directions of §20 as to choice of axes should be followed. After 
deriving the equation, the locus should be identified and drawn, 
and its relation to the given data stated. 


16. (a) The distance between two fixed points is 2c. Find 
the locus of a point moving so that the sum of the squares of its 
distances from the fixed points is 4 c?. 

(b) Solve the same problem when the sum of the squares is 
any constant, ask. Ans. The locus is a circle, whose center is 


: é : aes k-—2¢ 
midway between the given points and whose radius is \ / sarn 


If k < 2 c?, there is no locus. 


17. The base of a triangle has the extremities (a, 0) and 
(—a,0). Find the locus of the opposite vertex if 
(a) the vertical angle is 90°; 
(6) the vertical angle is 45°; 
(c) the tangent of the vertical angle is any constant k; 
(d) the median to one of the variable sides is a constant k. 


18. The ends of a straight line of constant length a rests on 
two perpendicular lines. Find the locus of the middle point. 


19. Find the locus of a point whose distance from the point 
(a, 0) is k times its distance from the origin. 

20. Find the locus of a point if the sum of the squares of its 
distances from (a) the sides, (b) the vertices, of a given square 
is constant. 

21. From the point (—r, 0) chords are drawn in the circle 
v2 + y? =r?. Find the locus of their mid-points. 

22. From one end of a diameter of a circle whose radius is 7 
chords are drawn and produced their own length. Find the 
locus of the ends of these lines. 


51. The Equation of the Circle Derived from Three 
Conditions. — The correspondence between the geomet- 
yie conditions necessary to determine a circle and the 
algebraic conditions necessary to determine its equation 
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is analogous to that discussed for the straight line. The 
number of independent constants in the general linear 
equation 
Ar+ By+C=0 
is two, for if we divide each term by A, we have the form 
r+ By +C’ =0. 
Geometrically, a straight line is determined by two points, 
or in general by two geometric conditions. Both forms 
(13) and (14) of the circle equation involve three arbitrary 
constants. Geometrically a circle is determined by three 
points not on a straight line. A circle may be determined 
in other ways than by the condition of passing through 
three points, but the determining condition is in any case 
threefold. 

To derive the equation when the geometric conditions 
are given, it is necessary to express these conditions in . 
three ‘equations involving h, k, and r (or D, E, and F) 
and solve them simultaneously. The method is illus- 
trated by the following examples. 


EXAMPLE 1. — Find the equation of the circle passing through 
(1, 7), (8, 6), and (7, —1). 


Solution. — Each pair of these codrdinates must satisfy the 
standard equation of the circle (13). 


Hence (1 —A)?+ (7 —k)? =7?, 
(8 —h)? +6 — kh)? = 12, 
(7 —h)?+(-1—hk)? =r. 
Solving these equations simultaneously,* we find that A = 4, 


* By expanding all three equations and subtracting the first in 
turn from the second and third, we eliminate h2, k?, and r?, and 
obtain 

Th-~k=25 
and 3h-—4k=0. 


From these we easily find that h = 4 and k = 3. Substitution of 
these values in any one of the three original equations gives r = 5. 
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k& = 3, and r = 5. Therefore the equation is (~ — 4)? + (y — 3)? 
= 25. 
We may also solve the problem by using form (14), which gives 
1+494+D+7H+F =0, 
6 ESD 6A = 0, 
49+1+7D—-E+F=0. 


Solving simultaneously, we have 
D= -8, E = -6, and F=0. 


Then the equation of the circle is 2? + y2? —S2 —6y =O, 
which may be reduced to (« — 4)? + (y — 3)? = 25 by com- 
pleting squares. 


Examp_Le 2. — Find the equation of a circle whose radius is 
4V5 and which is tangent to the line « — 2 y = 20 at the point 
(6, —7). 


Solution. —In this problem we are given that r = 4V5. 
Let the center C have the coérdinates (h, k) as usual. Since the 
point (6, —7) is on the circle we have at once 


(6 —h)? + (-7 —k)? =r? = 80. (1) 
Since the tangent to a circle is perpendicular to the radius 


drawn to the point of contact, the slope of the line joining C 
to (6, —7) is the negative reciprocal of the slope of the line x — 2y 


= 20. The former slope is : cs f and the latter is 4. Hence 
k+7 
po AIRE oe 2 
aay (2) 


Solving equations (1) and (2) simultaneously gives the values 
of h and k. . From equation (2) we find that 


k= 5 —2h. 
Substituting this in equation (1) and simplifying, we obtain 
5h? — 60h + 100 = 0. , 
Dividing by 5 and factoring, we obtain 
k= 2 and ks= 10. 
a) The corresponding values of k are 1 and —15. 


92 ANALYTIC GEOMETRY 


There are then two solutions: one in which the center is at 
(2, 1) and the other in which the center is at (10, —15). The 
equations of the circles are 


(@@ —2)?+(y — 1)? = 80 


or e+y—4x—-2y —75 =0 
and (« — 10)? + (y + 15)? = 80 
or w+ y? — 2027 + 380y + 245 = 0. 


We can also solve the problem by using the formulas for 

the distance from a line to a point. By §42 the distance 

ay 

from the line x — 2 y = 20 to the center (A, k) is Axi ee . 

: —V5 

This is equal to +4V5 or —4V5 according to whether the 

center is above or below the line. Hence 
h—-2k=0 or h —2k = 40. 


Solving the first equation simultaneously with equation (2), 
we get the center (2, 1). From the second equation we get the 
center (10, —15). 


An effective graphical check in problems of this kind is 
to draw the circle with compasses and observe whether or 
not it satisfies the given conditions. 


PROBLEMS 


1. Find the equation of the circle passing through the points: 
(a) (—1, 2), (4,2), (—3,4); (d) (—5,0), (0, 4), (2, 4); 
(6) (0,0), (6,0), (0, —8); (e) (2,0), (0,0), (—2, —2); 
(c) (1,1), (1,3), @, 2); (f) (6,0), (—2, 4), (0, —6). 
2. Find the equation of the circle passing through the points: 
(a) (2, 10), (4,6), (2,6);  (d) (4,8), (—2, 10), (8, —4); 
(6) (2,6), 3; OFE, —De () (=3, 6), (= 26), 4) 
(c) (8,3), (—3, 6), (6,9); (f) (, —8), @, =4), Ud, 2). 
3. Find the equation of the circle which 


(a) passes through (2, 0) and (6, 0) and is tangent to the 
Y-AXIS; 
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(6) passes through (8, 2) and (—2, —1) with center on the 


X-axis; 
(c) cireumscribes the triangle whose sides are the lines 
z=5,y = —3,2 —2y =7; 


(d) passes through (9, 8) and is tangent to both axes; 

(e) is tangent to the line 32 —4y = 2 at the point (2, 1) 
and passes through the origin; 

(f) is tangent to the line x + 3y = 26 at the point (8, 6) 
and has the radius V160; 

(g) passes through (7, —8) and (0, 9) and has its center on 
the line x — 2y = 1; 

(h) passes through (8, 1) and has its center on the lines 2 2 — 
3y +26 =Oand 32+ 5y =18; 

(z) is tangent to the circle x? + y? = 25 at the point (4, —3) 
and has the radius 12; 

(j) passes through the points (—3, 2) and (11, 0) and has 

, the radius 10; 

(k) is tangent to the line x +2y-—10=0 and passes 
through the points (3, 3) and (0, 0); 

(1) has the center (1, 5) and is tangent to the line 34 —4y 
Zim QO; 

(m) is tangent to the lines 24 —3y =0 and 34 +4+2y — 
13 = O and passes through the point (—4, 6). 


52. Length of a Tangent. y 
— Let t be the length of 
the tangent PT, let (h, k) 
be the codrdinates of the 
center C, and let r be the 
radius. Then 

Pat GP CT’. 


Using the distance for- 
mula, this becomes 


: 6 = (a — hh)? yk)? — (15) 
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It is observed that the expression for ¢ is the same in 
form as the equation of the circle, with the coérdinates of 
P, substituted for the variables. Note the similarity of 
this to the formula for the distance from a line to a point. 

Since the right-hand member of (15) is the same in 
form as the standard equation of the circle, it may also 
be written 


2=x2+ y+ Dx, + Fyit F. (15a) 


Examp.e. — Find the length of the tangent from (1, 4) to 
the circle 
ety? -4x+6y —12 =0. 
Also find the point of tangency. 
Solution. — Using Formula 15a, we have 


2@=1+416 —4 + 24 — 12 = 25 


or ta—s.): 


Since the point of tangency is 5 units distant from (1, 4), 
it lies on the circle: 


(= 1)? + Yy — 4) = 25 
or ve+ty?—2r7—S8y-—8 =0. 
But it also lies on the given circle: 

we+y—4¢r%4+6y —12 =0. 


Solving these equations simultaneously, we obtain the solu- 
tions (5, 1) and (—2, 0) corresponding to the two possible tan- 
gents. 


53. Common Chord of Two Circles. — To find the 
common chord of two circles we may solve the equations 
simultaneously, to get the points of intersection, and then 
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use the two-point form of the line equation. A_ bet- 
ter method will now be illustrated. 

Let the two circles have 
the equations 
x’?+y?—8x—4y—44=0, (a) 
and x?-+-y? —25=0. (6) 

Subtracting, 

8x+4y+19=0. (c) 


By the theorem of §45 
the locus of (c) contains 
the points common to (a) 
and (b). Since it is of the 
first degree, it defines a straight line. Hence this line 
is the common chord. 

The equation of the common chord of two circles can 
always be obtained by subtracting the equation of one of — 
them from that of the other, as above. For, since noth- 
ing above the first degree appears in the equation of a 
circle except the characteristic terms x? + y?, which are 
always present, these will be cancelled by subtraction, 
leaving a linear equation whose locus contains the points 
of intersection of the two circles. 


Exercise 2. Derive the genera! equation of the common 


chord of two circles. 
Ans. (D—-D))cx#+(E-E)y+iCf -F’) =0. 


Exercise 3. Prove that the common chord of two circles is 
perpendicular to their line of centers. 


Hint. — The line of centers of two circles is determined by the 
Iy 


points (h, k) and (h’, k’). Hence its slope ist Compare this 


with the slope of the common chord found in Exercise 2 and express 
the result in terms of h, k, h’, and k’. 
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54. Radical Axis. — Con- 
sider the following two ex- 
amples. 


EXAMPLE 1. — Find the equa- 
tion of the common chord of 
r the circles 


(x + 3)? Bis = 25 
and (# —5)?+y? =4 


and the intersections of the 
circles. 

Applying § 53, the equation is found to be 16 « = 37; but the 
points of intersection are imaginary, as is seen by inspection of 
the equations, since the sum of the radii is 7, while the distance 
between the centers is 3 +5 


= 8. 


EXAMPLE 2. — Find the equa- 
tion of the common chord of the 
circles 


(a +8)2 +y? = 25 
and (#—5)?+y? =9. 


Here the distance between 
the centers is the same as the 
sum of the radii and the circles 
are tangent to each other at the point sy) 0). Also we have by 
subtraction « = 2, whose locus, passing through the point (2, 0) 
and being perpendicular to the line of centers, is the common 
tangent. 


Thus we see that the application of the rule for finding 
a common chord gives a common chord when the two 
circles intersect, a common tangent when they are tangent, 
and finally, when they do not meet, a line which has no 
apparent significance. We shall find, however, that the 
line in all three cases has a common property; viz., it is 
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the locus of the point from 
which tangents to the two 
circles are equal. 

To prove this, let ¢ and ¢’ 
be equal tangents from P to 
the circles C and C’ respec- 
tively, of which the equations 
are 


e’+y*+ Dr+ Hy+F=0 
‘and e+y+ D’x+ Ey+ F’ =0. 
From § 52, Formula 15a, 
P=27+y?+ Dre+ Eyt+F. 
Also t=+y4+ Det+ Ey +F’. 
Hence 
P—*=(D—D)a+ (f— f)ytk — F’. 

By hypothesis, ¢ = ?’, or #2? — t’? = 0. 

Therefore, : 

(D—D’)x+(E-E )y+F-F' =0 (16) 
is the equation of the locus of P. 

But this is the equation obtained by eliminating the 
terms in x? and y?._ Hence we have the theorem: 

The locus of the point from which the tangents to two circles 
are equal is the line whose equation is obtained by eliminating 
the terms in x? and y? between the equations of the circles. 

This locus is called the radical axis. When the circles 
intersect, it is their common chord; and when they touch, 
it is their common tangent. 


55. Systems of Circles. — The geometric constants of 
the circle designated by h, k, and r determine the center 
and radius. If two of these constants are restricted by 
assigning conditions to them, numerical or otherwise, the 
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equation will represent a system of circles defined more or less 
completely according to the nature of the conditions. 

Thus, if h = 2 and k = 4, we have a system of concen- 
tric circles of varying radius. Again, ifh = k andr = 10, 
we have a system of equal circles whose centers lie on the 
line x — y = 0. 

Systems having the Same Radical Axis. — If we use the 
theorem of $45, we find that C + k- C’ = 0, where k is 
any constant and C = 0 and C’ = 0 are the equations of 
two circles, will define a system of circles passing through 
the points of intersection of C and C’. But the radical 
axis of any two circles passes through the points of inter- 
section, real or imaginary; hence this equation defines a 
system of circles having the same radical axis. 

The figure below illustrates the system of circles having 
the same radical axis as 


“e+y?+42—9=0 
and vty? —21¢2¢+ 54 =0. 
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These meet at the points (6, 6) and (6, —6); the equation 
of the radical axis is x = 6. The equation of the system 
is 
“py? +42 — 96 + k (2? + y* — 212+ 54) = 0. 
In the figure the circles drawn in heavy lines are the 
given circles and the others are the circles corresponding 


to 
k= z 1, 4, =F; ie ats 4%, 304. 0 


Note that when k approaches —1, the circle becomes of 
infinite size and approaches as a limit the radical axis. 


PROBLEMS 


ee 1. Find the least distance from the point (6, 8) to each circle 
y of Problem 2, page 87. 


2. Find the length of the tangent from the point (6, 8) to 
each circle of Problem 2, page 87. 


3. Find the codrdinates of the points of contact of the tan- 
gents from the given point to the given circle: 
(2) 2 +y?— Gr —6y —7 =0, (4,4); 
(b) «2? + y? = 17, (5, 3). 


4. Find the equations of the radical axes and the points of 
intersection of the following pairs of circles: 
(a) 2 +y?+4xr+6y =7, 
w+y?—2x¢4-6y+5 =0; 
(b) a2 +y? — 102% —10y = —44, 
r2+y? — 36 =0; 
(c) 2 +y2?+8r+18y =1, 
322 +3y? + 20% + 44y = 11; 
(d) 2 +y2?+4243y — 32 =0, 
/ g@ty+3ae+5y — 28 =0; 
(acy = 22 4y 4 =0, 
2a27+2y?-—47+6y -—7 =0; 
(f) a +yt +72 —5y =8, 
e+y+8a—4y =5; 


100 ANALYTIC GEOMETRY 


(g) 2? + y? = 25, 
v+y?+2e —4y = 55; 
(h) x? + y? — 20x — 20y =0, 
x? + y? + 202 + 200 = 0. 
5. Find a point from which equal tangents may be drawn to 
each of the following circles: 
(a) @+y2?+3a+2y= 
ety —32—2y= 
e+ yi 4e—8y = —12; 
@) w+y2+4e—-3y+5 =0, 
20+2y2+ 52 —6y+1 =0, 
Debye oa — 4 yh oa 0. 


6. In each pair of circles in Problem 4 find the line of cen- 
ters, and prove that it is perpendicular to the radical axis. 


te 
l= 
ND 


7. Prove that the radical axes of any three circles taken in 
pairs meet in a point or are parallel. 


8. What is the equation of the system of circles whose cen- 


ter is (8, 3)? Which one of these circles passes through the 
point (—8, 0)? 


9. Find. the equation of the circle which passes through the 
points of intersection of the circles 2 + y2? +42+3y = 32 
and #2 + y2 +32 +5y = 28 and the point (2, 2). 

Hint. — First write the equation of the system of circles passing 
through the two points of intersection. 


10. Find the equation of the circle whose center is on the 
z-axis and which passes through the points of intersection of the 
circles in Problem 9. 


Hint. — If the center is on the z-axis, what must the coefficient 
of the first degree term in y be? 


CHAPTER V 
THE PARABOLA 


56. Definition. — The parabola is the locus of a point 
such that its distance from a fixed point is equal to its dis- 
tance from a fixed line. 

The fixed point is called the focus and the fixed line the 
directrix. The line through the focus perpendicular to 
the directrix is called the principal axis. The point on 
the principal axis midway between the focus and the 
directrix lies on the locus and is called the vertex of the 
parabola. 


57. The Equation of the ‘Parabola. — Let AB be the 
directrix, F the focus, DF the principal axis, and O the 
vertex of the parabola. 

To derive the equation 
take the principal axis as 
the x-axis and the vertex 
as the origin. Call the 
distance between the di- 
rectrix and the focus p. 
Then the coérdinates of F 
are (3 ; 0), and the equation 

Pp 


‘of the directrix is 2 = ao 


. Let P (2, y) be any point 


| ‘on the locus. Draw NP perpendicular to AB, and join 


FP. By definition FP = NP, 
101 
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: \/ Oe a it) % ie 
that is, (: r) +y r+ 5 


Squaring and reducing, we have 
y? = 2 px. (17) 
This is the standard equation of the parabola when 
the vertex is taken as the origin and the principal axis 


as the z-axis. If the principal axis is taken as the 
y-axis: and the vertex as the origin, the variables are 
interchanged and the equation is 
x? = 2 py. (17a) 
If the focus is in a negative direction from the vertex,the 
right-hand members of these equations have minus signs. 
The simplicity of these equations is due entirely to the 
choice of the codrdinate axes. If the axes are chosen in 
any other way, a different and more complicated equation 
is obtained, but the curve itself is unaltered.* Therefore 
we shall study the properties of the parabola by means of 


the simple forms and reserve the general equations for a 
later chapter. 


Exercise 1. Derive equation (17a) from a figure. 


Exercise 2. Derive equations (17) and (17a) when the focus 
is in a negative direction from the vertex. 


* The student should review Example 2, $20, and Problem 2, 
page 31, to realize the importance of this statement. 
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58. Discussion of the Parabola. — The form of equa- 
tion (17) shows that the parabola is symmetrical with 
respect to the principal axis, and that the parabola crosses 
this axis at the vertex only. 

Since negative values of x make y imaginary, the curve 
lies wholly to the right of the vertex and has no point 
nearer the directrix. It recedes indefinitely from both 
axes, since y = + V2 pz increases indefinitely with x. A 
different parabola is obtained for each value assigned to p. 


59. Latus Rectum. — A line joining the focus F to 
any point of the parabola is 
a focal radius; a chord of 
the parabola passing 
through F is a focal chord. 
The focal chord L’L paral- 
lel to the directrix is called 
the latus rectum. By defi- 
nition of the parabola, the 
distance of L from the focus 
is the same as that from the 
directrix. 

Hence 


FL=LN=FD=p 
and the length of the whole latus rectum is 2 p. 


60. Construction of the Parabola. — Consider the equa- 
tion «2 = —8y. This is of the form x? = —2 py, and 
hence is the equation of a parabola. To draw the curve 
we can make a table of values as usual, or proceed accord- 
ing to one of the three following methods. 

1. Sketch. — From the form of the equation, 2 p = 8, or 
p,= 4. Since the sign before 2 p is minus, the curve lies 
wholly below the z-axis. 
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2 
or (0, —2), and the equation 
of the directrix is y = 2. 
Measuring off p = 4 to the 
right and left of the focus 
gives the ends of the latus 
rectum. These together with 
the vertex O make three points on the curve, which suffice 
for a sketch, as the general shape of a parabola is known. 

2. Ruler and Compasses. — If a more accurate graph is 
desired, find the focus and directrix as above. Then with 
the focus as a center and a 


Hence the focus is (0, — PY, 


radius r = draw an are. 


This will cut the line paral- 
lel to the directrix and. r 
units from it in two points 
which lie on the parabola 
by definition. By using 
coordinate paper and vary- 
ing 7, as many points as are desired may be readily con- 


- structed. 
a ” 3. Mechanical Construction. 
Zo — Place a right triangle with 


\\ 


one leg CE on the directrix. 
Fasten one end of a string whose 
length is CD at the focus F and 
the other end to the triangle at 
D. With a pencil at P keep the 
string taut. Then FP = CP; 
and as the triangle is moved 
along the directrix the point P 
will describe a parabola. 


Zz 
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61. Properties and Applications. — The parabola (and 
other curves discussed later) was discovered by the Greek 
geameters, who also developed many of its geometric prop- 
erties. In addition to those given in this chapter the fol- 
lowing may be mentioned. The section of a right circular 
cane by a plane parallel to an element isa parabola. (See - 
Appendix.) The mid-points of all chords having the same 
slope .are on a line parallel to the principal axis. (See 
§ 144.) The area of the segment formed by a parabola 
and any chord is equal to two-thirds the area of the par- 
allelogram having the given chord for one side and the 
opposite side tangent to the parabola. ; 

The importance of the curve to-day is due chiefly to its 
scientific applications, which in turn are a consequence 
of its purely mathematical properties. Unfortunately a 
camplete discussion of most of these applications cannot 
be given without the aid of the calculus, but it may be of 
interest at this point to state a few without proof. 

If a parabola is rotated about its axis a parabolic sur- 
face is formed. Rays of light parallel to the axis and 
meeting the concave side of this surface are reflected so as 
to pass through the focus. Conversely, if a source of light 
be placed at the focus all rays which meet the surface will 
be reflected parallel to the axis. It is for this reason that 
parabolic reflectors are used in searchlights. (See § 142.) 

A projectile which is fired at any elevation traces a 
path which is approximately a parabola. If there were no 
atmosphere to retard the progress of the projectile the 
path would be a true parabola. (See § 126.) 

Several different types of bridges involve the use of 
a parabolic arch, with the vertex either above or below 
the roadbed of the bridge. The cable of a suspension 

‘bridge whose total weight is uniformly distributed over 
the length of the bridge also takes the form of a parabola. 


106 


i 


‘ ANALYTIC GEOMETRY 


PROBLEMS 


From each of the following equations, find the codrdi- 


nates of the focus, the equation of the directrix, and the length 
of the latus rectum, and draw the parabola to scale: 


(a) y? = 122; (f) « =4Y; 
(b) x? =6y; (g) x? = 16y; 
(c) «2 = —6y; (hk) a2 + 12y =0; 
(d) 3y2 +82 =0; (4) 22 = 4 ay; 
(e) y? = —24 a; Cea — ay 
2. The same as Problem 1 for the following equations; 
(a) y? = 82; f) y = kx’; 
(6) y? = —82; (9) yx +102 =0; 
(@) a = ibe (h) y —92rx =0; 
(d) 8224+ 14y =0; (1) «2? + 20y = 0; 
‘(e) y¥2+4ax =0; (Gas SiGe 
3. Write the equations of parabolas satisfying the follow- 
ing data: 
(a) directrix y = —5, focus (0, 5); 
(b) directrix x = 6, focus (—6, 0); 
(c) vertex (0, 0), focus (a, 0); 
(d) vertex (0, 0), one point of curve (3, —4); 
(e) vertex (0, 0), directrix x = —4; 
(f) vertex (0, 0), focus (—3, 0). 
4. Write the equations of the parabolas which have: 
(a) directrix y = 6, focus (0, —6); 
(b) directrix x = —b, vertex (0, 0); 
(c) vertex (0, 0), focus (—4, 0); 
(d) vertex (0, 0), one point of curve (—6, 8); 
(e) directrix x =8, focus (—8, 0); 
(f) vertex (0, 0), focus (0, 7). 
5. Find the locus of a point which moves so that its dis- 


tance from the point (0, 6) is three units greater than its dis- 
tance from the line y + 3 = 0. 
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6. Find the locus of a point which moves so that its distance 
from the point (—5, 0) is two units less than its distance from 
the line x = 7. 

7. The base of a triangle is fixed with its extremities at 
(+a, 0). Find the locus of the opposite vertex if the ratio 
of the base to the altitude is constantly equal to the slope of the 
median on the fixed base. 

8. Two vertices of a triangle are A (2c,c) and B(—2c,c)- 
Find the locus of the third vertex P if the slope of PB is one less 
than the slope of PA. 

9. Find the equation of the circle circumscribing the por- 
tion of the parabola y? = 2 px cut off by the latus rectum. 


10. Find the locus of the center of a circle tangent to a given 
line and passing through a fixed point at a distance of 2c from 
the given line. 


11. In the parabola x? = 2 py an equilateral triangle is in- 
scribed with one vertex at the origin. Find the length of a side, 


12. Show that the latus rectum of any parabola is a third 
proportional to the abscissa and ordinate of any point upon it. 


13. Find the length of the focal radius to the point (a, b) 
on the parabola y? = 2 pz. 

14. Find the area of the isosceles right triangle inscribed in 
the parabola x? = 2 py with the vertex of the right angle at 
the origin. 

15. Find the points of intersection of the parabolas y? 
2px and x? = 2 py. 

16. The focal radius of a given point on the parabola x? = 
2 py is the same length as the latus rectum. Find the co- 
ordinates of the point. 

17. In Problem 14, find the length of the hypotenuse of the 
~ right triangle. 

18. In Problem 11, find the area of the given triangle. 
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19. The parabola y? = —2 px has one end of a focal chord 
at the point (—}, 2). Find the coérdinates of the other end. 


20. The parabola x? = 2 py has one end of a focal chord at 
the point (6a, 9a). Find the codrdinates of the other end. 


21. Given the parabola «2 = —12y. Find the equation of 
the chord joining the points whose abscissas are 6 and 10. 


~£22. Given the parabola y? = 82x. Find the equation of the 
focal chord through the point whose ordinate is 4. 

23. Find the locus of the mid-points of the ordinates of the 
parabola y? = 2 pz. 
™ 24. Show that the lines drawn from the intersection of the 
directrix and the principal axis to the extremities of the latus 
rectum are perpendicular to each other. 

25. Find the locus of the ends of the latus rectum of the 
parabola x? = 2 py when p is allowed to vary. 

‘26. Show that the circle x? — 2ax + y? = 0 and the pa- 
rabola y? = 2 px meet in but one point unless a > p. 

27. From the definition of the parabola, derive its equation 
when: 

(a) the z-axis is the principal axis with the origin at the focus; 

(b) the y-axis is the principal axis with the origin on the 
directrix. 

“98. The same as Problem 27 when: 

(a) the y-axis is the directrix and the z-axis is the principal 
axis. 

(b) the y-axis is the principal axis with the origin at the 
focus. 

29. Locate the principal axis, the vertex, and the extremities 
of the latus rectum for each parabola. Sketch the curve. 

(a) directrix y = 5, focus (4, —3); 

Solution. — Since the principal axis is perpendicular to the 

directrix and passes through the focus, it is the line z = 4, 
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The vertex, midway between the focus and directrix, is the 

point (4, 1). In this case p = 8, and the extremities of the 

latus rectum are (12, —3) 

and (—4, —8). 

(b) directrix x + 3 = 0, 
focus (—7, 2); 

(c) directrix y + 2 = 0, 
focus (8, 6); 

(d) directrix x = h — a, 
focus (h + a, k). 


30. Locate the directrix, the focus, and the extremities of the 
latus rectum for each of the parabolas. Sketch the curve. 
(How many solutions in each case?) 

(a) principal axis x = 3, vertex (3, 1), p = 10; 

(b) principal axis y —2, vertex (1, —2), latus rectum 18; 

(c) principal axis y = a, vertex (0, a), distance between ver- 
tex and focus b. 


l| 


$1. Derive the equation of each parabola in Problem 29, 


Solution. — (a) If P (2, y) is any point on the parabola, its 
distance from the focus (4, —3) is V(x — 4)?+ (y + 3)2, its 
distance from the directrix y = 5is y — 5. Hence: 


, Vw — 42+ (y+ 3)? = y —5. Squaring and collecting 


| -terms, we have x? — 82+ 16y =0. 
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32. Derive the equation of each parabola in Problem 30. 


33. Derive the equations of the following parabolas, find the 
principal axis and the length of the latus rectum, and sketch 
the curve. 

(a) directrix x + 4 = 0, vertex (1, —2); 
\(b) directrix y = —1, vertex (—1, —4}4); 
(c) directrix x = 0, focus (—4, 3); 
_(d) vertex (a, 6), focus (a, 2 6); 
~p(e) directrix x = a, vertex (a + p/2, °c). 


34. The same as Problem 33 for the following conditions: 
“~(a) vertex (—1, 4), focus (—4, 4); 
(b) directrix x +6 = 0, vertex (—2, 2); 
~(c) directrix y = 3, focus (2, —5); 
(d) directrix y = k — p/2, vertex (h, k); 
‘(e) directrix 2 = a, vertex (0, 0). 


CHAPTER VI 
THE ELLIPSE 


62. Definition. — The ellipse is the locus of a point 
such that the sum of its distances from two fixed ‘points is 
constant. 

The two fixed points are called the focz. In the fol- 
lowing we denote the distance between the foci by 2 ¢ and 
the sum of the distances of any point on the ellipse from 
the foci by 2a. Obviously 2c < 2a, orc < a. 


63. The Equation of the Ellipse. — Take the origin 
midway between the foci F’ and F, and let the line join- 
ing these two points be the 
z-axis. Then the codrdinates 
of the foci are (-tc, 0), and 
any point P (z, y) on the el- 
lipse must satisfy the rela- 
tion 


F(—c¢,0) 


F’/P + FP =2a 

or Veto t+yt V@e—o?+y = 2a. 
Transpose the second radical, square both sides and col- 
lect terms. We get 

Ace = 402 —4aV(a— 0)? + y%. 
Solving for the radical gives 
V@— OP Fy =a—Sa. 

111 
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Squaring again and collecting terms, we have 
a? = ¢ 
a 


ev+y=a’— ce’. 


or ol ten -= 1]. 


Since c <a, a? — cc? has a positive value for every 
ellipse, and if we set b? = a* — c’, then b will be a real 
number. The ie af the ellipse then becomes 


x+% yal (18) 
or ee + ay? = a’b’. 


64. Discussion of the Ellipse. — The locus of equation 
(18) has intercepts +a on the z-axis, and +b on the y- 
axis. It is symmetrical with respect to both axes and 
hence is symmetrical with respect to the origin O. 


‘ BW : ; 
Solving for y, we have y = +7V a? — x, a form which 


shows that all values of x numerically greater than a must 
be excluded. Similarly all values of y numerically greater 
than b must be ex- 
cluded. Hence the 
ellipse lies wholly 
within the rectangle 
whose sides are x = 
+a, y = +). 

The line joining 
the foci F’F is called 
the principal azis, 
and the points V 
and V’ where the 
principal axis intersects the ellipse are called the vertices. 
The segment V’V of the principal axis intercepted by the 
ellipse is called the major axis. The segment B’B of the 
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y-axis is called the minor axis. The major axis is of 
length 2a and the minor axis of length 2b. O is called 
the center of the ellipse and is the mid-point of every 
chord of the ellipse which passes through it, since it is 
the center of symmetry. From the definition of b (§ 63) 
we have 

a’? = b? + ¢? (19) 
a relation connecting the semi-major axis, the semi-minor 
axis, and the distance of either focus from the center. 


Exercise 1. Show that the distance from either focus to one 
end of the minor axis is a. 

Exercise 2. Show that the semi-minor axis is the mean pro- 
portional between the segments into which either focus divides 
the major axis. 


65. Focal Radii.— The distances of any point on the 
ellipse from the foci are called the focal radi of the point. 
Denoting these by p and pr we have from the definition of 
the ellipse, 

eee (20) 

Hence the swum of the focal radiy to any point on the 

ellipse is equal to the major axis. 


66. Latus Rectum. — The chord through either focus 
perpendicular to the major axis is called the latus rectum. 
If in the equation of the ellipse we put « = +c, then 


eC Vig y? a? > Ga, b2 
ab. | i ikwkaee. ats 
Therefore 
b b? 
b= ae or Y= ee 


ea OF 
- Hence the length of the latus rectum 1s ra. 
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As in the case of the parabola, the location of the 
ends of the latus rectum is a considerable aid to ac- 
curacy in sketching an ellipse of given dimensions. 


Exercise 3. Show that the latus rectum of an ellipse is a third 
proportional to the major and the minor axes. 


PROBLEMS 


1. Find the semi-major axis, the semi-minor axis, the latus 
rectum, the foci, and the vertices of the following ellipses, and 
sketch each curve: 


(a) 9x? + 25 y? = 225. 


X Solution. — Dividing by 225, we 
have 
x 2 


PE) 


which is of the standard form. Hence a = 5, andb=3. By 
Formula 19, c = 4, and by §66 the latus rectum is 33. The 
foci are (4, 0) and the vertices are (+5, 0). The ends of the 
minor axis are (0, +3) and the value of the latus rectum gives 


four additional points, v72., (+4, 3) . These are ample for a 
sketch of the curve. 


(b) 922 + 36 y? = 324; (f) 22 +9y? = 25; 


(c) 4a2 +9 y? = 36; (g) 25x? + 49 y? = 196; 
(d) 922 + 16 y? = 16; (h) @ +4y = 64; 
(e) 542 + 30 y? = 150; (t) 22+2y? = 50. 


2. The same as Problem 1 for the following ellipses: 


fa) 922 + 16 y2 = 144; (f) 322 + 10y? = 30; 
(b) 40% 4+25y? = 100; —@) w2+4y = 36; 
—~(c) 162? + 36 y? = 225; (h) 42? + 25 y? = 64; 
(d) x2 +4y? =9; fi) 2+ 5y = 45; 

(e) 92? +49 y? = 256; ~~) 422+ 9y? = 144, 
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3. Write the equation of the ellipse with the center at the 
origin, given: 
-——a) semi-major axis 10, one focus (8, 0); 
(b) one vertex (2V3, 0), semi-minor axis 2; 
{c) one vertex (6, 0), latus rectum 63; 
(d) one end of semi-minor axis (0, 4), latus rectum 4; 
(e) one focus (—12, 0), minor axis 10. 


4. Write the equation of the ellipse with the center at the 
origin and having the principal axis for the z-axis, given: 


Se (iy als 6 = 5: (d) a = 8, latus rectum 63; 
(6) b =3,¢ =3; (e) 6 = 3V2, latus rectum 5; 
+(c) a =2V5,c=4; (f) ¢ = 2V2, latus rectum 4. 


5. Find the relation between a and 6 if the latus rectum is 
equal to: 


(a) the semi-major axis; (6) the semi-minor axis. 


~ 6. If the latus rectum is equal to the distance between the 
foci, find the relation between a, b, and c. 


7. Find the locus of a point which moves so that the sum 
of its distances from (-£6, 0) is 20. 


8. Find the locus of the vertex of a triangle with a fixed 
base of length 16 and such that the product of the slopes of the 


2 


variable sides is — 7}. 

——9. Given the circle x? + y? = 86. From points on the 
circumference, perpendiculars are drawn to the horizontal diam- 
eter. Find the equation of the locus of the mid-points of these 
perpendiculars. 


.10. In the circle of Problem 9 perpendiculars are drawn from 
the vertical diameter to the circumference and each perpendicular 
is extended its own length beyond the circumference. Find the 
locus of the extremities of these lines. | 


| 11. A point moves so that it is two-thirds as far from the 
-point (4, 0) as it is from the line z = 9, Find the locus. 
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“42. A point moves so that its distance from the point (6, 0) 
is three-fourths its distance from the line = 103. Find the 
locus. 


13. The base of a triangle has its extremities at (+a, 0). 
Find the locus of the opposite vertex if the product of sag tan- 
gents of the base angles is b?/a?. 


14. Find the equation of an ellipse with the center at the 
origin, and the foci midway from the center to the vertices. 


15. Show that the equation 2? + 47? = k represents a system 
of ellipses in each of which the major axis is twice the minor 
axis, if kis positive. Discuss the cases that & is zero or neg- 
ative. 


“\ 16. Write the equation of an ellipse whose major axis is three 
times the minor axis and which passes through the point 


(6-2), 


67. Ellipse with Foci on Y-axis. — If the foci are on the 
y-axis, this becomes the principal axis. Calling the 
major axis and minor axis of 
the ellipse 2a and 2b respec- 
tively as before, the effect on 
the equation of the ellipse is 
merely to interchange the 
variables x and y. It is then 

2 2 , 
oot oa ts | Ba) 
or  6?y? -+- a2x? = g7b?: 

In this form it is readily seen 
that the codrdinates of the 
vertices are (0, +a), and the codrdinates of the foci are 
(Oeee0). 


Exercise 4. Prove as in § 63 that the central equation of an 
ellipse having the foci on the y-axis is b?y? + a2x2 = q2be, 
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68. Limiting Forms of the Ellipse. — If c = 0 the two 
foci F’ and F coincide at the center, and b =a. The 


2 2 
equation of the ellipse is then a + < = Lorz’?+ yy? =a’, 


the locus of which is a circle with the center at the origin 
and the radius a. Hence the circle may be considered as a 
limiting form of an ellipse whose foci coincide at the center. 
On the other hand, if c = a then b = 0, and the two 
foci F’ and F coincide with the vertices V’ and V respec- 
tively. As c¢ approaches a the ellipse “ flattens out ”’ 
and approaches the line segment V’V. Hence a line 
segment may be considered as a limiting form of an ellipse 
whose foci are at the extremities of the segment. 
‘\ 69. Eccentricity. — From the previous section it is 
evident that the shape of an ellipse depends on the rela- 


tive values of cand a. The fraction : is called the eccen- 


tricity and is denoted by e. 
Hence c = ae (21) 


and since c cannot be greater than a by § 62, the eccentricity 
of an ellipse will have some value between 0 and 1. If we 
take a fixed line segment V’V as the major axis of an 
ellipse and let e vary from 0 to 1, the ellipse will vary 
accordingly from the circle having V’V as a diameter to 
the line segment V’V. 


2 2 
Exercise 5. If P (x, y) is any point on the ellipse - + 7 @ 
show that the focal radii drawn to P are of length a + ex re- 
spectively. 


Hint. — Use the distance formula and eliminate y. 


70. Construction of an Ellipse. — When a careful draw- 
- jng of an ellipse is required, it is always possible to form 
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the equation and compute a table of values. This, 
however, entails considerable labor, and it is sometimes 
better to proceed according to one of the following 
methods. 

1. Construction by Points. Lay off the major axis on 
codrdinate paper. Then with a radius p < 2a and a 
focus as a center draw anarc. With the other focus as a 
center and p’ = 2a — p as a radius, draw another are 
cutting the first in two points. These are points of the 
ellipse by §65. By varying p we get as many points as 
are desired. 

2. Mechanical Construction. The relation of the focal 

radii may be used to construct the ellipse mechanically. 
: On a drawing board fasten two 
tacks at the foci F and F’, and 
tie a string about them of 
length equalto2a+ 2c. If 
a pencil is placed in the loop 
FPF’ and moved so as to keep 
the string taut, then PF + 
PF’ is a constant equal to 2 a, and P describes an ellipse 


(§ 62). 


see 


71. Applications. — Like the parabola the ellipse is a 
section of a right circular cone, an ellipse being formed if 
the cutting plane cuts all the elements of the cone (see 
Geo’. It is also the curve formed when a right cir- 

ar cylinder is cut by a plane not parallel or perpendic- 
ular to the base (see Problem 10, below). Among the 
applications of the ellipse in the arts and sciences the 
following may be mentioned. 

If the focal radii are drawn to any point of an ellipse 
they make the same angle with the ellipse. (See § 143.) 
Hence if a surface is formed by rotating an ellipse 
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about its major axis, any rays of light, or sound waves, 
proceeding from either focus will be reflected from the 
surface so as to converge at the other focus. This is 
the principle of the so called ‘“ whispering galleries.”’ 

The paths of the planets in their motion around the sun 
are ellipses with one focus at the sun. The earth’s orbit 
is an ellipse with an eccentricity of approximately 5. 

In the construction of bridges, elliptic arches are used 
as well as parabolic arches. They are also used in archi- 
tecture. 

PROBLEMS 
1. Find the vertices, foci, eccentricity, and length of the 
latus rectum of the ellipses and sketch the curve. 
(a) 25 2? + Oy? = 225. 
Solution. — Dividing by 225, we have 
y? : 
q a5 = 1. 
Since a is always > b, a = 5 and b = 3, 
and the equation is of the form 


« 
+2 . a 1; 
Hence the vertices are (0, +5), the foci v! 
(0, +4), e = §, and the latus rectum 4. 
(b) 36227 +4y? = 144; - (e) 17224 8y? = 136; 
(c) 1622 +9 y? = 100; (f) 922 + 25 y? = 36; 


(d) 922? + 4y? = 49; (g) 42 +y? =4., 

2. Investigate the following equations as in Problem 1. 
\a) 922 +4y2 = 144; * (d) 522 +2y2 = 30; 
(b) 2522 +4y? = 100; (e) 6422 + 25 y?2 = 100; 
(c) 94? + 49 y? = 196; (f) 2503+ 16 y? = 25. 


8. Write the equation of the ellipse with the center at the 
- origin, given: 
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(a) vertex (0, 4), ers (0, 3); 

(6) latus rectum 29, vertex (0, —13); 

(c) one end of minor axis (22, 0), focus (0, —4); 
“(d) vertex (0; 5), eccentricity 2; 

(e) one end of minor axis (5, 0), eccentricity 74 


4, Write the equations of the following ellipses with the 
center at the origin, the foci being first on the z-axis and second 
on the y-axis: 


(a) ¢ =8,b =6; (f) a =3V2,e =2; 

(CO) Oe =a ei (g) 6 = 4, latus rectum 6; 

(c) ¢=6,¢ =}; (h) 6b =5,¢ =; 

(d) a = 10, latus rectum 8; (i) ¢ = 2V5, latus rectum 53; 
(e) c =5,a =3V5; (7) e=iVv V3, la tus rectum2 V3. 


5. Express b in terms of a and e. 
6. Express 6 in terms of c and e. 


——#. Find the locus of a point moving so that the sum of its 
distances from the points (0, +8) is 24. 


__—8. Find the locus of the mid-points of the ordinates of the 
ellipse 62x? + a®y? = ab’. 

9. The ordinates of the ellipse ax? + b2y? = a?b? are each 
extended their own length. Find the locus of their extrem- 
ities. 

10. Prove that the projection of a circle upon a plane is an 
ellipse. 


Hint. — Let the plane upon which the circle is projected intersect 
the plane of the circle in a diameter, and let the angle between the 
two planes be a. Then if a is the radius of the circle b = a cos a. 


11. Given the circle x? + y? = a? with ordinates drawn from 
the x-axis to the circumference. Find the locus of a point which 
cuts off 1/nth part of each ordinate. . 


12. Lines are drawn from the center of the ellipse b2a? + aty? 
= a*b? to its perimeter. Find the locus of.the point which di- 
vides these lines in the ratio 1: n. 


' THE ELLIPSE 121 


13. Two vertices of a triangle are (+b, 0). Find the locus 
of the opposite vertex if the product of the tangents of the base 
angles is a2/b2. 

14, Find the eccentricity of an ellipse when: 


(a) the latus rectum is two-thirds the minor axis; 
(b) the latus rectum is one-half the major axis. 


15. Write the equation of an ellipse with center at the origin 
when: 
(a) the curve passes through the points (1, 4) and (—6, 1). 
(6) the minor axis is 6, and the distance from the focus to the 
vertex is 1. 


16. The same as Problem 15 when: 
(a) the curve passes through the points (2, 4) and (5, —3); 
(b) the major axis is 16, the minor axis equals the distance 
between the foci. ° 


17. A line of constant length moves so that its extremities 
A and B are on the z-axis and y-axis respectively. Find the 
locus of a point P on the line at a distance a from.A and 6 from B. 

1g. A square is inscribed in the ellipse = + a =1. Find the 
codrdinates of the vertices and the area of the square. 

19. Show that if two ellipses have the same eccentricity, 
their major and minor axes are proportional. 

20. The earth’s orbit is an ellipse of eccentricity 0.01677, 
with the sun at the focus. The semi-major axis is 93 million 
miles. Find (a) the distance of the sun from the center; (6) the 
shortest distance from the sun to the earth. 

21. Find the center, vertices, ends of the minor axis, latus 
rectum, and eccentricity of the ellipses: 

(a). foci (2, 2) and (6, 2), sum of focal radii 8; 
(b) foci (8, —3) and (3, 5), sum of focal madi 10. 

22. Using the definition in § 62, derive the equation of each 
ellipse in Problem 21. 


CHAPTER VII 
THE HYPERBOLA 


72. Definition. — The hyperbola is the locus of a point 
such that the difference of its distances from two fixed points 
as a constant. 

As in the case of the ellipse, the two fixed points are 
called the foc? and the line passing through them is called 
the principal axis. Let 2 c be the distance between the 
foci, and let 2 a be the difference of the distances of any 
point on the hyperbola from the foci. 


73. The Equation of the Hyperbola. — Take the prin- 
cipal axis as the z-axis and the point midway between the 
foci F’ and F as the origin. Then the codrdinates of the 
foci are (+c, 0) and any point P (a, y) on the hyperbola 
must satisfy the relation 

I'P —FP =264 
o Verorty- Veo Fe = 20. 


If we rationalize this equation, 
as for the similar equation of 
the ellipse (§ 63), the result 
is 


It will be observed that this equation is identical in form 
with the equation of the ellipse (§63). But, in this case 
F’P — FP < F’For2a< 2c. Hencec > a, and c? — a? 


has a positive value for every hyperbola. Then we can 
122 
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write c? — a? = b? where 6 is always a real number, and 
the equation becomes, 


rw 


x? 
ae (22) 
or 67a? — a*y? = a*d?. 


Exercise 1. Derive equation (22) as in § 63. 


74. Discussion of the Hyperbola. — The intercepts on 
the z-axis are -ka, the y-intercepts are imaginary. The 
curve is symmetrical with respect to both codrdinate 
axes and with respect to the origin. Solving equation 


(22) for x, we have x = aay y” + b?, which shows that 
no value of y needs to be excluded. 
Solving for y, we have y = ov x? — a?, which shows 


that y is imaginary 
for all values of xz 
between -ta, but if x 
is numerically greater 
than a, y is real and 
increases indefinitely 
as || increases. Thus 
the hyperbola  con- 
sists of two infinite 
branches, lying without the lines x = xa. 

The points of the hyperbola V’ and V on the principal 
axis are called the vertices. The segment V’V of the 
principal axis is called the transverse axis and is of length 
2a. The segment B’B of the y-axis, where B’O = OB = 
b, is called the conjugate axis. Since for the hyperbola, 
we have — 


Ce=a?+ Bb? (23) 


c is greater than either a or 6, while there is no restriction 
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on the relative sizes of a and b. It is for this reason that 
the terms major and minor axis are not used. 


75. Latus Rectum. — The chord L’L through either 
focus perpendicular to the principal axis is called the 
latus rectum and it is seen (as in the case of the ellipse) 


2 
that its length is ak . 


Exercise 2. Show that the length of the latus rectum is 
2 OF 
a 


76. Hyperbola with Foci on the Y-axis. —If we de- 
scribe a hyperbola with the foci on the y-axis, with its 
transverse axis 2 a, and the distance between the foci 2 c¢, 
the effect on the original 
- a equation will be to inter- 

change the variables x 
¥ and y, and the equation 
Fe 1 hier aa E3 will become 


2 x2 
ee v5 =1, (220) 
or b?y? — a*x? = a?b?. 
The vertices of this hyperbola are (0, --a), the foci 


(O, +c). 


Exercise 8. Derive equation (22a) as in § 73. 


77. Focal Radii.— The distances of any point on the 
hyperbola from the foci are called the focal radii and are 
designated by p and p’. From the definition of the hy- 
perbola, we have 

p —p=42a (24) 

Hence the difference of the distances of any point of the 

hyperbola from the foct is equal to the transverse axis. 
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PROBLEMS 


1. Find the semi-transverse and 
semi-conjugate axes, the latus rec- 
tum, and the foci, and draw the 
graphs of the following hyperbolas: 


(a) 2522 — Oy? = 225; 


Solution. — Dividing by 225, we 
have the standard form 


Hence a = 3, b =5, c = V34. 
The latus rectum is °°, and the foci 
are (+V34,0). As the vertices 
(+3, 0) give only two points, we 


2 
lay off the semi-latus rectum ° 


= a from the foci, getting four 


more points. 
(b) wine Teer: (e) 9y? — x? = 36; 
20 16 4 (f) 4x22 — 25 y? = 100; 
(c) 4y? —9 x? = 36; (g) 542 —3y2 +30 =0; 
(d) 252? — 16y? = 144; (h) 7x22 — 5y? — 105 =0. 


& 
2. The same as Problem 1 for the following hyperbolas: 


@ ee ad (d) 9a? — 25 y? + 225 = 0; 
165 9 (e) 16a? — 36y? = 441; 
ye = ST: (f) y? — 32? = 27; ‘ 
2516 : (g) 25a? — 7y? — 350 =0; 

(c) 4x2 — y? = 36; (h) x2 —9y? = —386. 


3. Find the equations of the hyperbolas having the center 
at the origin, first taking the transverse axis along the z-axis, 
and then taking the transverse axis along the y-axis, if 

(a) a =4, b =$; (d) a = 5, latus rectum *; 
(b) b =2V5,c =6; (ec) b =3V3, latus rectum 9; 
(c) a=2V6,c =7; (f) c = 74, latus rectum 16. 
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4. Find the equations of the hyperbolas as in Problem 3, 
if 
(a) a=6,b =3V2; Yd) a = 44, latus rectum 4; 
bac = "Sy a 4 (e) 6 =6, latus rectum 15; 
(c) b=5,6=7; \“(f) ¢ =4V3, latus rectum 16. 
“5. Find the equation of the hyperbola with its center at the 
origin and the transverse axis of length 2a taken along the 
z-axis, if the vertex is mid-way between the center and the 
focus. 


6. Find the equation of the hyperbola with its center at the 
origin and the conjugate axis of length 26 taken along the 
x-axis, and equal to one half the distance between the foci. 


7. Find the equation of the hyperbola with its center at 
the origin and the transverse axis along the y-axis, if the curve 
passes through the points: 

(a) (0, 3) and (4, —5); 
“(b) (5, —10) and (2, 5). 
8. The same as Problem 7, except that the transverse axis 
is along the z-axis, and the curve passes through the points: 
(a) (3, =r) and (v3, 1); 
(b) (8, 5) and (—4, 1). 
“9. Find the intersections of the hyperbola 
ed op 


9° 25 


10. Find the intersections of the hyperbola 
na x? 

16 36 

“141. Two vertices of a triangle are fixed at (0, +c). Find 


the locus of the opposite vertex if the median to the fixed side 
is always the mean proportional between the other two sides. 


= land the line 252 — 12y + 45 =0. 


= 1 and the line 42 — 3y = 12. 


12. Two vertices of a triangle are at (a, 0). Find the locus 
of the opposite vertex if the product of the slopes of the variable 


sides is the constant : 
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78. Eccentricity. — The shape of the hyperbola de- 
pends on the relative values of c and a. As in the case of 


the ellipse, the fraction ; is called the eccentricity of the 


hyperbola and is denoted by e, giving the same relation 

c = ae. (21) 
While the value of e for the ellipse is always less than 1, 
for the hyperbola it is always greater than 1. 


79. Asymptotes. — The hyperbola has two asymptotes 
($27) which intersect at the center of the curve. If a 
line is drawn through O in- 
tersecting the hyperbola at 
P, and P is made to move 
along the curve indefinitely, 
the line will turn about O 
and approach one of these 
two limiting lines, or asymp- 
totes. 

The equation of any line 
PP’ through the center or 
origin is y = mx. The codrdinates of its intersections 
with the hyperbola are given by solving this simultane- 


a 2? 6? ne aie me ig 
ously with ic phe 1. Substituting, we have poms 


= 1, which gives 
0 ole d ee 
i Vb? — am? 

Now let P move along the curve indefinitely. Then x 
increases indefinitely and approaches the limit infinity. 
But the numerator ab is a constant, therefore the de- 

» nominator decreases and approaches the limit 0. Hence 
PP’ becomes an asymptote when 


b? — a®’m? = 0 or m= +. 
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Therefore the slopes of the asymptotes are = and 
their equations are 
b 
foe +o x, (25) 
or br + ay = 0. 


These equations may be combined by $46 in the form 


2 2 
bx? — a*y? = 0, or = — £ = 0. (25a) 


a b? 
If the vertices are on the y-axis, x and y are interchanged, 
2 2 
giving = = 2 = 0. In either case, to find the equations 


of the asymptotes, write the equation of the hyperbola in 
the standard form, replace the 1 by 0, and factor. 


80. Conjugate Hyperbolas. — Since the relative sizes 
of a and b are immaterial, a hyperbola may be described 


EF 
| 
eas oS 
“ ee ee ee N 
Al B 1\ 
{ “y 
H ! be 
| 
i \ 
“\ fe gee *\ iF 
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\eee B / 
Ls of 
Soe tee 
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having the segment 2 b for a transverse axis and the seg- 
ment 2 a for a conjugate axis. The hyperbola with trans- 
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verse axis A’A (= 2a) along the z-axis and conjugate 

axis B’B (= 2b) along the y-axis has the equation 

x y? 

See can 

(= 2) along the y-axis and conjugate axis A’A (= 2a) 
y? 2 


along the z-axis has the equation BT S = 1. The twe 


The hyperbola with transverse axis B’B 


hyperbolas 


ee le fa Ss 
(a) = ae and (G) = 2 1 


are called conjugate hyperbolas. The transverse axis of 
each is the conjugate axis of the other. 

Since c? = a? + b?, the foci of both hyperbolas are at 
the same distance from the center. Those of (a) are 
(kc, 0); those of (b) are (0, +c). If we let e: and & be 
the respective eccentricities, we have e; = e = Ee 
whence €,:¢ =6:a. From the equations it is evi- 
dent that conjugate hyperbolas have the same asymp- 
totes. ; 

This property is useful in sketching a pair of conjugate 
hyperbolas. Draw the rectangle of the given axes, that 
is, a rectangle having its sides of length 2 a and 2 b and 
symmetrical with respect to the axes, and draw the diag- 


onals. As these have slopes ma , they are the asymptotes. 


The circle circumscribing the rectangle has the radius 
Va? + 6? = c, and therefore intersects the axes at the 
foci of the required hyperbolas. With the rectangle and 
asymptotes as guiding lines the curves can be sketched 


accurately. 


Exercise 4. Show that for a pair of conjugate hyperbolas 
€12 + 2 = €17€2”. 
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81. Equilateral Hyperbolas. — When b = a the equa- 
tions of the conjugate hyperbolas reduce to the forms 


x? —y? = +a (26) 
which may be written 
(a—y)(@+y) = 4a’. 


In this case e: = @ = V2, and the asymptotes are the 
perpendicular lines 


x—-y=0 and r+y=0. 


Such hyperbolas are called 
equilateral or rectangular 
hyperbolas. 

If the asymptotes of the 
equilateral hyperbolas are 
taken as the codrdinate 
axes it can be shown that 
the equations take the 
important form 


9 


xy = 25. (26a) 


See page 138, Problems 3c and 4c. 
From this equation we see that the distances of any 
point on this curve from its asymptotes have a constant 


product. The last statement is also true for all hyper- 
bolas. 


Exercise 4. Using the definition of the hyperbola, show that 
2 
its equation is ry = = when the foci are taken at (a, a) and 


(—a, —a), and the difference of the focal radii to any point is 
2a. 
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82. Construction of a Hyperbola. — A hyperbola may 
be plotted accurately by forming a table of values from 
the equation or by proceeding according to methods simi- 
lar to those used for the ellipse (§ 70). 

1. Construction by points. Lay off the distance 2a on 
coérdinate paper. Now with any radius p’ > 2a and 
a focus as the center describe an arc. Then with a 
radius p = p’ — 2a and with the other focus as a center 
describe an are. This will intersect the former are at 
two points on the hyperbola. Thus any number of points 
can be readily located. 

2. Mechanical Construction. Place thumb tacks in a 
drawing board at the foci F and F’.- Let a string be 
tied to a pencil at P and 
looped about the tacks as 
in the figure. If the ends 
are drawn in together, ae 
will describe a hyperbola — 
since 

(F’F + FP) — F’P 
remains constant. For F’F is constant; hence #’P — 
FP is a constant. 


83. Applications. — The principle of the hyperbola is 
used in rangefinding. Thus if the exact time of the 
report of a gun is recorded at each of two listening posts, 
the difference in time multiplied by the velocity of sound 
will give the difference of the distances of the gun from 
these two fixed points. Hence the gun is on the hyper- 
bola whose foci are the listening posts, and whose trans- 
verse axis is the difference of the distances of the gun 
from them (§77). By taking two other listening posts 
- another hyperbola can be found in the same way which 
passes through the position of the gun. Then its location 
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is easily found at one of the intersections of these 
two curves. 

If the elements of a right circular cone be produced 
through the vertex so as to form an equal inverted cone 
the intersections of any plane which meets both cones 
are the two branches of a hyperbola. (See Appendix). 


PROBLEMS 
1. Find the semi-transverse and semi-conjugate axes, the 
eccentricity, the codrdinates of the foci, and the equations 
of the asymptotes of the following 
hyperbolas, and sketch each curve: 
(a) 25a? —9y? + 225 =O; 
Solution. — Transposing and di- 
viding by —225, we have 


ee ay 6 


Since the term in y is positive, this 
is of the form 


ye ne 
aoe ik 
Hence a = 5, b = 3, c = V34, and 


e =1V34, 
The foci are (0, +34) and the asymptotes are the lines i — 
+°z, Drawing the asymptotes, the curve is readily sketched. 


(b) 9a? —4y? = 144; (f) 92? — 16y2 4 144 =0; 
Nc) 42% -— y+ 64 =0; \g) «®- 4 y+ 100 = 0; 
(d) 9a? — 25 y? = 225; (h) 322 — 5y2 + 120 = 0; 
(e) a —y?+25 =0; N@) 12 2? — 5 y? = 180. 

2. The same as Problem 1 for the following hyperbolas: 

Ca) 1622 — 9 y2 = 225; (€) 922 — 16 y2 = 36; 

(0+) 40% —25y? = -144; XY) a? y+ 16 =0: 

(c) 4a2 —5y? = 180; \g) 402-9 y?+144 =0; 


Nd) 1122 —5y? + 220 =0; (h) 16a? -— 9y? = 144, 
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~73. Write the equations of the hyperbolas conjugate to those 
of Problem 1 and find the eccentricity and the codrdinates of 
the foci of each. 

4. Write the equations of the hyperbolas conjugate to those 
of Problem 2 and find the eccentricity and the codrdinates of the 
foci of each. 

—5. Find the locus of a point which moves so that the dif- 
ference of its distances from the points (—5, 5) and (5, —5) is 10. 

6. Show that the distance of any point on the equilateral 
hyperbola x? — y? = a? from the center is a mean proportional 
between the focal radii. 

7. Find the length of the perpendicular dropped from a focus 
of the hyperbola bx? — a*y? = a*b? to its asymptote. 

8. The ends of a line of variable length rest on two per- 
pendicular lines, and the area of the triangle formed is a con- 
stant. Show that the locus of the mid-point of the variable 
line is an equilateral hyperbola. 

4 9. Find the product of the lengths of the two perpendiculars 
from any point of the hyperbola b? x2 — a*y? + a*b? = 0 to its 
asymptotes. 

10. Find the codrdinates of the vertices, the eccentricity, and 
the equations of the asymptotes of the following hyperbolas, 
and sketch each curve. 

(a) Foci (—2, 2) and (8, 2), difference of focal radii to any 
point on the curve is 6. 

(b) Foci (4, 3) and (4, —9), length of semi conjugate axis is 
2V5. 

11. Find the foci, vertices, and eccentricity of the hyper- 
bolas conjugate to those in Problem 10. 


12. Derive the equations of the hyperbolas in Problem 10. 
Hint. — Solve as a locus problem using definition § 72. 
> 13. Find the equations of the following hyperbolas: 
(a) foci (6,0), e = 2; (c) vertices (+25, 0),e = V2; 
(b) vertices (0, +4),e = 8; (d) foci (0, +5), e = 3V5. 


134 ANALYTIC GEOMETRY 


14. Find the equation of the hyperbolas conjugate to those 
in Problem 13. 

15. An ellipse and a hyperbola each have foci at (+e, 0) and 
the eccentricities are } and 2 respectively. Find the coérdi- 
nates of their intersection. 

16. If an ellipse and a hyperbola have the same foci and 
same latera recta show that their eccentricities are reciprocals. 


CHAPTER VIII 


TRANSFORMATION OF COORDINATES AND 
SIMPLIFICATION OF EQUATIONS 


84. Change of Axes. — The position of the axes of co- 
ordinates to which a given locus is referred is arbitrary. It 
may be changed at will and the equation of the locus 
altered to correspond by substituting for the former co- 
ordinates their values in terms of codrdinates measured 
from the new axes. 

The advantage to be secured by a change of axes is 
usually a simplification of the equation, and this is best 
secured by choosing a position of symmetry when possible. 

When the new axes are drawn parallel to the old, the 
transformation of the equation is called a transformation 
by translation. When they are drawn through the same 
origin oblique to the axes but still perpendicular to each 
other, the transformation is called a transformation by 
rotation. : 


ee 
85. Formulas of Transla- ties 

tion. — In the figure let the 
original set of axes be OX 
and OY; the new axes O’X’ 
and O'Y’ with the origin at 
O’, which has the codrdi- 
- mates (h, k) with reference 
to OX and OY. Let P be 
any point inthe plane which has coédrdinates (a, y) with 
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reference to the old axes, and (z’, y’) with reference to the 
new ones. Then 
«= EP; x’ = DP, h = OC = ED, 
y = AP, y’ = BP, k = CO’ = AB. 
From the figure 
EP=DP-—-DE=DP+E£ED and AP=BP+AB. 
Hence x=x'+h, 
and y=y' +k. 
These are the formulas of translation. 
By using these substitutions the equation of a given 
locus is transformed into a new equation in 2’ and y/’, 
which is the equation of the same locus referred to 


coordinate axes drawn through the point (hk, k) parallel 
to the old axes. 


(27) 


86. Formulas of Rotation. — Let the original axes be 
OX and OY, the new axes OX’ and OY’, and the angle of 
rotation 6. P is any point 
in the plane with coérdi- 
nates (a, y) and (2’, y’) with 
reference to the old and new 
axes respectively. Then 

z=OA, 2 =OD, 

y= AP.Y 7 = DP: 


Since the sides of angle 
CPD are perpendicular to 
those of 6, CPD = @. 
Hence we have 
CD = y’' sin 6, OB = x’ cos 6, 

CP = y’' cos 8, BD = 2’ sin 0. 
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But *=OA=OB-—CD and y=AP=8D+CP. 
Substituting, we get 


x 
y 


which are the formulas of rotation. 

These substitutions transform a given equation into a 
new equation with variables x’ and y’, in which the coérdi- 
nate axes are drawn through the old origin but inclined at 
an angle 6 to the old axes. 


; : 
x’ cos 6 — y’ sin 6, 


x’ sin@ + y’ cos @. 28) 


Il 


PROBLEMS 


Generat Directions. — Usually the equation obtained by 
transformation is a known form and its locus can be identified. 
When this is not the case, the table of values should be computed 
from the new equation and the curve plotted on the new axes. 
Frequently the intercepts with respect to both old and new axes, 
together with considerations of symmetry, make an extended table 
of values unnecessary. 


1. Translate the origin to the point indicated and transform 
the equation to correspond. Draw the curve and both sets of 
axes. 

(a) 402 —y2?~82+4y+4 =0, (1,2); 
(6) 2227 +y —5 =0, (0,5); 
(c) y= 8x2 = oe; (3, 0); 
*(d) x? +¥ = 62 — 4y, (3, =a): 
(e) y=u?+627? + 82 + 3, (—2,3); 
(f) ay — kar — hy = c — hh, (h, k); 
2. The same as Problem 1 for the following: 
(a) y? +42 +4y = 4, (2, =2); 
o(b) 92? +4y? + 54a — 32y +1 =0, (-3, 4); 
(c) 22 —2mx —ky +kn + m? = 0, (m,n); 
Ce (d) 1622 —9y? — 64a — 18y — 66 = 0, (2, —1); 
(e) 2ay —8x+5y — 20 =0, (—23, 4); 
(f) y =0 + (x — a)’, (a, 0). 
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3. Rotate the axes through the angle indicated and trans- 
form the equation to correspond. Draw the curve and both 
sets of axes. Identify known loci. 


(a) zy =8,0=7; 
(0) 2 y? =16,0=7; 
eM Oa A AE. 
*(d) a +y? —4ay +9 =0,0 ="; 


4 ? 
-(e) 17%? — 312 zy + 108 y? = 900, 6 = sin2; 
(f) 2(a+2) =y?(a—2), 0 mien 


4. The same as Problem 3 for the following: 


‘ 25 T 

(a) ay = —D, o= 7; 

<b) ep 25 = 0,0 = 
(ce) 2 y= 0°, 0 = 7; 


(d) 2 +4a2y + y? = 16, 6 =o 
(e) 292? — 242y + 36 y? = 180, @ = sin 8; 


(f) (a + y?)*? = 2a? (4? — y?), 0 = =o 


5. Find the codrdinates of the points P; (—3, 4) and P; (a, b) 
when the origin is translated to 


(a) (6,5); (6) (-4,2);  () (-3, -4);  @ (A, -h). 
6. Find the codrdinates of the points P; (4, —5) and P; (—c, d) 
when the origin is translated to 


(a) (4,3); (6) (—2,6); (ce) (-3, —6); () (—h, —h). 
7. Find the codrdinates of 
(a) (3,5); (0) (—2,2); ©) &, A), 
when the axes are rotated —45°; 90°. 
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8. Find the coérdinates of 
fa). (4,=2); (6) (—6, --6);. --~ (©) (A,B), 
when the axes are rotated 45°; —90°. 


9. The codrdinates of a point P are (x, y); after a rotation 
of the axes through an angle @ these become (z’, y’). Derive 
formulas expressing x’ and y’ in terms of zx and y. 

10. Prove that x? + y? = r? is unchanged by rotating the : 
axes through any angle. 


87. Test for Axes of Symmetry. — To find axes of 
symmetry parallel to the codrdinate axes, proceed as 
follows: Solve the equation for y in terms of zx. If the 
solution is of the form y=k+f (a), the line y = k is an 
axis of symmetry. This is due to the fact that each value 
of x, as = a, gives two values of y, and thus two points, 
one f (a) above the line -y = k, the other f (a) below. 
Similarly, if the solution for z is of the form x = h + g (y), 
the line x = h is an axis of symmetry. Since the lines x 
= hand y = k are perpendicular to each other, a curve 
symmetrical with respect to both of these lines has their 
intersection (h, k) as a center of symmetry. (See § 25.) 


88. Simplification of Equations by Translation. — If 
the curve has two axes of symmetry, they can be found by 
the method just given and the translation made by for- 
mula. When this is not true, the second method illus- 
trated in the following examples must be used. 


Example 1. — Simplify 7? + 4y? —22 —24y +21 =0. 
Solution. — First Method. Solving for x and y, we have 
c=1l+f(y)* 


* In solving for x, the terms not involving « may be disregarded, 
as we are interested only in showing that the solution is of the form 


z=hx+fy). 
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and y=3+9 (2). 
Hence the axes of symmetry are 
z=1 and y=3 
and the center of symmetry is 
(1, 3). 
Substitute 
zx=2/+1 and y=y' +3 


in the original equation, and we have 
@ +1244 (y' +3)? -2@ +1) —-Ay +3) 421 =6, 
v2 +4y? = 16. 
4/2 y”? a 


ike” 
Thus the curve is an ellipse with its center at (1, 3) and semi- 
axes 4 and 2. 


| Second Method. In the given equation substitute « = 2’ +h 
and y = y’ +k. It becomes, after collecting coefficients, 
vw? 4+ (2h —2)e’+4y2+ (8k —24)7y + (h?+4h? — 

2h — 24k +21) =0. 
If the curve is symmetrical with respect to the new axes, there 
can be no terms of the first degree in the new equation. This 
is the case if 

2h—2=0 and 8k—24=0, or A=1, k =3. 


Hence the center of symmetry is (1, 3) and the transformed 
equation becomes a’? + 4y’2 — 16 =0 as before, on substi- 
oN (0 = IN, Oh. s 


EXAMPLE 2. — Simplify y2 + 82 +4y — 20 =0. 


Solution. — If the equation is solved for x no axis of sym- 
metry is revealed, and so we must use the second method. 
Substitute z =a’ +h,and y = y’ +k. Collecting coefficients, 
we have 


y? +82’ +2k+4)y' + (2+ 8h +4k — 20) =0. 
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Evidently the terms in y’? and x’ 
cannot be eliminated. But if 2% + 
4=Oandk?+8h+4k — 20 =0, 
the term in y’ and the constant term 
vanish. These equations give k = 
—2,h = 3. The new equation then 
is 

9 


i? ge ame =s2, 


which is of the form y? = —2 pz. 
The curve is a parabola which has 
its vertex at (3, —2) and its axis 
y = —2. 


PROBLEMS 


1. Find the center of symmetry by solving for x and y, and 
move the origin to this point. Draw the curve and both sets 
of axes. 

(a) 922 — 36x +4y2+16y +16 =0; 
(6) 1622 — 642 — 25 y? — 336 = 0; 

*(c) 422? —y? +322+4+4y+60 =0; 

(d) 4427 ++5y?+42 —40y+1 =0; 

-(e-) 2 +y? — 10% — 24y =0. 


2. The same as Problem 1 for the following: 
(a) 2522 — 1507 4+9y? + 36y + 36 =0; 
(b) 16x? —4y? ++ 162 — l6y — 93 =0; 
*<(c) 2 +y?—18¢4+6y + 54 =0; 

(@) 2? -+2+3y? —9y+4 =0; 
-(e) 627 —4y? —12%7+4 16y + 34 =0. 


3. Simplify the following equations by the second method. 
Draw the curve and both sets of axes. 
(a) 422? +y2?+ 162 —6y = 39; 
(b) 1622 —y? +3822 —6y =74; 
*(c) 4a2 —4x4 —382y — 15 =0; 
@ y2+6y —32 +6 =0; 
-() y=2% —427?+ 32. 
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4. The same as Problem 3 for the following: 
(a) 227° —6x2+5y+4+17 =0; 
(6) 62 +y?+8y =0; 
*(c) 322 —182+4y? —8y —5 =0; 
(d) 422+ 16x+y? —12y +16 =0; 
“e) y=a8 +92? +272 + 27. 


5. Find the equation of each of the following parabolas and 
translate the origin to the vertex: 
*(a) focus (4, 0), directrix x = 0; 
(b) focus (1, 2), directrix y = —4; 
*(c) focus (2, —3), vertex (5, —3); 
(d) focus (—2, 3), vertex (—2, 8). 


6. Find the equation of each of the following parabolas and 
translate the origin to the vertex: 
*(a) focus (8, —4), directrix y = 0; 
- (b) focus (—2, 3), directrix z = 1; 
‘(c) focus (0, 0), vertex (0, 2); 
(d) focus (—2, 3), vertex (3, 3). 


7. Find the equation of each of the following ellipses and 
translate the origin to the center of symmetry: 
(a) foci (—1, 4) and (7, 4), sum of focal radii 10; 
(b) foci (2, 6) and (2, 0), sum of focal radii 8. 


8. Find the equation of each of the following hyperbolas 
and translate the origin to the center of symmetry: 
(a) foci (—1, —2) and (9, —2), difference of focal radii 6; 
(b) foci (2, 3) and (2, —9), difference of focal radii 8. 
In each of the following locus problems simplify the equation 
by a translation of the axes. 


9. Find the locus of the middle points of chords of the ellipse 
44% + y? = 144 drawn from one end of (a) the major axis; 
(b) the minor axis. 


10. From one focus of the ellipse bx? + ay? = a%b?, focal 
radii are drawn and bisected. Show that the locus of the points 
of bisection is an ellipse, and find its center and foci. 
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11. In each of the following find the equation of the locus and 
simplify by a translation of the axes: 
(a) Page 32, Problem 8a; (d) Page 109, Problem 31c; 
(b) Page 32, Problem 10a; (e) Page 121, Problem 220; 
(c) Page 32, Problem 12a; (f) Page 133, Problem 12a. 
12. Find the locus of the centers of all circles tangent to the 
circle x? + y* = a? and the line y = b, and simplify the equa- 
tion by a translation of the axes. 


89. Discussion of the Equation Ax? + Cy? + Dx + 
Ey + F = 0.— This represents the general form of a 
quadratic in x and y with the zy term lacking. The only 
restriction on the coefficients is that A and C cannot both 
be zero. We desire to find under what conditions the 
locus is a parabola, an ellipse, or a hyperbola. 

CasE 1. When either A or C is zero. Let A =0. 
Here the equation has the form 


Cy? + De + Hy + F = 0. 


If D # 0, by a proper translation we can remove* the 
y term and the constant, and obtain an equation of the 
form Cy’? + Dz’ = 0, of which the locus is a parabola. 

If D = 0, the y term can be removed by translation, 
and we get Cy’? + F’ = 0, of which the locus is imaginary 
if F’ and C have the same sign; the new a-axis if F’ = 0; 
and a pair of lines parallel to the z-axis if F’ and C have 
unlike signs. 

A similar discussion holds when C = 0. 

* By actual substitution of x = x’ +h and y = y’ +f, it can be 
shown that (a) translation does not affect the coefficients of the 
highest powers of the variables; (b) that, if neither A nor C is zero, 
the first-degree terms can be removed; (c) that, if one variable ap- 
pears only to the first degree, the first power of the other variable 
and the constant term can be removed; (d) that, if one variable is 
missing, the first power of the other can be removed. 
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Case 2. When A and C are of like sign. Removing the 
first-degree terms by translation, we have 


Ax’? + Cy”? = F’. 


This is evidently an ellipse if F’ has the same sign as A 
and C; a point if F’ = 0; and an imaginary locus if F’ 
has the opposite sign to that of A and C. 

Case 3. When A and C are of unlike sign. Removing 
the first-degree terms, we have 


Az’? + Cy” = F’. 


This is evidently a hyperbola unless F’ = 0, in which case 
the locus is a pair of lines intersecting at the new origin. 


90. Conics. — Any plane section of a right circular 
cone is an ellipse, parabola, hyperbola, or a limiting form 
of one of these curves. Hence they are called conic 
sections or conics.* 

Although these curves were defined separately in the 
preceding chapters, they are all included in the following 
general definition: 

A conic is the locus of a point such that its distance from 
a fixed point has a constant ratio to its distance from a fixed 

y a ieee 
The fixed line is called a 
Be ee ee a eay directrix. Let p be the dis- 
po tance of the fixed point F 
rf from the directrix and de- 
/ X note the constant ratio by e. 
#0) C(=7@2”°) Take the directrix as the 

y-axis and'let F be on the 


z-axis. Then any point P on the conic must satisfy the 
relation 


FP =e-NP 
* A proof of this interesting theorem is given in the Appendix. 
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or V(x — p)? + y? = ex. 
Squaring and collecting terms we have 
(Li e#) x2 pee y? - p? =.0. (29) 


If e = 1, the coefficient of x? is zero and the locus is a 
parabola. See Case 1, § 89. 

If e < 1, the coefficients of 2? and y? have like signs 
and the locus is an ellipse. See Case 2, § 89. 

If e > 1, the coefficients of x? and y? have unlike signs 
and the locus is a hyperbola. See Case 3, § 89. 

By completing the square, (29) becomes 


Seth le ok I 
(« 2a) +4 -() 


Hence, by the first method of § 88, the point ( i = me 0) 
is a center of symmetry, and if the origin is translated to 


this point the new equation is 


/. ep YH a? Ve 
2 = ———— Hh = ji, 
e iy —eé G <P.) oe ( ep i (ep)? 


1-—e 1 — e? 


2 2 
If e < 1 this equation is of the type = a Ze = 1, and 


ep = ep fe a aD 

therefore a= ae and 6 = ae av1 — e?. 

Since for the ellipse c? = a? — b? we have on substituting 
c? = a’e? or c = ae and e= a 


Hence the constant ratio ¢ is the eccentricity of the ellipse. 
Also the distance from F to the center C is seen to be 


ee pene 
OL = a (DS Sam eae 
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Hence the fixed point F is a focus of the ellipse and, since 
the ellipse is symmetrical with respect to its center, there 
must be a directrix corresponding to each focus. 

The student should show that these same results are 
true for the hyperbola by taking e > 1 and using the 
relation c? = a? + b?. 


Exercise 1. Show that for either the ellipse or the hyperbola 


the distance between the center and a directrix is 2 . 


Exercise 2. Using the definition of the conic find its equation 
when the focus is at (c, 0) and the equation of the directrix is 
yen 
e 

91. General Statement. — The preceding analysis may 
be summed up as follows: 

A quadratic equation of the form 


Az? + Cy? + De + Ey+F =0 


always defines a conic or one of its limiting forms, the coeffi- 
cients being any real numbers, zero included. 

If either A or C is zero, the conic is a parabola or in special 
cases two parallel straight lines distinct, coincident, or imag- 
mary. 

If A and C have the same sign, the conic zs an ellipse, or 
in special cases a circle, point, or imaginary ellipse. 

If A and C have unlike signs, the conic is a hyperbola, 
or in special cases two intersecting straight lines. 


92. Generalized Standard Equations of the Conics. — 
The equations derived in Chapters V, VI, and VII we 
have seen to be of a special character, since they are ap- 
plicable only to the case that the vertex or center is at 
the origin and the principal axis is the x- or y-axis. We 
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are now in a position to generalize these equations and 
obtain standard forms where the only restriction is that 
the principal axis is parallel to one of the coérdinate axes. 

Consider an ellipse with the center at (h, &), semi-axes 
a and b, and transverse axis y = k. It is required to find 
its equation. 

If the origin is translated to (h, k), we know a Chap- 
ter VI that the transformed equation will be 

19 19 
The problem then is the reverse of that considered in § 88, 
viz., the transformed equation is given and the equation 
with reference to the old axes is to be found. Hence the 
substitutions are those of § 85 reversed, that is, x’ = x — 
h, and y’ = y —k. These give 
= 2 ick 2 
(x ae eS y = =a 

as the required equation. 

In the same way we discuss the other cases and obtain 
the following equations: 


Parabola — 
Vertex (h, k), axisy =k: (y—k)? =2p(x—h); (80) 

= = “ v=h: (x —h)?=2p(y—&); (30a) — 
Ellipse — fe Pie 
Center (h, k), axis y = k: ee +ue = 1> (381) 

“ “ = k)? (x why aaa 

se x= h; UE a, (31a) 

Hyperbola — 
= h 2 — kR 2 
Genter (h, k), axis y = k: ee — a ae be) (324) 
_. @—®?_& A) 
73 “ it hi: i e . (32a) 
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These forms are easy to remember if one bears in mind 
that they are merely generalizations of the simple forms 
y? = 2px, x? = 2 py, etc. To reduce an equation to one 
of these forms, it is necessary only to complete the squares. 


EXAMPLE 1. — Write the equation of the ellipse which has the 
center (0, 1), one focus (—4, 1), and minor axis 6. 


Solution. — Here the principal axis is y = 1. From the given 
data b = 3andc = 4, whencea = 5. Therefore the equation is 


(y= OF 2 Ait Ee 
oh Ss pg ees 


EXAMPLE 2. — Simplify the equation 22? — 3y2? +82 —-—6y 
+11=0. Find the center, semi-axes, vertices, and foci, and 
draw the curve. 


Solution. — Completing squares, we have 
2(« +2)? -—3(y +1)? = -6 
(+2? yt iP 

3 + 5 = 1: 
‘ The center is (—2, —1) and since 
— the term in (y + 1)? is positive, the 
transverse axis ist = —2. Hence 
a= v2, b= V3, and c = V5. 
The vertices are 


or 


and the foci 


(=—2, -1 4 V5). 


PROBLEMS 


1. Write the equations of the following ellipses in the stand- 
ard form: 
(a) vertices (+5, 3), focus (3, 3); 
(b) vertices (1, 7), (1, —3), focus (1, 0); 
(c) vertices (—4, —2), (8, —2), e= 3; 
(d) foci (—3, 7), (—8, 1), e =. 
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2. Write the equations of the following ellipses in the stand- 
ard form, the major axis being first parallel to the x-axis, and 
second parallel to the y-axis: 


(a) a = 5, b = 8, center (2, 3); 

(6) a = 4, b = 2, center (—1, 2), 
(c) b =4,¢ = V20, center (—4, 6); 
(d) b = 5, ¢ =7, center (—3, —1). 


3. Write the equations of the following hyperbolas in the 
standard form: 
(a) vertices (—2, —1), (6, —1), focus (8, —1); 
(6) foci (8, 8), (3, 0), vertex (8, 2); 
(c) foci (+6, 2), e = 3; 
(d) vertices (—4, 7), (—4, —1), e = 2. 


4. Write the equations of the hyperbolas satisfying the 
data of Problem 2. 


5. Write the equations of the hyperbolas conjugate to those 
in Problem 4, 


6. Write the equations of the asymptotes to the hyperbolas 
in Problem 3. 


7. Write by inspection the equations of the parabolas having: 


(a) focus (0, 0), vertex (3, 0); 

(b) vertex (2, —4), directrix 7 +1 = 0; 
(c) focus (—5, 1), directrix y + 6 = 0; 
(d) focus (a, b), vertex (a, 3 6); 

(e) vertex (a, b), directrix x = 2a. 


8. Write by inspection the equations of the parabolas havy- 
ing: 
(a) vertex (2, 5), focus (2, 1); 
(b) focus (0, 5), directrix x = 6; 
(c). vertex (—1, 7), directrix y = 3; 
(d) focus (c, d), vertex (—c, d); 
(e) focus (h + a, k), directrix =h —a. 
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9. Simplify the following equations by completing the 
squares and draw their loci: 
(a) 1622+ 9y? — 642 — 54y +1 =0; 
(6b) 22 +4+2¢% —7y +29 =0; 
(c) 2a? —3y?4+ 122 — 12y — 42 =0; 
(d) 2y2 —-9x+12y +27 =0; 
(e) 3427+ 8y2?+127%+4+8y — 82 =0; 
(f) 402 —9y? —4x2 —12y + 105 =0. 


10. Simplify the following equations by completing the squares 
and draw their loci: 
(a) 242? +7y2? +42 —42y —5 =0; 
(ob) 227 —-67+9y+9 =0; 
(c) 6a? —4y?+ 242 +4y —73 =0; 
(d) 3y2+152+8y+42 =0; 
(e-) 922 +4y? — 802 + 2y — 34 =0; 
(f) 2522 —9y? — 60y =0. 


11 Show that the locus of y = a + bx + cx?, where a, b, and 
c are constants and c ~ 0, is a parabola whose axis is parallel to 
the y-axis and which extends upwards from the vertex if c > 0, 
and downwards if c < 0. 


12. Find the vertex and focus and draw the graph of each of 
the following parabolas: 


(a) 4y =82 4+ 2%; (d) y=2? +5244; 
(6) y=38 —42%42?; (e) 44 =84+8y —-y?; 
() 12 4 = 12'% — 2; Cf) = 


13. The following numbers refer to curves on page 41. 
Reduce each equation to one of the standard forms of § 92 and 
make a sketch. 


(a) 4; (d) 10; (g) 15; 
(b) 5; (e) 13; (h) 16; 
(c) 6; (Ff). 14; (2) 23. 


14. For which of the equations on page 41 are the loci 
(a) parabolas; (6) ellipses; (c) hyperbolas? 
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93. Simplification of Equations by Rotation. -— The 
process of rotation of the axes effects the removal of the 
xy term from the second degree equation if the proper 
angle @ is chosen. Let us substitute in the general equa- 
tion 


Az’? + Bry + Cy? + Dx + Ey + F =0 
the rotation formulas 
x= 2x’ cosé—y'sin 8, 
y=2'sind+y’ cos 6. 
The coefficient of the x’y’ term will be 
—2 A sin @cos 6 + B (cos? 6 — sin? @) + 2 C'sin 4 cos 8, 
or —Asin260+ Bcos20+ Csin 2 6. 


(The student should make the substitution in full for 
all terms of the general equation.) a 


The term in 2’y’ will vanish if 
(C — A)sin2 0+ Bcos26 =0, 
or if 
B 


tan26=7—G:- 


(33) 


Thus we have the theorem: 

For any second degree equation there is an angle of value 
less than 90° such that the substitutions for rotation through 
this angle will transform the equation into one containing no 
avy term. 


For the equation tan 2 6 = — gives values of tan 2 8, 


positive or negative, from 0 when B = 0 to infinity when 
“A =C. Hence for all values of A, B, and C, 2 6 will have 
some value between 0 and 180°. 
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EXAMPLE. — Simplify 41 2? — 24 zy + 34 y? = 25. 
Solution. — Here A = 41, B= 
—24, and C = 34. 
—24 
Therefore tan26 = ie 
This gives at once 


SG es Be 
cos 35 


Substituting in the half-angle 
formulas of trigonometry, 


yee 4 
siné@ = ———— ==, 
2 5 
1+cos2¢ 3 
and i cose = 4/1 +0820 3. 
Substituting in the above equation and reducing, we have 


e242 1 


, : Me 
an ellipse of semi-axes 1 and oS . 


“a 


94. The General Equation of the Second Degree. — 
We have seen that the equations of the conics are all 
special cases of the general second-degree equation 

Az? + Bry + Cy?+ Dzr+ Ey +F =0. 


We are now ready to prove the converse theorem; namely, 
Every equation of the second degree in two variables de- 
jines a conic or one of the limiting forms of the conic. 
. It has been shown in § 89 that this theorem is true for 
every form of the second-degree equation in which the 
product xy does not appear. Also we have just seen in the 
previous section that by a proper rotation of the axes the 
xy term can be made to disappear from the equation. 
Thus the proof of the theorem is complete. 
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95. The Characteristic. — The quantity B? — 4 AC is 
called the characteristic of the general second-degree 
equation, and is denoted by A. We now prove the 
theorem: 

The characteristic of a general equation of the second 
degree is unaltered by a rotation of the axes through any 
angle 0. 

In the general equation substitute the values given in 
the rotation formulas. The first three terms become 


A cos? @| 2’? —2 Asin @cos 6| 2’y’ +A sin? 6|y’? 


+B sin 6 cos 6 — B sin? 6 — Bsin 6 cos 6 
+B cos? 6 
+C sin? 6 +2 C sin 6 cos 6 +C cos? 6 


Calling the coefficients of the new equation A’, B’, C’, 
etc., we have: 

A’ = Acos?0+Csin? 6+ Bsin 6 cos 6, 

C’ = Asin? 6+ C cos? 6 — Bsin 6 cos 8, 

B’ =2Csinécos 6 — 2 Asin écos 6+ Bcos? 6— Bsin?6. 


The characteristic of the new equation, B’? — 4 A’C’, be- 
comes on multiplying and collecting the terms: 
B? cost 6 + B* sin‘ @ — 8 AC sin? 6 cos? 6 — 4 AC sin* 6 — 
4 AC cos‘ 6 + 2 B* sin? 0 cos? 8 
= (B? —4 AC) cos* 6 + (B? —4 AC) sin* 04 2 (Bb? — 
4 AC) sin? 6 cos? 0 
= (B? — 4 AC) (cost 6 + 2 sin? 6 cos? 6 + sin‘ @) 
= (B? — 4 AC) (cos? 6 + sin? 6)? 
= B?—4 AC. 
It is easy to see that A is also unchanged by a transla- 
tion of the axes. For this reason it is called an ¢nvariant 
‘of the equation. 


Exercise 3. Prove that A + C is not changed by the sub- 
stitutions for rotation or translation of the axes. 
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96. Test for distinguishing the Conics.—If in the 
previous section, the angle 6 were chosen so that the zy 
term vanished, the new equation would be 

A’x!* + C’y’? + Da’ + Ey’ + F =0 
and A= B?—4AC = B?-—4A'C’ = —-4A'C’, 


since B’ = 0. 

From this relation and § 91 we see that 

if A <0, A’ and C’ are of like sign, and the conic is an 
ellipse,* : 

if A = 0, A’ or C’ ts zero, and the conic is a parabola,* 

if A> 0, A’ and C’ are of unlike sign, and the conic 
is a hyperbola.* 


97. Suggestions for simplifying the Equation of a Conic. 
— If the conic is an ellipse or hyperbola (that is, if A ~ 0), 
determine the coérdinates (h, k) of the center of symmetry 
and remove the first-degree terms by translation. Then 
rotate the axes as in the example of § 93. 

If the conic is a parabola (A = 0), the substitutions for 
rotation should be made first, and then equations of con- 
dition involving h and k can be formed. 

A convenient check on the accuracy of the rotation sub- 
stitutions is the fact that A + C is unchanged until the 
new equation is simplified. (See Exercise 3, § 95.) 


PROBLEMS 
Simplify the following equations. In each case draw the 
conic and the three sets of codrdinate axes. Vs 


1. 732% + 72ay + 52y? — 2182 —176y +97 -0. 4 
2. 662? + 24zy + 59 y? + 3962 + 72y + 444 =0. 
* Or one of the limiting forms discussed in §§ 89, 91. 
{ In certain problems the conic is degenerate or imaginary. Here 


one transformation is often sufficient and the locus can be deter- 
mined by means of §30 or § 46. 


) — eet 
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fe 4x2 —24ay + 1ly? +722 —116y + 204 = 0. 
4A. x? + 2ry —6y?+427+48y +34 =0. 
Pox 18x? — 48 2y + 82 y? — 1202 + 35y + 200 =0. 
66. 1622 + 24ay +9 y? — 602 + 80y + 200 = 0. 
7. 622+ 13ey +6y2-—7x-—8y+2 =0. 
8. 92? —242ry + l6y? —32+4y —6=0. 
9. 22727+42y +4y?4+274+3 =0. 
10. 222+ 62y + 10y? -22-—6y +19 =0. 
11. 4122+ 242y + 34y? — 902 + 120y + 225 =0. 
12. 1322+ 10ay4+ 13 y2?+ 162 —-16y +416 =0. 
13. 162% + 242y + 9y? — 602 — 45y + 50 = 0. 
14. 72? —48 ay —7y? =0. 
16. 132?+102y+ 13y? —422%+4+6y —27 =0 
16. 7? +42y +y%—22 —10y —11 =0. 
17. 327 +82y —3y? — 10x — 30y + 20 =0. 
18. 672? —42y + 9y? —40x%4+ 30y + 55 =0. 
19. 32? —2V3 zy + y? — (8 + 12V3) az + (12 — 8V3)y 
—12 =0. 
20. The difference of the base angles of the triangle whose 


base joins (0,0) and (4, 0) is 45°. Find the locus of the vertex 
and simplify the equation. 


21. The ends of the base of a triangle are (0, 0) and (4, 0). 
Find the locus of the vertex if the sum of the slopes of the sides 


is (a) zx; (0) — S . Simplify the equation found and draw the 
locus. 


22. Solve the previous problem when the given points are 
(0, 0) and (a, 0) and the sum of the slopes is any constant k. 
Then show that the locus is a hyperbola passing through the 
given points and having its axes of symmetry inclined at an 


~ angle 36, where tan @ = -*. 
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98. The Conic through Five Points. — The general 
equation of the second degree involves six arbitrary con- 
stants. As in the case of the circle, however, one of these 
can be divided out; hence, if we can express five of the 
coefficients in terms of the sixth, the conic is completely 
determined. This means that the conic is completely 
determined by five points, or by five other geometric 
conditions. 

To find the equation of a conic so defined we proceed to 
form equations between the coefficients of the general 
equation andsolve them. For example, suppose the 
conic is to pass through the points (4, 2), (2,4), (—3, 1), 
(1, —3), and (0, 0). Substituting these in the general 
equation, 


Av? + Bay + Cy? + De + Ey + F =0, 


we have: 164+8B+ 40+4D+2H+F=0O, 
4A+8B+16C+2D+4E+F=0, 
9A-—8B+ C-8D+ E+F=0 
A-—-3B+ 9C+ D-8E+F=0, 
F = 0, 
B 7B 
ie anes coe 
This makes the general equation, on dividing out the B 
and clearing of fractions: 


x* + 50 zy + y? — 702% — 70y = 0. 


? 


Solving these, we find A =C = 


The value of A shows that the conic is a hyperbola. Its 
center is found by the method of § 88 to be (32, 33). The 
inclination of its axes is 45°, since tan 26 = 0. This in- 
formation, together with the five points given, is sufficient 
for drawing the curve. The graph follows. : 

A shorter method of solving the above problem is 
given by the theorem of §45. Call the first four 
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points P, Q, R, and S. 
The equations of the lines 
PQ and RS arex+y—6 
=Oandr+y+2= 
Multiplying these together, 
the equation of the pair of 
lines is 
2 + 2ay + y? — 42 

—i dy — 12,0, 


by § 46. Similarly the 
equation of the pair of lines RQ and SP is 


152? — 34ay + 15 y? + 282 + 28 y — 196 = 0. 


Now the intersections of these two equations are the 
points P,Q, R, and S. Hence by § 45 


15 2? — 342y+ 15y?+ 282+ 28 y — 196 
+ k(a? + 2ay + y? —42 —4y — 12) = 0 (a) 


is the equation of a system of curves passing through 
these four points. As this is of the second degree for all 
values of k, they are all conics. To find the conic of this 
system passing through the fifth point (0, 0), substitute 
its codrdinates for the variables. This gives 


—196— 12% = 0, 


whence k = —42. Putting this value for k in (a) and 
collecting terms, we have the same result as before. 

If special conditions are imposed on the conic, fewer 
than five points will determine it. If the conic is a 
parabola, B? — 4 AC =0. If the conic is symmetrical 
with respect to the origin, D= H = 0. If the axes of 
symmetry of the conic are parallel to the codrdinate 
axes, B = 0. In the first and third cases four points are 

sufficient, in the second three points. 
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PROBLEMS 


1. Find the equation of the conic passing through the fol- 
lowing points: 
(a) (8, 2), (1, 2), (3, 0), (2, 2), Gs, 1); 
——(b) (1, 6), (—3, —2), (—5, 0), (8, 4), (, 10). 


2. The same as Problem 1 for the following points: 
(a) (3, 1), (3, 5), (6, 2), (6, 10), (11, 5); 
(0) er 1); i, 2), (0, —2), (+2; =I) (3, —3). 


3. Find the equation of the parabola passing through the 
following points: 


ee (0, 0), (4, 0), (0, 3), (—s, 8); 
(6) ©, 1), (4, 7), (4, 1), G2, 7). 


4. Find the equation of the parabola passing through the 
following points: 
(a) (1, 1), (4, 0), ©, 4), (9, 1); 
(6) (=3, dL); dl, —3)5 (2, 4), (4, 2). 


5. Find the equation of a conic symmetrical with respect to 
the origin and passing through: 
(a) (2, 4), (3, 1); ae 6); 
(6) (1, 2), (—1, 1), @, 2); 
(c) (0, 0), (6, 4), (4, 6). 


6. Find the equation of a conic with axes of symmetry paral- 
lel to the coérdinate axes and passing through: 
(a) (—4, 5), (6, 0), (—4, —5), (4, 3); 
(6) CZ; 1 (6, 2); (7, =0); (2; =2); 
(c) (3; = 4); et © =); d, 0), (3, 5). 


7. Find the equation of the, parabola passing through the 
following points and whose axis is parallel to the z-axis: 

(a) (eat 2), Gd; Uy; (2, 3); (c) (2, 0), (3, 2), (5, 2); 

(6) (a 1); (0, 0), T2)5 (d) (ay 0), (0, WF (3, 2). 

8. Find the equation of the parabola whose axis is parallel 


to the y-axis and which passes through each set of points. in 
Problem 7. 


CHAPTER IX 
POLAR COORDINATES 


99. Preliminary Note.— The student who is not 
thoroughly familiar with trigonometry will find his work 
in this chapter materially lightened if he reviews the fol- 
lowing topics: 

1. The signs and variation of the trigonometric func- 
tions as the angle varies from 0° to 360°. 

2. Radian measure of angles. 

3. The values of the functions of the special angles 
0°, 90°, 180°, 270°, and multiples of 30° and 45°. 

4. The formulas expressing the functions of — 06, x — 4, 
a + 6, and 2 7 — @ in terms of functions of 9. 


The essential information in these respects is given in 
the Introduction. 


100. Definitions. — Some topics in analytic geometry, 
especially those involving motion about a point, can be 
better investigated by the use of polar codrdinates than 
by rectangular coérdinates. In the polar system the 
position of a point is fixed by measuring a distance and a 
direction instead of by the measures of two distances. 
This is essentially the same system as that of bearing and 
distance used in surveying, contrasted with that of lati- 
tude and longitude used in geography. 

Choose a fixed point O as the origin, called the pole, 
and a fixed line OA through it, called the polar axis. Then 
any point P is determined if we know its distance from O 
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and the angle that OP makes with OA. The measures 
of the distance OP and the angle AOP are called the 
polar coérdinates of P and are designated by p and 6. 


P(p,6) 


P (p,0) 


The distance p is called the radius vector of P, and @ is 
called the vectorial angle. 

Polar coérdinates do not obey the conventions as to 
direction and magnitude which we have used in the rec- 
tangular system. As in trigonometry the radius vector 
may be rotated indefinitely in a counter-clockwise or 
clockwise direction, making @ take on any positive or 
negative value. Distances measured on the terminal line 
of 0 from the pole are positive; those measured in the opposite 
direction, on the terminal produced, are negative. (See the 
right-hand diagram above.) Hence every pair of real 
numbers (p, 8) determines one point which may be located 
according to the following rule. 

RULE FoR Puiorrine. — Taking the polar axis as an 
initial line, lay off the vectorial angle 0, cownter-clockwise 
uf positive, clockwise if negative. Then measure off the 
radius vector p, on the terminal of 0 if positive, on the ter- 
minal of 6 produced through the pole if negative. 

Since @ and @ + 2 7 have the same terminal line, a point 
may be represented by an indefinite number of pairs of 
coordinates. Thus in the adjoining figure we may take for 

ia. Uf 


the codrdinates of P, p = 8, 6 = Ge +2nm. Since 
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the terminal line of @ pro- 
duced is the terminal of 6 + =, 
a second set of codrdinates is 
p= —8,0= 3 or q = 20. 

If we express 6 in terms of 
degrees, these codrdinates read 
as follows: 


p = 8, 8 =210°, 570°, 930°, etc., and — 150°, —510°, etc.; 


or 
p = —8, 0 = 30°, 390°, 750°, etc., and —330°, —690°, etc. 


Ordinarily we keep @ within the limits +7, or 0 and 2 x. 


101. Relations between Rectangular and Polar Co- 

ordinates. — Take the pole at the origin of rectangular 

codrdinates and the polar axis as the positive half of the 
r 


z-axis. From the figures and the definitions of the trigo- 
nometric functions it is evident that for P(x, y) = P(p, 4) 
in any quadrant the following formulas are true: 


x = pcos6, y = psin@, (34) 
p? = x? + y?, tan 0 = A (35) 


These equations enable us to transform rectangular equa- 
tions and coérdinates into polar forms, and inversely. 


_” Nore. — In transforming the rectangular coérdinates of a point 
into polar coérdinates, care should be taken to group together the 
corresponding values of p and @. 
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102. Polar Curves. — The definitions of equation and 
locus in polar are the same as those in rectangular co- 
ordinates (§ 17), if (p, @) is substituted for (x, y). Since, 
however, a point may be represented by different pairs of 
polar coérdinates, two different equations may have the 
same locus. For example, the equations p = 4 and 
p = —4 both have as a locus a circle of radius 4 whose 
center is the pole. The equation in polar codrdinates is 
derived as in the rectangular system (§ 20). In a few 
cases the polar equation may be obtained best by deriving 
it in the rectangular form and then substituting for x 
and y their values in terms of p and @ and vice versa. 

Plotting in polar codrdinates resembles that in rec- 
tangular codrdinates. The equation should usually be 
solved for p and a table of values formed, taking values of 
@ at intervals of 30° or less. If the equation involves 
functions of multiple angles, the values of 6 should be 
taken so close together that the interval between suc- 
cessive values of the multiple is not more than 30°. For 
example, in plotting p = 10 cos 3 6, take @ at 10° intervals. 
When the curve has symmetry, it is usually unnecessary 
to carry the table through more than two quadrants. 
Polar plotting paper should always be used. 


EXAMPLE. — Plot the ellipse 2 p — p cos @ = 6. 


Solving, P— Petros 7) 


TABLE OF VALUES 
6° p @° p 


0 | 6.0]/ 210 | 2.1 
30 | 5.3|| 240 | 2.4 
60 | 4.0)) 270 | 3.0 
90 | 3.0}| 300 | 4.0 
120 | 2.4]/ 330 | 5.3 
150 | 2.1|| 860 | 6.0 
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PROBLEMS 


1. Plot each of the following pairs of points: (a) (6, +30°); 
(b) (+10, 420°); (c) (s 5)( ; **). What symmetry has each 
pair of points? 


qT 


- ; 
2. Plot (s = ): Plot points symmetrical to this with re- 


oe 

3 2 
spect to the pole, polar axis, and the 90° axis, and find their 
coérdinates. 


3. As in Problem 2 find the points symmetrical to: 
4n\. ieee a \ wee ee 
@ (16,52); © (-6 -37);  @ (-10, -32). 


4. Fix P(p, 6) in any quadrant and find its symmetry to: 
(a) (p, —¢); (c) (0, + == 9) (e) (—p;7 2); 
(6) (—p, 4); (d) (0, * +8); C= pi=0). 


5. Find the rectangular coédrdinates of the following points: 
(@) (16,30); (6,3); () (-2, 459); 

2a a 3m 
© (477); @ G19); — ) (-8.2Z). 
6. Find the rectangular codrdinates of the following points: 
(a) (20,459; —() (8,300); se) ( a} -7); 
@) 6,210); @) (10,74); (12,3). 


7. Find two pairs of polar coérdinates for each of the fol- 
lowing points and plot the point in each case: 
(a) (-1, V3); (c) (5, —12); (e-) (—V2, =v2); 
(b) (2, —2); (d) (2, 2V3); (f) (3, 4). 
8. Find two pairs of polar coérdinates for each of the fol- 
lowing points and plot the point in each case: 
@ (V3,-1; © (—4-4V2); © (-6,0), 
(6) (-8,8); (d) (0, —10); (f) (l0V3, —10). 
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9. Plot each of the following equgtions by means of polar 
coordinates and identify each curve Jy transforming its equa- 


tion to rectangular codrdinates: ) 
(a) p =4; (d) pcos@ = —2; (g) p =2asing; 
(6) tane = 3; (e) p = +6; (h) psing = 2a; 
(c) p =10cos6; (f) tanée = 3; (i) p =siné + cosé. 


10. Draw each of the following curves and transform its 
equation into polar coérdinates: 


(a) y =22,; (9) 2+y?+8y =0; 
(b) 3%+4y =0; (h) x? — y? = 16; 
(Ceo (1) y? —a? = 16; 

(dd) y= —3; (j) 24 —y? = a3; 

(ce) +y? =a’; (k) 2ay =a; 


Gf) 2 -+y?-—62=0; (@) 2ay = —a’. 


103. Equations of the Straight Line. — The general 
equation of the straight line in polar codrdinates is not as 
convenient as the equation in rectangular coérdinates and 
will not be discussed. The 
special cases where the line is 
parallel or perpendicular to the 
polar axis or passes through the 
pole lead to very simple equa- 
tions. 

In the figure let the line 1 be 
perpendicular to the polar axis 
OA and have the polar intercept 
a. For any point P(p, @) on 


the line it is evident that cos 0 = = whence the equation 


of the line is 
pcosé =a. (36) 
Similarly the equation of a line parallel to the polar axis, 
of 90° intercept a, is 
psin@d =a. (36a) 
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For a line passing through the pole the equation is 
evidently 
0=Cc. (37) 
Exercise 1. By transforming the normal form of the straight- 
line equation into polar codrdinates show that the equation of 
any line in polar coédrdinates is 
pcos (9 —w) =p. 


104. Equations of the Circle. — As in the case of the 
straight line the general form of the circle equation is not 
often used. Several special forms, which are common, 
are: 

Circle with center at pole, radiusr: p =r; (38) 
Circle with center at (r, 0), radiusr: p=2rcosé@; (39) 


Circle with center at ( 3), radius r: p = 2rsin6; (39a) 


Circle through pole, with polar intercept a and 90° inter- 
cept b: 
p =acos@-+ bsin6#. (40) 

The first equation is obvious. The second may be 
readily derived from the ad- 
joining figure, and the third 
from a similar figure. 

The simplest way of get- 
ting the fourth equation is to 
observe that its rectangular 
equation 16 27-4" "az = 
by = 0. Transforming this 
into polar codrdinates, we 
have the desired result. 


’ Exercise’ 2. Derive equation (40) directly from a figure. 
Hint. — Show that the radius vector is in length the sum of the 
projections upon it of the z- and y-intercepts of the circle. 
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105. Discussion of Polar Curves. — As in the case of 
rectangular equations, the study of polar curves is facil- 
itated by discussion of the equation in conjunction with 
plotting. The topics discussed are of much the same 
character. 

(a) Intercepts. — The intercepts on the polar and 90° 
axes are the values of p for @ = 0° and 180°, and 90° 
and 270°, respectively. 

(b) Symmetry. — It is easy to establish that in accord- 
ance with the definitions of § 25, (p, @) is symmetrical to 
(—p, 6) and (p, t + 4) with respect to the pole; to (p, —@) 
and (—p, 7 — 6) with respect to the polar axis; and to 
(p,  — 0) and (—p, —8) with respect to the 90° axis. 
Hence we have the following tests for symmetry: 

¢ If the substitution of 

—p for p or r + @ for 6 does not change the form of the 
equation, there is symmetry with respect to the pole; 

—6 for 0 or —p for p and x — 6 for 6 does not change the 
form of the equation, there is symmetry with respect to the 
polar axis; 

a — Ofor 6 or —p for p and —8@ for 6 does not change the 
form of the equation, there is symmetry with respect to the 
90° axis. 

Exercise 3. Prove that (, 6) is symmetrical to: 

(a) (—p, 6) with respect to the pole; 

(6) (e, —@) with respect to the polar axis; 

(c) (,  — @) with respect to the 90° axis; 

(d) (pe, t + 6) with respect to the pole; 

(e) (—p, r — 6) with respect to the polar axis; 
(f) (—p, —6) with respect to the 90° axis. 

(c) Limiting Values of 0. — If the solution for p gives 
p=a+tvf(6, the equation f(#) = 0 usually deter- 
mines limiting values of 6, since values of 6 which make 
(9) < 0 make p imaginary and must be excluded. 
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(d) Extent of the Curve. — If any values of @ make p 
infinite, these values determine the direction in which the 
curve extends to infinity. If p is never infinite, the 
values of @ which make p take on its greatest numerical 
value should be found. Likewise the values of @ for 
which p = 0, or for which p takes on its least numerical 
value, should be found. 


Eixampte 1.— Discuss and plot the locus of the equation 


2a 
7 + cos @ 
Solution. — 

; 6 0° 902) 180° | 270" 


(b) Symmetry: The locus is symmetrical with respect to 
the polar axis, since cos (—@) = cosé@. Hence the table of values 
is unnecessary for 6 > 180°... 

(c) Limiting values of @: None, since no radical is involved. 

(d) Extent of the curve: » is infinite when 1 + cos 0 = 0, 
t.e., when cos@ = —1, or 6 = 7. 

p is evidently never 0. Its least value occurs when 1 +. cos 6 
is greatest, 7.e., when cos @ = 1,or@ =0. Here p = 1. 


TABLE OF VALUES 


1+ cos@ 


6 6 
(radians) | (degrees) 


0} 2.00 
+ 30 1.87 


+ 60 
+ 90 


+ 120 


+ 150 
+ 180 
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Transformation to rectangular coérdinates shows that this 
curve is a parabola. 


EXAMPLE 2. — p? = a? cos 20, or p = +aVcos26. (Lem- 
niscate.) 


Solution. — (a) The intercepts on the polar axis are +a; on 
the 90° axis they are imaginary. 
(b) The three tests for symmetry are satisfied, for cos 2 (—@) 
= cos 26, etc. Hence values of @ up to 90° only are needed. 
(c) p is imaginary when cos 2 6 < 0, 7.e., when 
90°: < 20 < 270°, 
or 45° << @ < 135°. 
(d) The greatest numerical value of p occurs when cos 26 = 1, 
or @ = Oor 180°. This value is a. 


p = 0 when cos 26 = 0, or when 280 = 90°, 270°, etc., or 
@ = 45°, 135°, 225°, and 315°. 


TABLE OF VALUES, (a = 10) 


cos 20 


EXxamMPLe 3.—p =1+42sine. (Limacon.) 
Solution. —— (a) eee fe ae L208 ae 
p 


(b) Since sin (+ — 6) = sin 6, the curve is symmetrical with 
respect to the 90° axis. 

(c) No values of 6 are excluded. 

(d) p is never infinite; its greatest value occurs when sin @ 
= ll, GPG) = Gl, 

p = 0 when 1+2sin6 = 0, or sino = —}. Hence the 
curve passes through the pole when @ = 210° or 330° 


270° 
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TABLE OF VALUES 


PROBLEMS 


1. Using §§ 103, 104, identify and draw the locus of each of 
the following: 


(a) pcose —4 =0; (h) sec? 9 = 2 

(6) pcosa +4 =0: 

()o=4 _ US Gs 

d) tane = V3; (j) p= ietoae 

(e) p —8sing =0; JS) p = 30089; 

(f) p +7 cose =0; () p =6cose — 14sin@; 


(g) PX? +3p —4 =0; (m) p+ 6sin@+ 8cose = 0. 


2. Transform into polar coérdinates: 
(a) Av + By +C =0; 
(6) 2 +y2+Dxe+Hy+F =0. 


Discuss* and plot the locus of each of the following: 


3. (a) p =a(1 —cosé); (c) p =a(1 —sin8); 
A) p =a(1+cose); (d) p =a(1+sin8). (Cardioids.) 


4. {a) p =a+bcoss, (a< d); 
(b) p =a+ cose, (a> bd); 
ee) p =a —bcosd, (a <b); 


, * The arbitrary constants should be kept throughout the dis- 
-cussion, the intercepts, etc., being found in terms of the arbitrary 
constants. Substitution of numerical values should only be made 
in finding the table of values for plotting. Compare Example 2 
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(d) p =a — bcos, (a> b); 

(ec) p=a+bsin8, (a <b); 

(f) p=a+bsing, (a> bd); 

(g) p =a —bsin8, (a < bd); 

(h) p =a —bsin8, (a> Db). 

(Limagons; the special form when a = 6 is called a cardioid.) 
5. (a) p =atan2osec@; (b) » =acot*écscé. 
(Semi-cubical parabolas.) 

6. (a) p =aseco +b, (a <b); 

(b) p =aseco +b, (a = d); 

(c) p =aseco +b, (a> bd); 

(d) p =acsco +), (a < bd); 

(e) p =acsco +), (a = J); 

(f) p =acsco +b, (a> D). 

; (Conchoids of Nicomedes.) 
7. (a) p =2atanesing; (b) p =2acoté@cos@. (Cissoids.) 
8. (a) p =asin26; (b) p=acos26. (Four-leafed roses.) 
9. (a) p 

10. (a) p 

11. p? = a?sin26. (Lemniscate.) 

12.* » =a. (Spiral of Archimedes.) 

13.* p@ = a. (Hyperbolic spiral.) 

14.* p29 =a. (Lituus.) 


asin36; (b) p =acos3¢0. (Three-leafed roses.) 


I 


asin56; (6) p =acos5¢6. (Five-leafed roses.) 


106. Rotation of Axes. — Rotation of the polar axis 
does not affect the value of p. The figure shows that 
if the codrdinates of P with reference to OA are (p, 8), 


* Since no trigonometric functions are involved in these equations, 
a discussion gives little or no help. The angle 6 should be expressed 
in radians and enough of the curve plotted to show several revolu- 
tions of the radius vector. A proper choice of the arbitrary constant 
will save much labor in computing the table of values. 
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and to OA’ are (p, 6’), while 
angle A’OA is a, we have 
as a formula of rotation 


=6 +a. (41) 


By rotating the polar axis 
the standard equations of 
curves may be written in 
a variety of forms. 

Translation of the pole 
is seldom necessary and is best performed by transform- 
ing the equation into rectangular codrdinates. 


107. Symmetrical Transformations. — Equations may 
also be transformed by the substitutions for symmetry. 
As in the case of rectangular coérdinates it can be shown 
that the effect of such a-substitution is to transform the 
locus into a curve symmetrical to the given locus with 
respect to the center or axis involved. Thus we have the 
following: 

If in an equation substitution is made of 
ax + @foré@ { the locus of the new equation ) pole; 

— @for@ }; issymmetrical to that of the ; polar axis; 
a — @for 0 old with respect to the 90° axis. 


PROBLEMS 


1. In the following find the new equation on rotating the 
axes through the indicated angle, draw the curve and both 


axes: ; 
(a) p =atan?é@sec 0,a = 90°; (c) p =asin36, a = 30°; 


(b) p =asec@ +b,a =90°; (d) p =acosd,a = 90°; 
(e) p =a+bcos6,a = 90°. 
. 2. Show that the first of each of the following pairs of 
“equations may be transformed into the second by a proper 
rotation of the polar axis: 
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(a) p =a(1+cos8), p =a(1 —sin6); 
(6) p =asin26, p = acos26; 
(c) p =asin386, p =acos36; 
(d) p? = a* sin 26, p? = a? cos 26. 
8. Find the new equation when the substitution for symmetry 


with respect to the 90° axis is made, and draw both curves on the 
same axes: 


(a) p =a (1 — cos); (d) p = 2atané@secé; 
(6) p =a+bcosé; (e) p =acos38; 
(c) p =atan?é sec 6; (f) p =acosé. 


4. To each equation apply the substitution for symmetry 
with respect to the polar axis and draw both curves on the same 


axes. 
(a) p =a(l —sin@); (c) p =asin3 6; 
(b) p =a —bsing; (d) p = asiné. 


108. Polar Equation of the Conics. — If the pole is 
taken at the focus and the directrix is perpendicular to the 
polar axis as in the figure, we have at once from the defini- 
tion of a conic ($90), OP = eMP, whence 


p =e(p+ pcos 8), 
which gives 
= ep ; 
P~1—ecosé _) 


If the directrix is taken par- 
allel to the polar axis, the 
equation becomes 


DI teased ers 
Pini te eine cee 
The transformations of rotation and symmetry give eight 
forms of the conic equation in which the focus is at the 
pole and the directrix perpendicular or parallel to the 
polar axis. They are: 
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+ep +ep 


Pe 1+ec0s 0? ps1 = esing 


In the first set the principal axis is the polar axis; in the 
second it is the 90° axis. To sketch a conic it is sufficient 
to put the equation in standard form and find the inter- 
cepts. The standard form determines the principal axis 
and eccentricity, and the intercepts give the vertices and 
the ends of the latus rectum. 

By using the polar equation many of the properties of 
the conics may be derived more easily than by the use of 
the rectangular equations. Some of these are indicated 
in the following problems. 


Exampie. — Identify and draw the conic whose equation 
Pe 15 
we 54 45in8 

Solution. — To reduce the equation to the standard form 
divide numerator and denominator by 2. This gives us 


15 


2 


p ~T4+2sne 


and shows that the curve is a hyperbola whose eccentricity is 
2 and whose principal axis is the 90° axis. 
The intercepts are 
lg 90° 
COGN o 20 


270° 
—7.5 


180° 
7.5 


Since the pole is the focus, the latus rectum is 15. 

The center is easily seen to be the point (5, 90°) and the other 
focus is therefore (10, 90°). Two other points are then 7.5 
units to the right and left of the second focus. 

15 15 


=P ee and the directrix is parallel to the 


- polar axis, 2 units above it. 


174 ANALYTIC GEOMETRY 


F(10,90°) 


F 210.) 


7.5 


. (5,90°) 
Stee \ 


~~ \ (2.5490°) 


tae hanes & =< 


Since p becomes infinite when 1 + 2 sin @ = 0, or sin@ = —} 


Directrix 


2) 
the asymptotes must be parallel to the radii vectores corre- 


sponding to @ = 210° and @ = 330°. 


PROBLEMS 


1. Transform the equation of the conic, x2 + y? = e? (x + p)?, 
into the polar form. 


2. Show that the conic is symmetrical with respect to the 


principal axis. Does the polar form show any other axis of 
symmetry? 


3. Find the latus rectum of the conic. 


4. Reduce to the standard polar form each of the following 
conics, find e and p, and draw the curve and its directrix: 


or leis! dele fal 2 : 
OMe ee (Die Bee a aagt 
24 10 
b bee See son 2 oD LU Ais 
rs 3+sine’ eh? 1+ cose’ 
f 8 . ; a 9 
OP cay ere (f) p = 
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() » =z; Q p=3 PS; 
() p =>; (m)p =o _; 
@ e-7S: (.) » =s 
() 0-5; 0) » = ss 
(b) p =~ _; () e=7—y 


5. In the ellipses of Problem 4 find the major and minor 
axes. 


6. Show that if p = = is the equation of a hy- 
perbola, the inclinations of the asymptotes are given by cos @ 
1 
— +-.- 
e 


7. Find the polar intercepts of the conic. From these show 
that 
2ep . 
1 — e?’ 


2 ep 
e? — 


(a) the major axis of the ellipse is 


(6) the transverse axis of the hyperbola is 


8. Show that the conic never crosses the directrix. 
Hint. — Using Formula 42, the equation of the directrix is p cos @ = 
—p. Points of intersection are found by solving simultaneously. 


9. Derive the equation of the conic when the equation of the 
directrix is: 


(a) pcos =p; (b) psiné@ =p. 


10. Draw the conic with its directrix for each form: 


es ep 3 = ep 3 
(a) ~ 1+ ecos0’ OM 1 —ecoso’ 

ay ee A Lee SADE a EA Coen 
ee = 1+ecose’ OF 1 —ecose’ 
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ERA mee ka Pap? 
ee resent LOA aah BT Y 
ye : ee a 


11. Show that the locus of p = a seo? is a parabola. 


12. Show that for any chord drawn through the focus of a 
conic the sum of the reciprocals of the lengths of the segments 


: ee 
into which the focus divides it is a - 


109. Equations derived in Polar Codrdinates. — The 
equation of a locus may sometimes be derived more readily 
in polar than in rectangular codrdinates. This is espe- 
cially true when the locus is described by the end of a 
line of varying length revolving around a fixed point. 
The process is substantially the same as when rectangular 
codrdinates are used. The pole should be chosen at a 
convenient place, usually a fixed point about which some 
line in the problem revolves. Then a point (p, 6) satis- 
fying the conditions is chosen, and relations between 
p, 8, and the given arbitrary constants are obtained by 
means (usually) of trigonometric formulas. ; 


ExampLe. — A chord through 


Hire) the end of a diameter of a circle 
is extended the length of the di- 
ameter. Find the locus of the 
JZ, end of this line. 
Q a 4 Solution. — Choose one end of 
the given diameter as the pole, 
and the diameter as the polar axis. 


Let 2 abe the diameter of the 
given circle. 
Then from the figure: 
OB = 2acos6, p = OB + 2a. 
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Therefore the equation is 
p = 2a(1+cos6), 


and the required locus is a cardioid. 


PROBLEMS 


1. Find the locus under the conditions of the above exam- 
ple when the chord is extended a distance 2 0. 


2. The radius of a circle whose center is the origin is pro- 
longed a distance equal to the ordinate of its extremity. Find 
the locus of the end of this line. 


3. Derive a formula for the distance between two points in 

terms of their polar coérdinates. 
Hint. — Use the law of cosines. 

4. Derive the polar equation of the circle having the center 
(p1, 01). 

5. Derive the polar equation of the ellipse when the pole is 
at the center. 

Hint. — Use the law of cosines and the fact that the sum of the 
focal radii is 2 a. 

6. Find the locus of the vertex C of a triangle whose base 

OB is of length a and which has,the angle C = 3 angle O.* 
Hint. — Use the law of sines and the relation sin 3 A = 3 sin A — 
4 sin? A. 

7. A fixed point A is at a distance a from a fixed line BC. 
From A a line is drawn cutting BC in D and points P and P’ 
are chosen on this line 6 units from D on either side. Find the 
locus of P and P’ as D slides along BC. 


8. A tangent is drawn to a circle whose center is the origin 
and terminated by the z- and y-axis. Find the locus of its mid- 


point. 


' *  * Since the vertical angle C is one third of the exterior angle at 


B, this curve can be used to trisect any angle, and so is called the 
trisectrix. 
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9. Find the locus of the mid-points of chords drawn from 
the end of a fixed diameter of a circle. 

10. A line of length 2 a has its extremities on two fixed per- 
pendicular lines. Find the locus of the foot of a perpendicular 
from the intersection of the fixed lines to the line of constant 
length. 

11. Given the circle p = 2a cos 6 and the line p cos 6 = 2a. 
From the pole a chord OB is drawn, meeting the line in C. 
Find the locus of a point P on OC, if OP always equals BC. 

12. The base of a triangle is in length 2a. Find the locus of 
the vertex if the product of the sides is equal to a?. 


Hint. — Take the pole at the center of the base and use the law 
of cosines. 


110: Review. — Although polar coérdinates are not 
used in applied mathematics as frequently as are rectan- 
gular, it is desirable that 
the student become suf- 
ficiently familiar with the 
standard polar equations 
to be able to recognize 
and draw their loci with- 
out resorting to point 
by point plotting. The 
following problems are 
added to give practice in 
identifying polar curves. 


Examp.e. Identify and 
sketch the locus of p = 4 +8 sin @. 


Solution. — This is of the form p = a + 6 sin @ and therefore 
is a limacon symmetrical with respect to the 90° axis. The 
intercepts are 4, 12, 4, and —4. Plotting the corresponding 
points, it is apparent that this is a limacon having a loop. 
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REVIEW PROBLEMS 


Identify and sketch the following curves: 


a 


ee 
2 


is 
bs 


27. 


fp OP ANHAPw bw 


p = 10sine. 13. p = 10sin 5a. 
ae 1 ; 14. pcos@ = —5d. 

2 —siné 15 ts AD 
p=6+4sina. ee? eet ae Peed 
p= oO. 16. p = 5 —10cos@. 
p = 10sin2¢@. 17. p6 =87-. 

p = 6tanésine. 18. p? = 4c0s28. 
p =4+6secé. 19. p =8cos30. 
12 : 20. p =1+secé. 

1 + cos@ 21. p? = 16sin 20. 
p = 8cos20. 22. p = —2cotécscé. 
p =8 —10siné. 23. 2» — pcosé = 8. 

7 psing — 10: 24etan oie 
ie Ps 25. p = 10sin3¢0. 
ee a 26. p = 8 tan?6sec 8. 


Transform into rectangular form the standard polar 


equations of the following curves, as given on pages 169, 170. 
If several forms are given for the equation, in each case choose 
the first. 


(a) the cardioid; 

(b) the limacon; 

(c) the semi-cubical parabola; 
(d) the conchoid of Nicomedes; 
(e) the cissoid; 

(f) the four-leafed rose; 

(g) the lemniscate; 

(h) the spiral of Archimedes. 


CHAPTER X 
HIGHER PLANE CURVES 


111. Algebraic and Transcendental Equations. — The 
equations in Cartesian coérdinates which we have hitherto 
treated have been algebraic equations, 7.e., have involved 
only integral and fractional powers of x and y. 

Any equation which is not algebraic (e.g., y + sin xz = 0) 
is called transcendental, and functions defined by such 
equations are called transcendental functions. The ele- 
mentary equations of this class are those in which the 
exponential, logarithmic, trigonometric, and inverse trigo- 
nometric functions are used. 

In this chapter we shall discuss a number of curves de- 
fined by transcendental equations and algebraic equations 
of degree higher than the second. Such curves are called 
higher plane curves. 


112. The Exponential Curve. — This is defined by the 

exponential equation 
y=, 

where b is any positive constant. The quantity 6 is called 
the base. If the exponent is fractional and involves even 
roots of b, only the positive value of the root is used. 

Discussion. — For simplicity consider the case that 
iosesls 

When x=0, y=0°=1. If y = 0, we would have 
0 = b?, which is impossible for any value of x. Therefore 
the curve crosses the y-axis one unit above the origin and 
does not cross the x-axis. 

180 
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For all values of x, positive and negative, y is positive, 
since any power of a positive number is positive.. When 
x > 0, b? increases with x, since b > 1. Therefore in the 
first quadrant the curve recedes to infinity away from 
both the z- and y-axes. Since 6? = a it is evident that 
the value of y for any negative value of z is the recipro- 
eal of that for the corresponding positive value of z. 
We have just seen that y increases indefinitely as x 
approaches +o; hence y must decrease and approach 
0 as x approaches —o. Thus in the second quadrant 
the curve approaches the z-axis as an asymptote. In 
the following figure the curve is plotted for two values of b. 

The Base e.— The most important case of the expo- 
nential function is for the base e (= 2.71828+), the base 
of the natural or Naperian system of logarithms. Values 
of various powers of e are given in any good set of tables. 

In the figure the dotted line is the graph of y = e* and 
the heavy line that of y = 2”. 


113. The Logarithmic Curve. — This is the graph of 
the equation 
y = log, z. 
The base 0 is always positive and different from 1, and 
usually greater than 1. 
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Since in algebra the logarithm of a number to a given 
base is defined as the exponent of that power of the base 
which is equal to the given number, the equation y = log, x 
may be written in theformz = b’. Thisis the exponential 
equation with the variables interchanged. Thus the 
logarithmic equation is obtained from the exponential 
equation y = b? by solving for x and interchanging vari- 
ables. Logarithmic and exponential functions are said 
to be the inverse of each other. 

The discussion of the logarithmic equation y = log; x will 
therefore follow from that of the exponential equation 
y = b* on interchanging variables. Thus the logarithmic 
curve crosses the z-axis at (1, 0) and does not cross the 
y-axis. For x >1, y>0 and as x =* m0, y = ©; for 
x<1, y<0 and as x =0, y= —o. Since z=B, 
the abscissa x is positive for all real values of y, whether 
positive or negative. This is the reason for the state- 
ment that negative numbers do not have real loga- 
rithms. 

The following graph is the logarithmic curve for b = 10. 


y = login & 


The table of values may be computed by using a table of 
common logarithms or by writing the equation in the form 
x= 10" and computing values of x corresponding to 


* This symbol is used for the words ‘‘approaches as a limit.” 
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various values of y. Note that the logarithmic curve is 
symmetrical to the exponential curve with respect to 
the line y = z. 


114. Applications. — The exponential and logarithmic 
curves show clearly the method of variation of these 
functions. Thus for b> 1, the exponential function 
increases with great rapidity as x approaches ©, while the 
logarithmic function increases very slowly. 

Exponential and logarithmic functions of various kinds 
constantly appear in higher mathematics, especially in its 
application to other sciences. For example, the adjoining 
figure represents a weight W suspended “ 
by a rope wrapped several times about 
a wooden beam and kept from falling 
by atension 7. The relation between 
W and T is given by the equation 


W = Te, 


where x represents the number of - 3 

times the rope is wound around the beam and u is a con- 
stant depending on the friction between the rope and the 
beam. For a hemp rope on smooth oak uw = 3.34, nearly. 
(See also § 165.) 

A knowledge of the properties of the simple exponential 
and logarithmic functions of §§ 112, 113 may be em- 
ployed advantageously in plotting more complicated 
functions, as the following examples show. 


Examp.eE 1. — Plot y = (3) = 


Solution. — By the properties of exponents this equation may 
_be written in the form y = 2-*. The graph is therefore sym- 
metrical to that of y = 2% with respect to the y-axis. The 
table of values confirms this. 
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ig L 


rs 
—3 | 8 
—2|\4 
—1 | 2 
On) d 
1| 4 
2/4 
314 


EXAMPLE 2. — Plot y = logis (a? — 38). 


Solution. — When x =0, y is not defined. When y =0, 
x? — 3 =1, since 0-= log 1. Hence the z-intercepts are +2. 
Obviously there is symmetry with respect to the y-axis. 

Considering the branch where x is positive, we see that y is 
positive when x2 — 3 > lora > 2; and that y is negative when 
x <2. Since the logarithm of a number approaches —: when 
the number approaches 0, y approaches —c when zx? — 3 ap- 
proaches 0, or when x approaches V3. Thus there is a vertical 
asymptote at « = V3. The other branch can be drawn by 
symmetry. 


x y 
21.8 |= 62 
12 0.00 
s. 0.78 
+4, iit 
+6 1.52 


PROBLEMS 


1. Plot on the same coérdinate axes the graphs of y = 6” 
for-b.= 1.2. 3. ang 10; 


2. Plot on the same coérdinate axes the graphs of y = b* 
TORIOn—s lee era ers 


3. Plot on the same codrdinate axes the logarithmic curve 
for the bases 10 and e. 
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4. Plot the graphs of: 


(a) y =37; (Fy =e" 22; 
(6) y =4-3; (9) y =0.1e22; 
(c) y = (3)*; (h) y = xe*; 

(d) y =e; (t) y =e-™; 
(e) y =e-32; (J) y =a. 


5. By using logarithms solve each of the equations in 
Problem 4 for x in terms of y. 


6. Plot the graphs of: 


(a) y = log: x; (e) y = logy (4 — 2); 
(6) y = log 23; (f) y = 3 loge x; 

(c) y=logw(@—4); = g) y = loge (1 + 2°); 
(d) y = logu (x + 4); (h) y = log» (10 — 2”), 


7. By using the definition of a logarithm solve each of the 
equations in Problem 6 for z in terms of y. 


8. Discuss the following equations for symmetry and plot 
their graphs: 
Co ees 


(a) y= 5 


This is called the hyperbolic cosine and 
is written y = cosh z; 


(b) y =F ory = sinh z; 


x xr 
© y= 5 (@ +e %). (The catenary.*) 
9. Solve each of the equations in Problem 8 for x in terms 
of y. 


10. What change takes place in the exponential curve as } 
decreases and approaches 1? as 6 increases and approaches «? 


11. Plot the curve y = 37 and estimate the logarithms to the 
base 3 of the integers from 2 to 10. 


* This is the form assumed by a perfectly flexible cord or chain 
suspended between two points. 
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12. Plot the graph of the function W = Te*, where T = 100 
Ibs. and » = 1.1. Estimate from the graph how many turns 
of the rope would be required for this tension to support 1 ton. 
2 tons. 10 tons. 

‘Hint. — This value of » makes e = 3, nearly 


115. Periodic Functions.— A periodic function of a 
variable is a function whose values are repeated at definite 
intervals as the variable increases. Cosine x is an example. 
It passes successively through all values from +1 to 
—1 and back to +1 as the angle increases from 0 to 27, and 
repeats these values in the same order as often as the 
angle x increases by 2 7; or n times for a change of 2 nr 

in the angle. 

S(@) — | Perrop| AMPE The interval of repetition is called 

the period of the function. If k is 
the period of f(x), then f(x + k) 
= f(x). The maximum numerical 
value of the function is called the 
amplitude. The table illustrates 
these definitions for several func- 
tions. 


Sin x Qr 
Cos «% 24 


1 
1 
Tan « 7 foe) 
Sin 2 7 1 

1 


x 
Cos = 2 nw 
n 


116. The Sine Curve. — This is plotted from the equa- 
tion y = sin x, where the values of x are expressed in 
radians. 

We may assume values for x at any small interval, 


as 7 , and take the corresponding values of sin x from a 


table of natural sines. 

In the accompanying table the values of x in degrees 
are found in column 2 and their circular measures” to 
be used in plotting are in column1. The circular meas- 
ure of x is the abscissa and the value of its sine is 
the ordinate. 
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After the values 
from the table up to (radians) |(dog)| %22 | cose 
2 7 have been plotted 
the curve is construc- 0 0 00 1.00 
ted through one pe- te ee . ae 
riod, and the same oe 4 et 
values of y may be | 7-105] 60|  .97 50 
used to construct it 3 

. Tv 

through successive oe 1.57 | 90 1.00 00 
periods. Qr 

Since the angle zx ae oe St) Maedace 
may be taken nega- 2X = 2.62 | 150 60\| —.87 
a Welles, poe: = 314 | 180 00 | —1.00 
itive, the curve may 3.66. 210° 1 —..50 ier 87 
be extended indefin- 4.19 | 240 | —.87 | —.50 
itely in the negative ay te Sc os 
direction. If we sub- 5.76 | 330 | —.50 87 
stitute (—z, —y) for 2 = 6.28 | 360 00 1.00 

: = 6.81 | 390 .50 87 
een ewequs 733|420| .87|  .80 
tion y = sin z, we etc. etc. | ete ete 
have 
—y = sin (—z) = —sin 2, 


which may be reduced to the given equation by multiply- 


ing through by —1. 


Hence the curve is symmetrical 
with respect to the origin. 


117. Circular Measure. — In plotting y = sin x we 
could measure x in degrees and use any convenient unit 
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along the z-axis for a degree. If this is done, however, 
certain advantages attached to measuring angles in radians 
are lost. 

Among these is the fact that when x is measured in 
radians, both x and y = sin x can be expressed as linear 
magnitudes on the same scale. For, if a central angle is 
measured in radians, we learn from trigonometry that 


angle ae 
Be = radius’ 
AB 
or z= —- 
r 
But y = sin x =f. 


Hence as the angle z is gen- 
erated by rotating the side OA 
from the initial position OB, 
the lengths of AB and AC 
in terms of the radius as a unit are the values of x and sin x 
given in columns | and 3 of the table of values in § 116. 
This is only true where x is expressed in circular measure. 


118. The Cosine Curve.— The curve of cosines is 
plotted from the equation y = cos x. This function has 
the same period and amplitude as the sine function, and 
in fact the cosine curve has the same shape as the sine 
curve; but it passes through (0, 1) instead of the origin. 

This is true because the cosine of any angle is equal to 
the sine of an angle 90° greater, or cos x = sin (90° + 2). 
Hence the table of sines can be used for plotting the co- 
sine curve by moving the whole column of sine values up 
90°, so that the sine curve becomes the cosine curve when 


the origin is advanced to the point Ge 0): 
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119. Multiple Angles. — Consider y = sin na. The 
multiple n divides the period of the function by n, but does 
not alter the amplitude. To prove this, let us recall from 
§ 115 that k is a period of f(x) if f(2 +k) = f(x). We 


must show then that, if f(z) = sin na, f (x + 22) = f(x). 
Substituting, we have 


: 2 F 
sin (: + =") = sin (nx + 27) = sin nz. 


2". P : 
Hence — is the period of sin nz. That the amplitude is 


unaltered is obvious. 


kis in 2. Fj 
v~, 4 


Compare this with y = n sin x, where the period is un- 
altered, but the amplitude is multiplied by n. All of this 
appears clearly in the figures. Thus we have 
fory =sinz, the periodis27andy = 1, whenz = 90°; 
for y = sin2z, the periodis mandy = 1, whenz = 45°; 
for y = 2sin z, the period is 2 7 and y = 2, when x = 90°; 
for y = 3sin 72, the period is 2 and y = 3, whenz = 3. 


By investigating the period we can quickly sketch the 
graphs of equations of the type y = asin nz, y = a cos nz, 
etc. For we need only to determine the period and mark 
the points at the quarter periods, since the general shape 

_of the curve is the same as that of the simple trigonometric 
curves. 
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Examp.e. — Sketch the graph of y = 3 cos rx through two 
periods. 


Solution. — The period is ite, 2. The values at the quarter 
Tv 


periods include the z-intercepts and the largest and smallest 
values of y. They are 


The graph of y = cos z is also shown in the figure as a dotted 
line for comparison. 


120. Sum of Functions. — Sometimes it is necessary to 
plot functions which are the sum of two or more trigono- 
metric functions. In calculating the table of values the 
interval between successive values of x should not be 
greater than ;', of the smallest period involved, although 
a fair sketch is possible if + of the smallest period is used. 
Time is saved by writing the values of the various terms 
in parallel columns and adding corresponding values to 
get the various ordinates. Thus in plotting y = sin2z 
+ 2 cos x, we observe that the period of sin 2 zx is r 
and take our values of x at intervals of a = 15°, obtain- 
ing the following table: 
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7° x (rad) sin 22 2 cos x y 

0 0 0.0000 | 2.0000 | 2.0000 

15 .2618 | 0.5000 | 1.9318 | 2.4318 

30 .5236 | 0.8660 | 1.7320 | 2.5980 

45 .7854 | 1.0000 | 1.4142 | 2.4142 
ete. ete. ete. ete. etc. 


An alternative method is to plot the curves y’ = sin 2 
and y’’ = 2 cos x on the same axes and obtain the sum of 
y’ and y’’ by measurement. The figure illustrates this 
method. 


e 
\ 


wn 
= 
3 
w 
3 


Zs 


121. The Tangent Curve. — The curve of tangents is 
plotted from the equation y = tan x. It passes through 
the origin and its period is 7. The value of y is infinite 


when zx is an odd multiple of fe , and the curve passes 


, and 


Nola 


through all values of y between 2 = <5 and x = 


so on at intervals of z, the period. 
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The table of values follows. 


8 


tan x 


| 


ue 
2 

pa ay Se Oe 
3 

ee) 
6 
0 0 
= 58 
6 
Salve Se 
3 
ke 
2 


122. Inverse Trigonometric Functions. — The relation 
expressed in the inverse notation by y = sin z reads in 
direct notation x = sin y. 

y = cos tx = are cos 2. 
y = sins — are sin x. 

The curve of inverse sines is 
therefore the same as the curve 
of sines in shape, period, and 
amplitude, but the axes are in- 
terchanged. 

The notation are sin @ is 
iX preferable to sin! 2. 


PROBLEMS 
1. Plot the graphs of the following, letting x range from 
—27to2r: 
(a) y = cosa; (c) y =secz; 
(dD) y= cot x: (dy —cser: 
2. In the following find the period, make a table of values 
extending through two periods, taking x at intervals of a quarter 
period, and draw the graph: 
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(a) y =sin3z; (e) y =2cos3a; 

(6) y = cos5 2; -(f) y =2 cos 22; 

() y =tan?; g) y= 2sin = ; 

(d) y =}sec3z; (hk) y =.1sin Ties 
3. Plot the graph of: 

(a) y =arc tang; (e) y =2arccos22; 

(b) y = arc sec z; ne orem 


(c) y = are cots; 3 


(dq) y = arccsez; (g) y = a COS &. 
Tv 


4. Draw on the same axes the graphs of: 
uy — sin 2, Y= COs £, \ yy = tan 2 
(2) {Y = ¢8C Z; (6) iz = sec 2; (°) . =cotz. 
What relation holds between corresponding ordinates of each 
pair of curves? 


5. Draw each of the following curves. For any value of 2, 
draw ordinates at +2, 7 + x, 2 7 + 2, and then write the trigo- 
nometric formulas suggested by the figure. 

(Oey sine: (C)e ye tan. (e) y = seca; 

(6)-y = cosz; (d) y= cotx; (f) y = csea. 

6. Plot the graphs of the following equations for the range 
of values indicated :* 

(a) y =sinz + cosa, (Oto 2 =); 
(o) y =cosx —sina, 0to27); 
(c) y =2sinz + cos 5, (0 to 4 x); 
(d) y = cos2a —sinz, (0to27); 


* In some of these problems considerable labor is saved by using 
a table giving the trigonometric functions of the angle expressed in 
radians. When such a table is not available it is often convenient 
to choose values of the angle at intervals of 0.2 or 0.5 radians and 
’ find the various functions involved by converting the radians into 


degrees. 
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(e) y =cosx +sin2z, (0 to2 x); 
(f) y =x +2sinz, (0to3 =); 


(g) y =seca —2, -Ft02x); 


(h) =5 t cose, (0 to 2 x); 


(i) y =x —sin , (0106); 
(j) y =xsinz, (0to3 x); 

(k) y = 200s 5, (—nto2z); 
@) y =z’ sinz, (—2 rto2z); 
(m) y = e sin z, (0 to2 7); 

(n) y =e cosz, (Oto2 7); 


(0) y =e-*sin a, (Oto 2 x); 
(p) y =e-* cos x, (Oto 2 x). 
7. Determine which of the functions of Problem 6 are peri- 
odic and find the periods. 


123. Parametric Equations. — In some curves the co- 
ordinates are functions of a third variable such that the 
conditions determining the curve may be conveniently 
expressed by two equations between these three variables 
instead of by a single equation in x and y. This third 
variable is called a parameter, and the two equations 
parametric equations of a curve. If ¢ is the parameter, 
the parametric equations of the curve are usually of the 
form z = f(t), y = gd). 

The parameter usually represents some geometric mag- 
nitude, or the time during which the point tracing the 
curve has been in motion; but it may be chosen in any 
manner that is convenient. Thus for the semi-cubical 
parabola y*? = ax’, we may assume a parameter ¢ and 
write « = at?, y = a’, since by eliminating ¢ between 
these equations we obtain the original form. 
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To plot the graph of such equations we take various 
values of the parameter and compute the corresponding 
values of x and y. Then plot the points (a, y) as usual. 
The values of the parameter appear only in the table of 
values, and not in locating the point. 


124. Parametric Equations of the Circle. — Let us 
take the origin at the center of the circle. Then the circle 
is generated by rotating OP. Taking @ as the parameter, 
we have at once from the figure and the definitions of the 
sine and cosine: 

x =r cos 8, y =rsin 6. - 


These are the parametric equations of the circle. From 
the table of values below points on the curve are (10, 0), 
(507,59), (5,7 8.67), (x 10); (—5, 8.67), (—8.67, 5), 
(—10, 0), (—8.67, —5), ete. 


TABLE OF VALUES FOR r = 10 


6 x y Y 
0 10.00 0 

30 8.67 5.00 

60 5.00 8.67 

90 0 10.00 

120 —5.00 8.67 

150 —8.67 5.00 

180 | —10.00 0 

210 —8.67 —5.00 


Note that if we eliminate @ between the parametric 
equations, we get the standard form a? + y? = r’. 


125. Parametric Equations of the Ellipse. — Suppose 
that we have a circle of radius a and center O, in which 
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OA is any radius and AM a perpendicular from A upon 

r a fixed diameter. B is a point 
on the radius at a distance b 
from O and P is the projection 
of Bon AM. It is required to 
find the locus of P. 

Take the fixed diameter as 
the «z-axis and the center as 
the origin. Let (a, y) be 
the codrdinates of P and 
6 = Z MOA be the parameter. Then we have at once 
from the figure, 

xz = OM = OA cos 0 = acos 8, 
y = MP = OB sin 6 = bsin @. 


These are the parametric equations of the locus. It 
remains to show that the curve is an ellipse. Solving the 
equations for cos @ and sin @ respectively, squaring and 
adding we get 


2 2 
aie cos? @ + sin? @ = 1, 


the equation of the ellipse. 
The circles described by B and A are called the auxiliary 
circles of the ellipse. By drawing them on codrdinate 
paper, the various positions of P can be readily found and 
any ellipse of given semi-axes 
plotted with accuracy. 


126. Path of a Projectile. 
— If an object moves with a 
velocity of v feet per second 
along a line inclined to the 
x-axis at an angle a, it is clear 
from the adjoining figure that 
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at the end of each second its distance from the y-axis has 
been increased by vz = v cos a@ feet, and that from the 
x-axis by vy =v sin a feet. These quantities, v, and vy 
are called the x- and y-components, respectively, of the 
velocity, and when multiplied by the time give the total 
displacement parallel to the x- and y-axes. 

In the case when the motion is in a vertical plane, the ver- 
tical velocity does not remain constant, but is affected by the 
force of gravity. In this case we find in mechanics that the 
height is given by the formula h = vyt — 162, where h is 
the height in feet, t the time in seconds, and v, the vertical 
component of the initial velocity in feet per second.* 

Using these principles, let us solve the problem: Find 
the path of a projectile discharged at an angle a = are 
cos # with an initial velocity of 80 feet per second. 


Taking the point of projection as the origin, the y-axis vertical 
to the earth’s surface and the z-axis horizontal in the direction 
of projection, let P(x, y) be the position of the projectile after 
t seconds. : 

The horizontal component of the initial velocity is vz = 80 cos a 
= 80-2 = 48; the vertical component is vy = 80 sin a = 80-4 

= 64. As the horizontal velocity 
remains constant, 

tz =vgt = 48 ¢. (a) 
Using the above formula for ver- 
tical motion, we have 
y =vyt — 162 = 64% — 162. (6) 

Equations (a) and (0) are the 
parametric equations of the locus, 
and the graph can now be plotted from these equations. 
To identify the curve, eliminate ¢ and we have 


’ M 1 
; Y = Sk — 7592. 


* In this and all that follows, we disregard air resistance. The 
results are therefore first approximations to the true ones. 
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Hence, the locus is a parabola with a vertical axis of sym- 
metry. 

If we set y = 0 in equation (b) we get t = Oor 4. Hence the 
time of flight is 4 seconds. Setting t = 4 in equation (a) gives 
the range x = 192 feet. The abscissa of the vertex of the 
parabola is then 3 - 192 = 96. For this value of z, t = 2 and y 
= 128 — 64 = 64. Thus the greatest height reached by the pro- 
jectile is 64 feet. 


PROBLEMS 
1. The equations of the foliwm of Descartes are x = fae , 
y= a Make a table of values and plot the graph. 


¥ 


Solution. — The parameter ¢ ranges in value from —2 to 
+o. In general, spacing the values of the parameter evenly 
will not give sufficient points to plot the curve unless a very large 
number are taken. In this particular example we find by trial 
that we need a large number of values between —1 and +1. 
After making the table of values for a = 10 we plot the points 
and join them in the order of the values of t. The range of 
values of ¢ for the parts of the curve in the various quadrants is 
indicated on the graph. 


° 
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TABLE OF VALUES 


t x t 2 y | 
=k 00 0 0 0 0 0 
—10 0.30 —3.00 0.1 3.00 0.30 

=e 1.21 —6.05 0.2 5.95 9 

—2 S00 | tile 0.5 13.33 6.67 

else) 18.95 | —28.42 1 15 15 

—l =k 00 =F 00 1.5 10.29 15.43 

=—Oheo To: 8.57 2 6.67 13.33 

—0.2 —6.05 1.21 5 1.19 5.95 

—0.1 —3.00 0.30 10 0.30 3.00 


2. Make tables of values and plot the graphs of the following 
parametric equations: 


(a) Res Si . (g) SDS BAU 
t _ (A) x =2+5c0s86, y =5sine— 2; 
(6) 2=f,y = 2%; (1) « =asec6,y =atan9; 
& (7) « = 5esc6,y = 2cotd; 
¢) @=t+2,y4 ==; J rY ; 
) fiat (k) « =acos'6,y = bsin®6; 
@) 4 =4#,y =4t —8#; @) «2 =acos6,y = bsin*o; 
(e) c=l@+1,y=8—-1; (m) x = a0,y =a(1 —cos@); 
(f) e =at,y =bV1-P; (n) x = asec? 6, y = 2a tan. 


3. Eliminate the parameter in each pair of equations in 
Problem 2. 

4. The equation of the foliwm of Descartes is x3 + y3 = 
3azy. By substituting y = tx obtain the parametric equations 
of Problem 1. 

5. A straight line has the z-intercept 10 and the inclination 
30°. Find its parametric equations if the parameter ¢ is taken 
as the distance of the tracing point from the intersection with 
the x-axis. 

6. Find the parametric equations of a circle whose center 
is (4, —3) and whose radius is 12. 

7. Find the parametric equations of the path of a projectile, 
its range, and the highest point reached from the following data. 
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Use the method of § 126, but do not use the results there ob- 
tained as formulas. 

(a) initial velocity 576 feet per second, angle of projection 45° 

(b) initial velocity 400 feet per second, angle of projection 30°; 

(c) initial velocity S00 feet per second, angle of projection 
arc sin 3; 

(d) initial velocity 200 feet per second, angle of projection 
are sin #. 

8. Eliminate the parameter from the results in Problem 7. 


9. In Problem 7(a) the projectile is fired up a hill of slope 3. 
Find how far up the hill it will strike the ground. 


10. Find the parametric equations of the path of a projectile 
if the initial velocity is v and the angle of projection is a. 


11. Eliminate the parameter in the result of Problem 10. 


12. In Problem 10 find the range and the greatest height. 
For what value of a will the range be greatest? 


18. A point moves on a spoke of a wheel from the hub toward 
the rim at a rate of 4 feet per minute. The wheel makes 2 
revolutions per minute. Find the equation in polar coérdinates 
of the path described by the point. 

14. A point moves around a circle of radius 10 feet 50 times 
per minute. Write the parametric equations of the circle, 
using the time during which the point has been in motion as a 
parameter. 

15. The parametric equations of the path of a point are 

% = acos ki, 

y= 0, 
where x is measured in feet, ¢ is measured in seconds and a and 
k are constants. Plot the locus. How often does the point 
pass through the origin? 


127. The Cycloid. — If a circle rolls along a straight 
line the curve traced by a point on the circumference is 
called a cycloid. The straight line is called the base. 
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As the circle rolls it describes the length of the circum- 
ference on the base at each revolution, and a proportional 
distance for any part of a 
revolution. Hence the 
point of the circle touching 
the base is always at a 
distance from the starting 
point equal to the length 
of the are subtending @. 

In the figure the tracing 
point P starts from:-the point of contact O, which is taken 
as the origin, and the base is taken as the z-axis. 

Call the angle which the radius to the tracing point 
makes with the vertical, 6. Then OA = are PA = 76, 
since are = angle X radius. This gives 

x= OA — BA =ré—Trsin8, 
y = AC — DC =r—rcos8, 


which are the parametric equations of the cycloid. 

The Prolate and Curtate Cycloids. If the tracing point 
is taken anywhere on the radius of the rolling circle or the 
radius produced, the curve 
is called the prolate cycloid 
when P is without the 
circle and the curtate cy- 
cloid when P is within. 
The term trochoid is also 
used for both prolate and 
curtate cycloids. 

Let a be the distance 
from the center to the tracing point. The parametric 
equations of both prolate and curtate cycloids are 


x=réd—asin6, 
y=r—acos 8. 
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They are derived in precisely the same manner as 
those of the ordinary cycloid. 


PROBLEMS 


1. Sketch the path of a point on a 30-inch automobile wheel 
for two revolutions. Find the length of the base of one arch of the 
cycloid and the codrdinates of the tracing point when the wheel 
has made one third, one half, and two thirds of a revolution. 


2. Plot the cycloid for r = 10, forming a table of values for 
6. and 9. 


3. Eliminate 6 between the parametric equations of the 
cycloid. 


Hint. — cos 6 = and vers 6 = 1 — cos @. 


r= y 
if 
4. Write out in full the derivation of the parametric equa- 
tions of (a) the curtate cycloid; (b) the prolate cycloid. 
5. Plot the curtate cycloid through two periods when r = 8 
and a = 5. 


6. Plot the prolate cycloid for r = 10 and a = 12. 


7. In the prolate cycloid of Problem 6 find the values of 
the y-intercepts and of two z-intercepts. 


8. Show from the equations of the cycloid that y is a periodic 
function of x, of period 2 zr. 


9. Show that the first arch of the cycloid is symmetrical 
with respect to the line x = ar. 


Hint. — Show that for any value of y, as y1, 6 = 01, or 27 — &. 
From this get two values of x, 2 and x2, and show that x2 — ar = 
ar — x, Then apply the definition of symmetry. 


128. The Epicycloid and Hypocycloid. —If a circle 
rolls upon the circumference of a fixed circle, the path 
described by a given point on the circumference of the 
generating circle is called an epicycloid if the generating 
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circle rolls on the outside of the fixed circle, and a hypo- 
cycloid if it rolls inside. 

Let the tracing point start from A and the generating 
circle move on the outside until its contact with the base is 
at D. Thus the are AP of 
an epicycloid is described 
and the are PD has rolled 
over the are A D of the base. 

Let the angle which the 
generating radius CP makes 
with the line of centers be 
¢, and the angle of this line 
CO with the z-axis be 0. 

Using circular measure, 
since arc AD = arc PD, 


RO = r¢. (a) 
Now CPN is the supplement of 6 + ¢, 
and ..sin CPN = sin (0+ 9), 
cos CPN = —cos (0+ ¢). 
But z =OB=O0H-+ NP 


= (R+1r)cos?é+rcos CPN 
= (R+1r)cosé—rcos(6+ 4), 
and y= BP = EC — NC 
= (R+r)siné—rsin(@+ 9). 
These equations contain two parameters, 0 and ¢. @¢ 
may be eliminated by substituting its value from (a), 
which gives 


2 = (R +7) cos@—reos Tp, 


LT 


ere reine 7 ain 
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If r is replaced by —r we have the equations of the hy- 
pocycloid: 


a t= (R—1) cos 8 +r eos— 8, 


"0. 


y = (R —r) sin? — rsin — 


D 


These equations can also be de- 
* rived directly from the adjoin- 
ing figure. 

The Astroid. —In the hypo- 
cycloid for which r = } R, the 
rolling circle makes four revo- 

lutions in passing around the base, forming the astroid, 
or hypocycloid of four cusps. 


129. The Involute of the Circle. — A string is wound 
about the circumference of a 
circle. One end is fastened 
to the circumference and the 
string is unwound. If the 
string is kept stretched the 
curve traced by the free end 
is called the znvolute of the 
circle. 

If it begins to unwind at 
A, the are AP of the invo- 
lute is traced when the string 
has unwound as far as B, and 
the part unwound is BP. 

BP is tangent to the circle at B, and 


BP = arc BA = Roa. 
The equations are 
x = Reosé+ Résin 8, 
y = Rsin@ — Ré cos 0. 
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Nore. — The teeth of large-geared wheels are sometimes cut in the 
shape of epicycloids or hypocycloids to avoid the binding and friction 
that occur between straight teeth. Others are cut in the shape of 
involutes of a circle. In the latter type the parts having contact do 
not wear so rapidly, since the direction of motion at the point of 
contact is always perpendicular to the surface at that point. 


PROBLEMS 


1. Write the equations of the epicycloid in which r = 2 , 
make a table of values taking ¢@ at intervals of 30°, and plot the 


curve. 
2. Same as Problem 1 for the hypocycloid. 


3. Make a table of values and plot the involute of the circle. 


4. Show that the equations of the hypocycloid of four cusps 
can be reduced to x = R cos’ 6, y = Rsin*6, which gives the 
equation 23 + yi = Ri. 


5. Simplify the equations of the epicycloid and draw the 


curve when (a) r = R; (6) r =2. 


wl a 


6. Simplify the equations of the hypocycloid in which r = 


and draw the locus. i. 
7. Derive the equations of the hypocycloid from a figure. 


8. By using the definition of the curve draw the epicycloid 
for which 


(a) r =#; (0) r -2; () r= 


9. Same as Problem 8 for the hypocycloid. 


10. Show that if the origin is translated to the point (R, 0) 
the equations of the epicycloid for which r = R become 2’ = 
2R cos 6 (1 — cos 6), y’ = 2R sino (1 — cos 6). Then trans- 
form these to polar coérdinates and show that this particular 
epicycloid is a cardioid. 


3h 


oD) ore 
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130. Algebraic Curves. — Algebraic curves of degree 
higher than the second have a great variety of forms and 
are best studied with the aid of the calculus. Two simple 
examples of these curves which we have encountered 
are the cubical parabola y = az* and the semicubical 
parabola y? = ax’. The majority of the curves in Chap- 
ter IX are found to be algebraic curves if their equa- 
tions are transformed into rectangular form. Many of 
these curves are of historical importance, as the limacon, 
the conchoid, the cissoid, and the lemniscate, given in 
Chapter IX, and the witch, the strophoid, and the ovals 
of Cassini, which will be discussed in the following 
sections. 


131. The Witch. — A circle of radius a is drawn tan- 
gent to the z-axis through the origin, meeting the y-axis in 
A. The tangent to the circle at A is drawn, and from 
O a secant is drawn meeting the circle in B and the tan- 
gent in C. The locus of the projection of B upon the 
ordinate of C is called the witch. 


To find its equation take the angle @ = AOC as a pa- 
rameter. Then we have at once 
x = OD = AC = 2atané, 
and y = DP = EB = OB cos 6 = 2a cos? 0. 
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Eliminating the parameter 9, we obtain the equation, 


eek aaa 
y 2w+4a? 


The form of the equation shows that the curve is symmet- 
rical with respect to the y-axis and has the z-axis as an 
asymptote. 


132. The Strophoid. — The distance from a fixed point 
A to a fixed line BC isa. From A the perpendicular AO is 
drawn to BC and any other line 
AE is drawn meeting BC at E. 
On AE points P and P’ are taken 
such that P’E = EP = OE. 
The locus of the points P and 
P’ isa curve called the strophord. 

To find its equation take the 
fixed line as the y-axis and the x- 
axis through the fixed point. Let 
the codrdinates of P and P’ be 
(x, y) and (a2’, y’). Taking the 
angle OAE as a parameter 6, we have at once that 


P'E = EP = OE = atané. 
Hence x = EP cos0@ = asin 6, 
and y = OE + EPsin 6 = atan 6 (1 4+ sin 8). 


By eliminating the parameter and squaring both sides, 
we have the equation, 


To show that P’ is on the same locus, we have 


x’ = —asin#, 


and y’ = atané (1 — sin @). 
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Eliminating @ and rationalizing, we find that the codr- 
dinates of P’ satisfy the given equation. 

The curve is evidently symmetrical with respect to the 
x-axis and has the line x = a as an asymptote. 


133. The Ovals of Cassini. — The locus of the vertex 
of a triangle which has a constant base and has the product 
of its other two sides equal 
to a given constant is 
called the ovals of Cassini. 

Call the length of the 
base 2 a, take the origin at 
its mid-point, and let the 
x-axis lie along the base. 
Then the conditions of the 
problem make F’P- FP 
equal to a constant, which we call c? since it is essentially 
positive. 

Using the distance formula, we have 


Veta th Ve-ar tye 
Simplifying this gives 
(x? + y? + a®)? — 4 a2z? = ct. 


Three types are possible, according to the relative values 
of canda. If c = a, this last equation may easily be re- 
duced to the form, 


(x? + y?)? = 2 a(x? — y?), 


which becomes on transformation to polar codrdinates, 


p? = 2a* cos 2 6, 


showing that in this case the curve is a lemniscate. (See 
page 168.) 


i 
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PROBLEMS 


Transform into rectangular form the polar equations of 


the following curves: 


(a) the limacon; (d) the cissoid; 
(b) the cardioid; (e) the four-leafed rose; 
(c) the conchoid; (f) the three-leafed rose.° 


Show that the following curves are not algebraic: 


(a) the spiral of Archimedes; 
(6) the lituus. 


3. Flot the witch from its parametric equations. 
4. Plot the strophoid. ; 


5. Plot the ovals of Cassini for: 


6. 
7. 


(GD Na Ee OD) @ 2 F,GSe 
Find the polar equation of the strophoid. 


Transform the rectangular equation of the ovals of 


Cassini into polar form. 
8. Derive from the figure the polar equation of the ovals of 
Cassini. 


CHAPTER XI 
TANGENTS AND NORMALS 


134. Definitions. — A line cutting a curve is called a 
secant. In the figure PQ is a secant. If Q is made to 
move along the curve towards P, it is clear that in general 
PQ will turn about P and 
approach a limiting position 
PA, which is called the po- 
sition of tangency. There- 
fore 

The tangent to a curve at a 
given point P is the limiting 
position of a secant through 
the points P and Q on the 
curve when Q approaches P. 

The normal to a curve at a given point is the line perpen- 
dicular to the tangent at that point. 


Tangent bw 


Normal 


135. Slope of Tangent and Normal to a Circle at a 
Given Point. — To find the slope of a tangent to a curve 
at a given point Pi(«, y1), 
we first find the slope 
of the secant through P, 
and a neighboring point 
P.(a1 +h, yi +k) on the 


curve. This all be & 


THY 


f Py (xy+h, Yr k) 


As P; is made to approach 
P, as a limit, the secant 
approaches the tangent 

210 
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and the slope of the tangent is the limiting value 
of i which we write lim 2 Since both k& and h ap- 
proach the limit zero, special methods must be employed 
to find the value of the limit of their quotient. 

In the case of the circle we proceed as follows. Since 
P, and P» are both on the circle, their codrdinates satisfy 
the equation of the circle. Hence 

2 haa | het lie 


(ai th)? + (yi +k)? = 1%. 
Expanding and subtracting, 


2hx a h? a Zky1 + k? = 0, 
h(2 gh h) = —k(2 Yi + k), 


k “se 2 V1 + h 
os Kh * 2y+h 
From this last relation, we have 
lim © = _jim2 2th ot cae 
h 2y.+k Yi 


Therefore for the tangent to the circle x? + y? = r?, 
m=-——- (43) 


As the normal is perpendicular to the tangent, its slope 
is the negative reciprocal of this expression, or & . 
1 

136. Slope of Tangent and Normal to an Ellipse at a 
Given Point. — The method of procedure is the same as 
that for the circle. Let the equation of the ellipse be 


P bx? + ary? = a°b?, 


and the point of tangency be Pi(, y:). A secant join- 
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ing P; and a neighboring point P2(x; + h, yi + k) on the 
curve will have the slope} : 


Substituting the codrdinates of 
P, and P»2 in the given equa- 
tion, 
bx? + a®y,2 = a2b?, 
b?(a1 +h)? + a(yitk)? = a*b?. 
Expanding and subtracting, 
2 bx,h + bh? + 2 a?yik + a2k? = 0, 
h(2 b?x, + b?h) = —k(2a*y; + a?k), 
k 2677+ bh 


ho 2a%ys+ak 
Hepceet tin ee ene ee 
ence lim; = poser) em 


Thus for the tangent to the ellipse, the slope is 


bx, 


=— . 44 
ge (44) 
: ayy 
The slope of the normal is —~- 
b22x,1 


137. Slope of Tangent and Normal to the Parabola and 
Hyperbola at a Given Point. — By applying the method of 
§§ 135, 136 to the equations of the parabola and hyperbola, 
y” = 2px and bx” — a®y? = a2b2, we obtain the follow- 
ing results: 


Tangent to parabola: m= Be | (45) © 


Tangent to hyperbola: m= 


(46) 


~~ = 
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The slopes of the normals are: for the parabola, a ; 
for the hyperbola, ——“. 
b22, 


‘Exercise 1. Prove Formula 45. 


Exercise 2. Prove Formula 46. 


138. Equations of the Tangent and Normal at a Given 
Point. — To find the equation of the tangent or normal to 
a curve at a given point, it is necessary only to find the 
slope and then use the point-slope equation of the straight 
line, 

y — yi = ma — 2). 

Exercise 3. Show that the equation of the tangent to the 
circle x? + y? = r? at any point Pi(x, y:) is me + yy = 7. 

Hint. — Since P; is on the circle, simplify by using 2? + y:2 = r?. 

Exercise 4. Show that the equation of the tangent at any 
point Pi(x1, yi) is: 


2 

(a) for the ellipse = +4 a= di, 28 + ie ily 
2 2 

(6) for the hyperbola = -% ef ag — id ei 


(c) for the parabola y? = 2 pz, yy = pla +2). 


PROBLEMS 
1. Find the slope of the tangent to each of the following 
curves for any point (%, y:) on the curve: 


(a) ay = 2.03; @ @ sed 
(b) y = aa’; ae 
(c) (ew —h)? =2p(y —k); (e) (@ —h)? + (y —k)? = 9. 


2. The same as Problem 1 for the following curves: 


(a) y? = aa’; (d) y —k)? =2p@ i h); 
(6) x? =2 py; ee se (ase a 
(0) oy =a"; io Lie 
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3. In each of the following curves find the slope of the 
tangent and of the normal at the point indicated: 


(a) 92? + y? = 18, (1, —3); (e) 2? + y? = 169, (5, —12); 
(O)ete ay? = 45 (2,0)5 (f) 2? + y? = 25, (3,4); 
(c) 22 — y? = 25, (10, 5 V3); (g) 2y? = 52, (10, 5); 


(d) 5a? —12y? = 13,(V5, —1); (h) 2? = 36y, (12, 4). 
4. Write the equation of the tangent and normal to each of 
the curves in Problem 3 at the point indicated. 
5. Find the points at which the tangent to the corresponding 
curve in Problem 3 has the indicated slope: 
(a) —3; (+) -2¥3; () -3¥3; @ 7p’ 
(ees (7) 3; (9) —4; (h) 3. 
6. Prove that the tangents at the ends of the latus rectum of 
a parabola are perpendicular to each other. 


7. Find the angle between each of the following pairs of 
curves. (By the angle between two curves is meant the angle 
between their tangents at the points of intersection.) 


(a) a + y? = 25, (c) 2 —y? =a’, 
ety =7; ay = V2a°; 
(0) w@+y=12, (@) 2 +4y =4, 

y= 2; e+ 2y =2. 


8. Prove that the tangents at the ends of any chord through 
the focus of a parabola are perpendicular to each other. 


9. Through what point of the ellipse b2x? + a2y? = a2b? must 


a tangent and a normal be drawn so as to form with the principal 
axis an isosceles triangle? 


10. An ellipse and hyperbola have the same foci. Prove that 
the tangents at their points of intersection are perpendicular 
to each other. 

Hint. — The value of c is common to the curves. 

11. Find the angle between the tangents at the ends of a 
latus rectum of 


(a) the ellipse; (b) the hyperbola. 
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12. Prove that a circle described on a focal chord of a parabola 
as a diameter is tangent to the directrix. 


13. Two perpendicular tangents with slopes m and — 2 are 
m 


drawn to the parabola y? = 2px. Find the distance between 
the horizontal lines drawn through the points of contact. 


14. Find the slope of the focal chord joining the points of 
contact of the two tangents in Problem 13. 


139. Tangent and Normal. Subtangent and Sub- 
normal. — Let P,T be the tangent and P, N the normal to 
the curve in the figure at P;. By the length of the tangent 
is meant the distance from 
the point of tangency to the 
point where the tangent 
meets the z-axis, 7.e., the 
length of P,T. Similarly - 
the length of the normal is 
the length of P, N. 

The subtangent is the pro- 
jection of the tangent on 
the z-axis, z.e., TS. The subnormal is the projection 
of the normal on the z-axis, 7.e., SN. The direction of 
reading the subtangent and subnormal is away from the 
intersection of the tangent with the z-axis; hence they 
are positive if they lie at the right of this point; negative 
if at the left. 

To find the length of the subtangent, let m be the 
slope and 7 the inclination of the tangent. Then 


= Sees Lae 
m = tanr = TS TS 


Hence joes = (47) 
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To find the length of the subnormal, observe that the 


slope of the normal is -< . Then 


Pet aa See eee 
ip, atten P\NS = NS = ~SN 
Therefore SN = my. (48) 


To find the lengths of the tangent and normal apply the 
right triangle theorem to the triangles SP:T and NPS. 


140. Tangent having a Given Slope. — Suppose that 
we desire to find the tangent to the curve 27+ 4y? = 8 
having the slope 3. 

Here the slope is given and it is necessary to find the 
point of contact, which we call P(x, yi). Since P; is on 
the curve, 

ry? +4y? = 8. (a) 


Now 2? + 4y? = 8 is an ellipse, for which a? = 8 and 
b? = 2. Hence by (44) the slope of the tangent at P, 
is — ai But by the con- 
ditions of the problem the 
slope is to be 3. Hence 


ies (b) 

Solving (a) and (6b) si- 
multaneously, the result is 
Y= F2,y1=+1. Thus 
_ there are two tangents with points of contact (2, —1) 
and (—2, 1) and equations 


Yeol i= 7(t 2), 


which reduce to 
x—-2yF4=0. 
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The method illustrated in the above problem is typ- 
ical and may be applied to any problem of the same 
character. 


141. Tangent from a Given External Point. — To find 
the equation of a tangent to a curve from a given external 
point we proceed as in the following problem. 

Let the curve be x? + 4y? = 8 and the point (1, 3 
As before, let the point of contact be P(x, y:). Then we 
have 


re t4y? =8. (a) 
The slope of the tangent is, by (44), ee ents 
the equation of the tangent is 
y= 3 rei (1m). 
Since this is to pass through (1, 3) we have 
$— th = —7— Cl = 2p. (0) 


4 Y1 
Solving equations (a) and (b) simultaneously, we get 


2, = 2or —3, yi = lor. 


Thus there are two tan- 
gents with points of con- 
tact (2, 1), and (—, #). 
For the first of these the 
slope is —} and the equa- 
tion 


27 
x-147/+20=0 (-555 


y — l= = 215 ne; 2), 
or rt+2y—4= 0. 
For the second the slope is yy and the equation 
pat = aeo +d), 
or z— 1l4y+20=0. 
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PROBLEMS 


1. Write the equations of the tangent and normal to each 
of the following curves at the point indicated: 

(a) x? ++ y? = 18, (2, —3);  (e) 1622 — Dy? = 112, (4, —4); 

(b) a? + 2y? = 18, (4, —1); (f) 22 — 8y =0, (—4, 2); 

(c) y = 22°, (2, 16); (g) a? — 4y?+ 15 =0, (1, 2); 

(d) xy = 24, (4, 6); (hk) 322+ y? = 28, (—3, 1). 

2. The same as Problem 1 for the following: 

(a) x? —2Qy? = 18, (—6,3); (e) 22?+4y? = 20, (2, 2); 

(6) 2y? +52 =0,(—10,5); (f) zy + 18 = 0, (—3, 6); 

(c) y® = —22%,(—2,—4); (gy) y°—-4.27= 64, (3, —10); 

kd) y= 19'x%, (1; 9); (h) 72? +3 y? = 55, (1, 4). 

3. Find the length of the subtangent and subnormal for each 
curve in Problem 1. 

4. Find the length of the subtangent and subnormal for 
each curve in Problem 2. 


5. Find the equation of the tangent to each of the curves in 
Problem 1 parallel to the line 42 — 3y = 6. 


6. Find the equation of the tangent from the point (5, —1) 
to each of the curves (a) and (b) in Problems 1 and 2. 


7. Find the lengths of the subtangent, subnormal, tangent, 
and normal at any point (m, yi) of 
(a) y? =2 pz; (c) b?x? — a*y? = a*b?; 
(b) ba? + a’y? = a*b?; (d) 2? +y? =r, 
8. Show that a line from the focus of the parabola y? = 2 px 
to the point where any tangent cuts the y-axis is perpendicular 
to the tangent. 


9. Write and simplify the equation of the normal to each of 
the curves of Problem 7 at any point (a, y:). 


10. Prove that the tangents at the ends of the latus rectum 
of a parabola intersect on the directrix. 


11. A tangent to the parabola y? = 2 pz has the intercepts on 
the axes numerically equal. Find its equation. 
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12. Prove that the tangents to the ellipse 62x? + ay? = 
a*b? and the circle x2 + y? = a? at points having the same ab- 
scissa meet on the z-axis. 

13. At what points on the ellipse ~; + se = 1 are the tan- 
gents equally inclined to both axes? 

14. Prove that the triangle formed by a tangent to the curve 
2 xy = a’, the z-axis, and a line joining the point of contact with 
the origin is isosceles. 

15. Find the area of the triangle formed by the tangent to the 
curve 2 zy = a? at any point and the coérdinate axes. 

16. Ifa tangent to a parabola meets the latus rectum produced 
at A and the directrix at B, prove that FA = FB, F being the 
focus. 


17. If d and d’ are the distances of the foci of an ellipse from 
a tangent, prove that dd’ is the square of the semi-minor axes. 


142. The Parabolic Reflector. — Let TP be tangent to 
the parabola y? = 2 px at P(a, y), and let TM be the sub- 
tangent. 

Applying the subtangent formula, TM = 22; hence, 
TO = OM =z. Now if F is the focus, this gives 


Diy AL 


TF =ax+ 


Ns 


But FP = NP=2z+f. 


Hence, 7'PF is isosceles, ; 
7.e., the tangent to a parabola 
makes equal angles with the 
focal radius and the prin- j 
cipal axis. 

_ This principle is used in the construction of parabolic 
reflectors. These are reflectors whose surfaces are gen- 
erated by revolving a parabola about its principal axis. 
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The lamp is placed at the focus. Then by the laws of 
optics a ray of light from F to any point on the surface P is 
reflected along PE so that angle TPF = angle HPE. 
But this makes angle HPE equal to angle PTF by the 
above proof. |Therefore PE is parallel to OX. Thus 
all the rays of light from a lamp placed at F are reflected 
along lines parallel to the axis. (See § 61.) 


Exercise 5. Use the above property of the tangent to devise 
a method of constructing a tangent to a given parabola at any 
point by ruler and compasses. 


143. Angle between the Focal Radii and the Tangent 
to an Ellipse at any Point. — Let PT be a tangent and 
PN anormal to the ellipse 

P at any point P(z, y) on the 

isa ellipse, whose foci are F 
eS x and F’. We desire to show 

a e/ ? that these lines make equal 


angles with the focal radu 
to P. 


The slope of F’P is —“~ ; of FP, —“-; and of NP, 
xt+ec x—.C 


2 
ee by § 136. Hence 


Or xo Ur 

ba «rte — axy + arcy — bry 
tan F’PN = —————_—_ = 
- gs ee bx? + bea ++ a?y? 
bx(x + c) 

_ xy tarcy cy. 

~ @b? + ber bP” 

yoenay 

ee be bry eteysrie 

and tan FPN = ay bs? — ber + ay? 
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_ wey — czy ey 


~ @b? — Ber? 
Therefore F’PN = FPN; and the angles which the focal 
radii make with the tangent, being complementary to 
these, are also equal. (See § 71.) 


Exercise 6. Show how to draw a tangent to an ellipse at any 
point. 


144. Diameters of a Conic. — The locus of the middle 
points of a system of parallel chords of any conic is called 
a diameter of the conic. 

Let a chord with slope m meet the ellipse 

ev ¥? 

a? ' B? 
in the points P;(a1, yi) and P2(z; +h, y: +k). Then by 
§ 136 the slope of the chord 
is 


=1 


kM 2 b'(2-27 + fh) 

ho @Qy +k) 
Now let P(a, y) be the 

mid-point of the chord; 


then 


22=22a,+h 
and 2y=2yt+k 


by the mid-point formulas. 


5 = b2x 
Substituting, we have, m = rom 
b2 

ee Yas omens (49) 


‘which is the equation of the locus. From this equation we 
- gee that the diameter is a straight line through the center 
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2 
of the ellipse of slope m’ = — =. Transferring the m 
to the other side, we have an important relation between 
the slopes of a diameter and its chords, 


9 


LMS yar 4 (50) 
In similar manner, we may show that the equation of 
the diameter of the parabola y? = 2 pa, is 
y-2, (61) 
where m is the slope of the system of chords. 
For the hyperbola we obtain as the equation of the 
diameter of a set of chords of slope m, 


9 


The relation between the slopes of the chords and their 
diameter is 


mm’ = —=- (53) 


Exercise 7. Prove Formula 51. 
Exercise 8. Prove Formula 52. 


145. Conjugate Diameters of an Ellipse. — The re- 
lation 


states the condition satisfied by m and m’ if the line 
y = mx is the diameter of a set of chords of slope m. 
But as m and m’ can be interchanged in (50) without 
altering the relation, we see that y = mz is the diameter 
of the set of chords of slope m’, parallel to the first di- 
ameter. 
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Two diameters which have slopes m and m’ such that 
b? : : : 
mm’ = — 7p are called conjugate diameters. Each diameter 


is one of the chords bisected by its conjugate. 

It is readily seen that 
tangents at the ends of a 
diameter are parallel to the 
conjugate diameter. 

For, let Pi(a1, y:) be the 
end of the diameter y = mz. 
The slope of the tangent at 


ae Oe 
P,is aay by § 136. But 


a = ‘, since P,; lies on y = mx. Hence the slope of the 
1 


2 
tangent is a , which is also the slope of the conjugate 


diameter. 

This property, together with Exercise 6, supplies a 
method of constructing a diameter conjugate to a given 
diameter with ruler and compasses. 


146. Conjugate Diameters of the Hyperbola. — The 
relation between the slope of a diameter of the hyperbola 
b2x2 — a?y? = a*b? and the slope of the corresponding 
chords has been found to be 


As the equation of the conjugate hyperbola, —b?x? + ay? 
= ab’, is obtained by substituting —b? for b? and a? for 
—a?’, it is easy to see that the corresponding relation for 
the diameter and chords of the conjugate hyperbola is 


mys) 2 ; 
mm! = — = =. That is, it is the same in both the hy- 
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perbola and its conjugate. As in the case of the ellipse, 


9 


: b 
two diameters of slopes m and m’ such that mm’ = qe are 


called conjugate diameters. 


Similarly, the chords bisected by the diameter y = mz 
are parallel to the conjugate diameter y = m’x. Also the 
tangents to a hyperbola at the ends of a diameter are 
parallel to the conjugate diameter. 


Exercise 9. Prove that the tangents at the ends of a diameter 
of a hyperbola are parallel to the conjugate diameter. 
PROBLEMS 


1. Find the diameter bisecting the system of chords of slope 
2 in each of the following conics: 


(a) 2 +4y? = 16; (d) 2y? —5a2 =0; 
(b) x2 —9y? =9; (e) 922 + 16 y? = 144; 
(ec) #2 + y? = 13; (f) 1622 —9y? = 144. 


2. Find the diameters conjugate to those obtained in Prob- 
lem 1. 
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3. What is the relation between the slopes of conjugate 
diameters of the ellipse b2y? + a2x2 = a2h2? 


4. Show that conjugate diameters of an ellipse lie in different 
quadrants. 


5. What is the locus of the mid-points of a system of paral- 
lel chords with slope m, drawn in the parabola y? = 2 px? 


6. Show that conjugate diameters of a hyperbola lie in the 
same quadrant. 


7. What relation must exist between a and 6 when two con- 
jugate diameters meet the ellipse in the extremities of the latus 
rectum? 


8. Prove that the major axis of an ellipse is greater than any 
other diameter. 
Hint. — Show that 4 a? is greater than the square of any diameter. 


9. Lines are drawn joining the ends of the major and minor 
axes of an ellipse. Show that the diameters parallel to these are 
_ conjugate. 

10. Prove that the tangents to an ellipse at the ends of a 
diameter make equal angles with lines joining these points to 
a focus. 

11. Tangents at the extremities of two conjugate diameters 
of the ellipse a +4 = 1 form a circumscribed parallelogram. 
Find its area. 

Hint. — One conjugate diameter may be taken as a base, and the 
altitude may be found by using the normal form of the straight line 
equation. 

12. Prove that the tangents to two conjugate hyperbolas at 
the ends of a pair of conjugate diameters meet on an asymptote. 


13. Prove that if any pair of conjugate diameters of a hyper- 
bola are equal, the hyperbola is equilateral. 


» 14. Prove that in an equilateral hyperbola the asymptotes 
" bisect the angle between any pair of conjugate diameters. 


CHAPTER XII 


GRAPHS OF FUNCTIONS AND 
EMPIRICAL EQUATIONS 


147. Functions in General. — In Chapter II, § 21, 
the term function was defined as follows: When two 
variables are connected by some law such that the value of 
one depends upon that of the other, the first variable is said 
to be a function of the other. Various illustrations of this 
definition were given, but, in using this notion, we have 
hitherto dealt solely with the case that y = f(x) repre- 
sents the equation of some curve and f(x) represents 
some mathematical expression involving the variable z. 
It is clear, however, from the definition that the notion 
of a function is capable of much wider applications and 
we shall now discuss such applications. The discussion 
will be limited to one-valued functions, 7.e., functions in 
which there is but one value of the dependent variable for 
each value of the independent variable. 

The notation y = f(x) means, according to its definition, 
that the value of y depends on that of x, or in other words 
that to each value assumed by z there is a corresponding 
value of y. The symbol f(«) may represent some mathe- 
matical expression, but this is not necessary. For ex- 
ample, the student. of elementary physics knows that if 
an object is dropped in a vacuum the formula s = 3 gé?, 
where g = 32.2 approximately, expresses the distance 
(s feet) fallen in terms of the time (é sec.) since it was 
dropped. If the object falls in air, this formula no longer 
holds, but it is no less clear that s is a function of t. In 
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like manner the horse-power (P) of a given type of gaso- 
line motor is a function of the cubical contents (v) of its 
- cylinders and we may write P = f(v) without knowing 
any formula connecting P and v. 

In the future, then, we shall regard y as a function of 2, 
provided that to each value of x there corresponds a 
value of y, whether or not any formula is given. 


148. General Problems.— Although the problems 
regarding functions are not primarily of a geometrical 
character, their study by means of the methods of analytic 
geometry is one of the most important applications of 
this subject. The problems to be considered are: 

1. To study functions by means of their graphs; 

2. To discover, if possible, analytic expressions for 
functional relations. 


149. Plotting from Tabulated Data. — When one vari- 
able is a function of another, frequently the only infor- 
mation regarding this functional relation is a table of 
corresponding values of the variables, obtained by col- 
lecting statistics, by measurements, or by similar means. 
In plotting such a function the values of the vari- 
able which is regarded as independent are usually taken 
as abscissas and those of the dependent variable as 
ordinates. 

The scales used should be as large as will permit of 
representing all the data on the paper. In general they 
will not be the same and they should be clearly marked on 
the axes. In choosing the scales the best practice is to 
have one space on the coérdinate paper represent 1, 2, 5, 
10, 20, 50, 100, etc., units of the variable epneemed if its 
_ values are greater thar 190r10.5,.0:22,0/15 0.05; 0.02,0.01 
0.005, etc., units if the Wataes are less than 1. The reason 
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for this is that with such scales it is usually possible to 
estimate an additional digit from the graph. 

If the values of either variable are large, but their - 
range is relatively small, we do not attempt to show the 
origin on the paper, but start from a value near the 
smallest to be exhibited.. For example, if we had y = 
f(x) and the values of y ranged from 102 to 116, it would 
be advisable to choose as the base line not the z-axis, 
but the line y = 100. Then the point whose ordinate is 
102 would be located two of the units chosen above this 
base line. 

ExampLe 1.— The amount of shipping entering New York 
Harbor is given in the adjoining table. Draw a graph illustrating 
this. 

Solution. — If we let T represent the ton- 


Tonnage 

Year (000 nage and y the number of the year, we have 
omitted) to draw the graph of T regarded as a func- 

1911 | 13,400 T (millions) 

1912 | 13,700 

1913 | 14,500 

1914 | 15,800 

1915 | 12,600 

1916 | 13,500 

1917 | 12,900 

1918 | 10,900 

1919 | 12,500 

1920 | 15,000 


tion of y. Values of y will then be laid off on the horizontal 
axis. Since our paper is about 20 spaces wide, it is convenient 
to let 2 horizontal spaces represent 1 year and to start with 
y = 1910 at the intersection of the base lines. 

The range of values of 7’ is 15,800,000 — 10,900,000 = about 
5,000,000. Letting 1 vertical space represent 500,000 tons, or 2 
vertical spaces represent 1,000,000 tons, will require 10 spaces, 
slightly less than those available. We therefore use this scale 
and choose as the horizontal base line the line T = 10,000,000, 
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We now proceed to mark the scales and to plot the points. 
Values of y between those given evidently have no meaning, but 
we join adjacent points by straight lines to aid in carrying the 
eye from one point to another. 

Examp_eE 2.— The following table gives the expectation of 
life at various ages. Illustrate by a graph. 


Age 


20 
30 
40 
50 
60 
70 
80 
90 


Expecta- 


tion 


42.20 
35.33 
28.18 
20.91 
14.10 
8.48 
4.39 
1.42 


Solution. — Let A represent age and H 
expectation; H is a function of A. If 1 
space on the A-axis represents 2 years we 
need 35 spaces to cover the range of values 
of A. The same scale on the H-axis requires 
21 spaces. 

Proceeding as before, we plot the points. 
In this example values of A between those 
given have a meaning and there are corre- 
sponding values of H. We therefore join the 
points by as smooth a curve as possible, since 


it is reasonable to assume that the variation of H is regular. 


40 


30 


20 


10 


0 
20 


[ 
| 
| 


40 50 60 70 80 90 


150. Plotting from Formulas. — When a functional 
relation between two variables is given by a formula, the 
-method of procedure in plotting is the same as in the 
previous case except that the table of values must be 
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calculated. If the variables are x and y and we wish to 
represent y as a function of x, we solve the equation for y 
in terms of x and proceed as in ordinary curve plotting 
with two exceptions. One is that we restrict the range of 
values of x to cover only those values which we wish to 
exhibit. The other is that values which have no concrete 
meaning in the problem are not plotted, even though they 
may happen to satisfy the equation. 

Examp.e. — The formula t = 10.6 + 0.0415 x — 0.0000193 «? 
gives the mean temperature ¢t (°C) of a certain artesian well at 
various depths x (metres). Illustrate by a graph, letting z 
range up to 500 metres. 

Solution. — Negative values of x naturally have no meaning. 

‘Let us calculate our table of values for x at intervals of 50. 
We let ¢ = 10 be our horizontal base line and choose for our 
scales: 1 space = 20 metres; 1 space = 1°. We can then plot 
our values of t correct to 0.2°. The graph is a curve which is 
concave down. By inspection of the equation it is seen to be 
an are of a parabola. 


& t 


0 | 10.60 
50 | 12.63 
100 | 14.56 
150 | 16.39 
200 | 18.13 
250 | 19.77 
300 | 21.31 
350 | 22.76 
400 | 24.11 
450 | 25.37 
500 | 26.53 


151. The Graph as an Aid in Computing. — One of the 
important uses of the graph of a function is the finding of 
additional pairs of values of the variables concerned. 
To illustrate this consider the following graph, which | 


GRAPHS OF FUNCTIONS 231 


shows the distance (d miles) to the horizon at sea for 
various heights (h feet) above sea level. From the graph 
we can read off at once the value of h corresponding to a 
given value of d, and vice versa: e.g., when d = 20, 
h = 230; when d = 25, h = 360; whenh = 120,d = 14.5, 
etc. 


h d 
an a 

0 0 oU = 

50 9.3 

100: | 13.2 20 

150 | 16.2 im | 

200 | 18.7 

250 | 20.9 10 

300 | 22.9 HH 

ao0 | 24.7 lh 
400 | 26.4 0 100 200 300 400 500 
460 | 28:0 

500 | 29.5 


This method is of practical value only when the graph 
is carefully drawn on a fairly large scale. It is most useful 
when a very great degree of accuracy in the results is not 
required and when the same graph can be used often 
enough to justify the labor of drawing it. 

If a formula is given and the value of one variable cor- 
responding to only one value of the other is desired, it is 
usually easier to calculate the desired value than to plot 
the graph. But when several values are required, the 
graphical method is much superior. If in the formula 
plotted in the preceding section we consider the problem 
of calculating’the value of x for which ¢t = 15, we can see 
how laborious such calculations can be even when the for- 
mulas are relatively simple. 

When no formula is available the only alternative to 
using the graph is to interpolate by proportional parts. 
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This is not only more troublesome, but frequently less 
accurate than using the graph. The reason is that when 
we interpolate by proportional parts we assume that the 
portion of the graph between two adjacent plotted points 
is a straight line. That this is often far from being the 
case is easily seen from the above graph. For example, 
the graph shows that when h = 20, d = 5.9. If we inter- 
polate to find d when h = 20, we have: 


20. d 
50. 9.3 
or d=2 X 9.3 = 3.72 


In this case the interpolated result is too small. 


PROBLEMS 
1. Illustrate the following tables of statistics graphically: 


(a) U. S. MprcHant (b) U.S. Customs (c) ANNUAL RaIn— 


MarINnNE AVERAGE RaTE FALL AT NEw YoRK 

Tonnage Rate 
Year (000 Year (%) Year | Inches 

omitted) 
1911 7,640 1860 | 19.6 1909 41.55 
1912 7,710 1865 | 47.5 1910 35.98 
1913 7,890 1870 | 47.1 1911 40.34 
1914 7,930 1875 | 40.5 1912 | 38.50 
1915 8,390 1880 | 438.7 1913 44.39 
1916 8,470 1885 | 45.8 1914 33.50 
1917 8,870 1890 | 44.5 1915 40.83 
1918 9,920 1895 | 41.7 1916 SoLk 
1919 | 12,910 1900 | 49.7 1917 | 39.28 
1920 | 16,320 1918 | 33.59 


1919 | 49.38 


2. The premium ($P) on a $1000 life insurance policy for 
various ages (x yrs.) is given in the following table. Draw a 
graph exhibiting P as a function of x. Estimate from the 
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graph the premium at age 32 and at age 43; also the age at which 
the premium is $52. 

» 20 25 30 35 40 45 50 55 60 
P 18.78 21.02 23.86 27.54 32.36 38.83 47.68 59.88 76.94 


3. The following table gives the pressure of steam (P Ibs.) 
at various temperatures (7° F.).. Draw a graph showing P as 
a function of T. From the graph make a table showing the 
temperatures corresponding to pressures of 240, 250, 260, ete. 
up to 330 lbs. 


oto 20 930 = 40" 50. 60.7770. 80.790 -100 
P 240.0 259.2 274.3 286.9 297.8 307.4 316.0 323.9 331.1 337.8 


4. The following table gives the pressure per square inch. 
(p lbs.) of saturated steam corresponding to the volume (v cu. 
ft.) per pound. Draw a graph showing p as a function of »v. 
Estimate from the graph the values of p corresponding to v = 
20 and v = 10; also the vaiues of v corresponding to p = 20 
and p = 40. 
ve 68.9 26.4 14.0 7.0 4.3 Den 
p 6.9 14.7 28.8 60.4 101.9 163.3 


5. An object is thrown vertically upward with an initial 
velocity of 96 feet per second. Its velocity after t seconds is 
given by the formula v = 96 — 32¢t, where v is measured in 
feet per second. Draw the graph of this function. 


6. The velocity (v ft. per sec.) of an object thrown directly 
upwards is given by the formula v? = u? — 64s, where w (ft. 
per sec.) is the initial velocity and s (ft.) is the height reached. 
Plot the graph of v as a function of s when (a) wv = 32; (b) u = 
64. 


7. The volume (V) of a sphere in terms of the diameter 
(D) is given by the formula, V = $ 7D%. Plot the graph, letting 
D range from 0 to 10. Estimate from the graph the correct 
diameters for V = 100, 200, 300, 400, 500. 


. 


8. The pressure per square inch (p lbs.) upon a parachute 
falling in air in terms of its velocity (v ft. per sec.) is approxi- 
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mated by the formula p = 0.00303 v2. Plot the graph, letting 
v range from 0 to 30. 


9. The melting point (6° C.) of an alloy of lead and zinc con- 
taining x% of lead is given by the formula @ = 141.4 + 0.6202 
+ 0.0130 x2. Draw the graph, letting x vary from 40% to 90%. 
For what percentage is the melting point 200°? 


10. The barometric pressure (p in.) in terms of the height 
(h ft.) is given by the formula p = 30 e—9-0000234, Plot the graph, 
letting h vary from 0 to 30,000. What are the values of h 
corresponding to p = 28 and p = 20? 


11. The number of years (n) required for a sum of money at 
compound interest at the rate 7 (%) to double itself is given ap- 
proximately by the formula n = ° ~ ; . Plot the graph, let- 
ting i vary from 1 to 10. Estimate from the graph the values 
of 7 corresponding to integral values of n from 10 to 20. 


12. Two burners are 10 feet apart. At a point on the line 
joining them the amount of heat (H calories per second) received 
Age 60 480 
from the burners is given by the formula H = a — Go — =) ) 
where x is the distance of the point from one of the burners. 
Plot the graph of this function and determine from the graph 
the value of x which makes H least. 


13. In a circle of radius R the area of a segment cut off by a 
chord subtending an angle x° at the center is given by the for- 
R?f «x 
2 (180 
when (a) R = 10; (6) R = 20. From the graph find the value 
of the angle when the area of the segment is one-third the area 
of the circle. 


mula A = — sin e). Plot the graph of this function 


152. Derivation of Equations. — No general rules can 
be given for deriving the equation expressing a functional 
relation, since the procedure depends upon the laws of the 
subject from which the problem is taken. In order to 
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express y as a function of x we must obtain from the con- 
ditions of the problem an equation of the form y = f(z), 
in which f(x) contains no variable other than x. We shall 
illustrate by giving three important types of problems 
which are commonly met in applications of mathematics. 


153. A Geometrical Problem.—A rectangle is in- 
scribed in a semi-circle of fixed radius r. It is required to 
express the area of the rectangle as a function of the base. 


Solution. — Let A be the area and let x = HB be the base. If 
we denote the altitude BC by y, we have at once 
A= ay. 


But A is to be expressed as a func- 
tion of x. Hence we must find a rela- 
tion connecting x and y so that y can 
be expressed in terms of 2. he 0 


Let O be the center of the circle and draw the radius OC. 
Then r? = OB’ + BC’; 


2 
that is r= q ap Obs 


or a= VA a2, 
Substituting this above gives the result 


A =5Var — 2, 


The graph of this function is plotted in Fig. 2. 


154. Linear Functions. — These occur when one vari- 
able changes with respect to the other at a constant rate. 
By the rate of change of y with respect to x is meant the 
change in y per unit change in x; that is, if 21, yi and 2, 


yo are two pairs of values, the rate of change is . = : 
2a 
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We now proceed to prove two theorems analogous to 
those of § 37. 


TurorEM I. If y = f(x) is linear, the rate of change of 
y with respect to x 1s constant. 
Proor. By hypothesis, y = f(x) is of the form y = 
b + mx, where b and m are constants. If x1, y; and 2%, ye 
are any two pairs of values of x and y, 
Yi = b + may, 
and Yo = be + max. 
Subtracting, we have 
Yi — Y2 = m(x1 — 2), 


Le a4a 
ph Eames Belang 
1 — I 


whence 


The left member of this is the rate of change of y with 
respect to x. As it equals m, a constant, the theorem is 
proved. 


THeorEM II. Jf y changes at a constant rate with re- 
spect to x, y = f(x) cs linear. 

Proor. Let m denote the rate of change and x, y; bea 
fixed pair of values of the variables. Since the rate of 
change is constant, we have for any other pair of values 
aT 


haan 8 m, 
a 
whence y — y. = m(x — 2). 


This is a linear equation. 

Corollary. If the rate of change of y with respect to x 
is mand y = bwhenx = 0, y = b+ mz. 

From the above it is apparent that the graph of a func- 
tion changing at a constant rate is a straight line whose 
slope is the rate of change (due allowance being made 
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for the use of different scales in plotting). Hence we 
need but two pairs of values to plot the graph and we 
can use any of the forms of Chapter III in writing the 
equation. 


Exampte. — If T is the boiling point of water and h is the 
height above sea-level, 7 is a linear function of h. T = 212° F. 
when A = 0, and 7 = 202° F. when h = 5000 ft. Express T 
as a function of h, find the rate 
of change of 7, and draw the 7 
graph. 

Solution. — As we have two. 
pairs of values, we use the two- 
point form of the linear equation, 
obtaining 
ie O12 _ 212 — 902 
cag. 0 =5000.. <s 
or T = 212 — 0.002 h. 


By inspection the rate of change is —0.002° per foot, the 
minus sign showing that the boiling point falls as A increases. 
The graph is the straight line joining the two given points. 


155. Variation, Direct and Inverse.— The phrases 
varies as and varies inversely as frequently occur in stating 
various laws. The statement “y varies as x” (or “y 
is proportional to x’’) means simply that y = kx, where 
k is a constant. The statement “‘y varies inversely as 
x” (or “y is inversely proportional to x’’) means that 
y= é, where k is a constant. Obviously the value of k 
can be determined if one pair of values of the variables is 
given. 

Exampie. — The square of the time of revolution (T) of a 
planet about the sun varies as the cube of its distance (x) from 


the sun. The distance of the earth from the sun is 92.9 millions 
of miles. Express 7 as a function of z. 
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Solution. — The statement of the problem gives 


Ti ae, 
But when x = 92.9, T = 1 year. 
Hence ; 
= 2.9)3%k k = —— e 
1 = (92.9)%k or 02.9): 


Substitution of this gives 
| Peyote 
~ (92.9)2’ 
whence Te — 0 COLL teres 


The graph is evidently a semi-cubical parabola. 


156. Several Common Algebraic Functions. — Be- 
sides linear functions we frequently have functions of 
the form y = kx" and y=a-+bz-+cz*. In the first 
quadrant, if k is positive, the graph always assumes one 


of the forms given in the figure. If n is a fraction E , 


where p and qg have no common factor, it is easy to see by 
considerations of symmetry 
E-EEEH H that the remainder of the graph 
is in the second quadrant when 
p is even, in the fourth quad- 
0 rant when gq is even, and in the 
. third quadrant when p and gq 
x are both odd. 
= E The graph of y = a + bx + ex? 
~ is a parabola with its axis per- 
pendicular to the x-axis. For this function the greatest 
or the least value of y can be found by determining 
the vertex as directed in Chapter VIII. For example, 
if y= 2+82x— 32’, we complete the square in x and 
obtain y = —3(x — 4)? + 32. Hence the vertex is at 


yr 


iS 


0 
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x= 4%, y=. As the square term is negative 22 is 
the greatest value of y. 


PROBLEMS 


1. Express the area of an equilateral triangle as a function 
of the length of a side and plot the graph. 


2. Express the area of a regular hexagon as a function of the 
length of a side and plot the graph. 


3. A plane distant a units from the center of a sphere of 
radius r cuts off a segment of volume V = = (a3 — 3ar? + 27°), 


If x denotes the greatest thickness of the segment, express V as a 
function of zx. 

4. If the perimeter of a rectangle is 100, express the area as 
a function of the length. Find the length for which the area is 
greatest. 

5. If the area of a rectangle is 100, express the perimeter as 
a function of the length. Plot the graph and estimate the length 
which gives the least perimeter. 

6. It is desired to fence off three sides of a rectangular plot 
of ground, a stone wall being available for the fourth side. If 
120 yards of fence material are available, express the area of the 
rectangle as a function of the length. Find the dimensions 
giving the largest rectangle. 

7. In the triangle ABC, the angle C is a right angle, AC = 
20, and BC = 10. A rectangle is drawn having one angle co- 
inciding with C and the vertex opposite to C lying on AB. 
Express the area of the rectangle as a function of the length of 
the side lying along AC, draw the graph, and determine the 
length which makes the area largest. 


8. In a triangle ABC the length of the base AB is 120 ft. 
and the length of the corresponding altitude is 60 ft. A rec- 
tangle is drawn having one side lying along AB and the other 
vertices on AC and BC. Express the area of the rectangle as a 
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function of its length, draw the graph, and find the area of the 
largest possible rectangle of this kind. 


9. A right circular cylinder is inscribed in a right circular 
cone of radius 7 and height h. Express the height of the cylinder 
as a function of its radius. Plot the graph of this function. 


10. A rectangular box of constant volume C has a square base. 
Express the total surface of the box as a function of the length of 
one side of the base. Draw the graph of the function. 


11. A rectangular box has square ends and the sum of the 
length and the girth is 84 in. Express the volume as a function 
of the length of one side of the square end. Plot the graph and 
estimate the dimensions which will give the largest volume. 
(Such a box is the largest that can be sent by parcels post.) 


12. Express the distance D from the point (10, 0) to any point 
P on the parabola y? = 16x as a function of the abscissa of P. 
Plot D = f(x) and estimate from the graph the value of a 
which makes D least. 

18. The formula V = v(t ~ x) gives the volume of ex- 
panding gas as a function of the temperature 7’, where the 
pressure remains constant and V, denotes the volume when 
T = 0°. Plot the graph of this function for the case that Vo = 
100 cu. ft. What is the rate of change in the volume? 


14. The telegraph rate over a certain distance is 40 cts. for 
10 words or less, and 3 cts. for each additional word. Write 
a formula giving the cost of a message (C cts.) as a function of 
the number of words (n). For what values of n is this formula 
valid? 


15. A steel rail expands at a constant rate with respect to 
the temperature. If its length is 30 ft. at a temperature of 0° C., 
and 30.00163 at a temperature of 50° C., express the length as 
a function of the temperature. Draw a graph on such scales as 
will make it possible to read off the length for any temperature 
between 0° and 50°. 
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16. The length (/ in.) of a wire stretched by a force (p lbs.) 
increases at a constant rate as the tension increases. If 1 = 
34.5 when p = 100 and J = 35.3 when p = 500, at what rate 
does the length increase? Write / as a function of p. 


17. On ascending a mountain it is found that the boiling 
point of water falls at the rate of 2° per thousand feet. If the 
boiling point (7'°) is 212° at sea-level, express 7’ as a function of 
the height (A ft.). 


18. Express the amount ($A) of a note for $100 at simple — 
interest 6% as a function of the time (n yrs.). At what rate is 
A Meche? 

19. Plot the graphs of the following: 

(@) y=iat; ~© y = 1027; (e) y = 22-3; 
() y=a2t;  (d) y = 015°; koa, 

20. Sketch the graphs of the following, taking all arbitrary 
constants positive: 

(a) y = kat, n intestel” 
(6) y = kx—", n integral; 


Oi Fee p odd, qg even; 
(ry — wars p odd, q even; 
(Gy hast p even, g odd; 
Gi) eS ke p even, g odd; 
(gg) y= ie £ odd, q odd; 
(h) y =ke ’ , p odd, g odd. 


21. The number (n) of vibrations per second of a string varies 
inversely as the length (J in.). Express n as a function of l. 
Sketch the graph. How could the value of the arbitrary con- 
stant be found? 

22. The velocity of a falling body (v ft. per sec.) varies as the 
square root of the distance (s ft.) through which it has fallen. 


> 
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If v = 40 when s = 25, express v as a function of s. What is 
the graph? 


23. The areas of regular polygons of the same number of sides 
vary as the square of the length of a side. By careful measure- 
ment the area of a regular pentagon is found to be 27.53 sq. in. 
and the length of a side is 4 in. Write a formula for the area 
as a function of the length of a side. 


24..The acceleration due to gravity (g ft. per sec. per sec.) 
varies inversely as the square of the distance (d miles) from the 
center of the earth. If g = 32 on the surface of the earth and 
the radius of the earth is taken as 4000 miles write the formula 
expressing g as a function of d. Sketch the graph. 


25. The consumption of coal by a certain locomotive varies 
as the square of the velocity; when the velocity is 16 miles per 
hour the coal consumption is 2 tons per hour. Write a formula 
giving the coal consumption per hour for any velocity. Draw 
the graph. 

26. If other expenses of running the locomotive in Problem 
25 were $5 per hour and coal cost $10 per ton, express the cost 
of making a run of 100 miles as a function of the velocity. 
Plot the graph and estimate what velocity would be most eco- 
nomical. 


27. The pressure (p) of a gas varies inversely as the volume 
(v). Ifp = 50 lbs. when v = 3 cu. ft., express p as a function of 
v and plot the graph. 


157. Empirical Formulas. — Suppose that n pairs of 
values of the variables x and y are known and it is desired 
to express y in the form y = f(x). The problem stated is 
clearly insoluble. For, if we take any equation involving 
nm arbitrary constants and substitute the values of x and 
y, we get n simultaneous equations which can in general 
be solved. Thus we seem to have an infinite number of 
possible solutions of the above problem. On the other 
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hand there is no reason to believe that any one of these 
possible equations would be satisfied by any pair of values 
of the variables other than those given. 

However, the given values of x and y usually represent 
measurements of some kind and are themselves not exact. 
If then we can find a simple formula nearly satisfied by the 
measured values, this may be regarded as a solution of 
the problem stated above. It will serve as a practical 
means of calculating approximations to other values of 
the variables. Its form may suggest hitherto unknown 
laws connecting the variables, which can be OS) 
by later investigations. 

Such formulas are called empirical, in contradistinction 
to rational formulas or formulas derived by reasoning. 
The formulas of pure mathematics are rational. Those 
of science are usually empirical in their application. 
The discovery of. empirical formulas is sometimes called 
curve fitting. The aim in each case is to get a formula suck 
that the calculated values of the dependent variable 
differ from the measured or observed values by less than 
the errors due to unavoidable imperfections in measure- 


ment. 


158. General Procedure.— In finding an empirical 
formula the work falls into three parts: 1, choosing the 
type of equation; 2, finding the best values of the arbitrary 
constants; 3, calculating the deviations between the ob- 
served values of the dependent variable and those given 
by the formula. 

The choice of the type of equation is sometimes dic- 
tated by theoretical considerations. If there is no reason 
for preferring a particular type, the choice is a matter of 
“intelligent guess-work and experiment. The first thing 

to do is always to plot the data and draw a graph. Its 
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shape will often indicate the proper equation. Other 
methods will be indicated later. 

The second step must always be carried out even if we 
know the form of the equation in advance. For example, 
if we know that the equation is of the form y = mz, we 
cannot find m by substituting any pair of values, since 
different pairs will give different values. This is due to 
the impossibility of measuring x and y exactly. As an 
experiment draw a straight line joining the origin to the 
point (16, 138), read off from the graph the values of y 
for integral values of xz and see how many exactly satisfy 
the equation y = +é x. 

The purpose of the last step is to check the work. As 
stated before the desired formula.should be such that the 
differences between the calculated and observed values of 
y will be less than the errors made in measuring the 
latter. If this is not attainable, the formula must give 
results accurate enough at least for the purposes for 
which it is used. 

In the following we shall confine the discussion to 
problems where the formulas are of the common types 
y=b + mez, y = a + br + cz’, y = ka*, and y = ke™. 


159. The Type y = b + mx.—Since a large number of 
functions change at a constant rate, we shall first consider 
fitting linear graphs. The method is best explained by an 
example. 

In the following table 7 is a function of x and the values 
of 7 have been measured to the nearest 0.5 unit. Plot- 
ting the points, we see that they lie nearly in a straight 
line and therefore conclude that a linear function will give 
a “ good fit.” 

Setting 7 = b + mz, we now have to determine the 
proper values of the arbitrary constants b and m. There 
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are several ways* of doing this; we shall give two. First 
of all, we can draw the line which seems to come nearest 
to all the plotted points and read off the values of b and m 


20 


O | 2 
5 1 
1 
1 


/ 


10 
15 
20 
25 
30 


10 


a 
a 
i 


0 5 10 15 20 25 30 


from the graph. In the above figure b = 19.8 apparently. 
To get the slope take two points on the graph near the 
ends and use the slope formula. Thus, when z = 6, 
T = 16, and when xz = 27, T = 38. Hence m = —}$ = 
—0.62. The required formula is 

T = 19.8 — 0.62. 


To get good results by this method we need a large sheet 
of plotting paper. 

The second method is what is called the ‘‘ method of 
averages.’ If we substitute the values of « and T' in the 
equation 7 = b + ma, we obtain the following equations: 

20 05—. 
17.0=b+ 5m 


10.5 =b+15m 
7.5 =b+ 20m 
4.0=b6+25m 
1.0=b6+30m 


* The best method of obtaining the coefficients is by the method 
of least squares. This involves principles beyond the scope of this 
book and will not be discussed. For ordinary purposes the methods 
given here are satisfactory. 
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We divide these equations into two nearly equal groups, 
say the first four in one group and the last three in the 
other, and add. This gives two equations 

46+ 30m = 61 

36+ 75m = 12.5 
which can be solved simultaneously. Solving, we find 
b = 20 and m = —0.633. Hence the required formula is 


T = 20.0 — 0.633 z. 


The values of 7 as calculated 
pay ai PRM qed Ose this formula are given in 
the adjoining table under the 
heading T,. Subtracting these 


: ek zat Pits from the observed values 7’, we 
10 | 13.5 | 13.7 | —0.2 | find the residuals T) — T,. As 
15) 10.5) 10.5} 0 none of the latter are greater 
20 7.5 7.3 | +0.2 E 

2 | 4.01. 42|—09| than 0.2 and the observed 
em te Oe 1.05) 20 values all had a possible error 


of 0.25 (since they were meas- 
ured only to the nearest + unit) 
we conclude that our formula is a satisfactory one. 


160. Principle Involved in the Method of Averages. — 
If we assume a formula of the type T = b + mz and ecal- 
culate values for b and m as in the previous section, we 
find that the substitution of a particular value for x 
in 6 + mx will not give the observed value Ty of 7 in 
general. Thus for any value of « we have Ty) — (b + ma) 
not equal to zero but equal to the residual 7) — T,. 
In the example referred to 20 —b, 17— (b+ 5m), 
13.5 — (6+ 10m), and 10.5 — (6+ 15m) are the re- 
siduals for x = 0, 5, 10, and 15. If we set the sum of 
these equal to zero, we have 


61 — (4b + 30m) =0, 
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which is the same as the first simultaneous equation of the 


previous section 
4b+ 30m = 61. 


Thus the method of averages is merely a calculation of 
values of the arbitrary constants of the assumed formula 
which will make the algebraic sum of the residuals equal 
to zero for each of two groups of values of the variables. 
This makes the average residual zero, and we assume that 
the values of the constants thus obtained give a satisfac- 
tory formula. 

The reason for using two groups is that we have two 
arbitrary constants. If we had only one, we would sum 
all the equations; if we had three, we would divide the 
data into three groups. 


161. First Differences. — If in a table we subtract a 
value of one variable from the next following, we call the 
result a first difference. First differences are indicated by 
prefixing A to the letter representing the variable. In 
the adjoining table every value of Az is +5, and the val- 
ues of AT are tabulated opposite the corresponding values 
ofxand T. There is of course no AT for the last value of 
a in the table. 

In general, if y is a linear function = FE aT 
of x, and therefore changes at a 


constant rate, it is clear that for equal GO |-20.0s*—3.0 
values of Ax the corresponding values Salt .05) 3.5 
of Ay must be equal, and conversely. + ae . 
For Ay is the change in y due to 20 | 7.5 | —3.5 
a change of Az units in wz, and 25 | 4.0} —3.0 
therefore equals Az times the rate of a Be 


change of y with respect to x. 
_’ This fact affords a method for deciding upon the avail- 
ability of a linear formula without plotting the data. If 
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the values of the independent variable are given at equal 
intervals, calculate the first differences for the dependent 
variable. If these are approximately equal, a linear re- 
lation may be assumed. In the given example the values 
of x are given at intervals of 5 units and AT is approxi- 
mately constant; hence it is reasonable to assume a 
linear relation. 
PROBLEMS 

In each of the following find a linear formula approximately 
representing the second variable as a function of the first. 
(a) by graphical means; (b) by the method of averages. 
1, z| y 2.2% y Sa d re y 


25 | 0.58 20] 110.35 24.7 | 0.00791 19 | 76.00 
AQ IOs C2 os 1) LLO, CL eat eeu sUs PA i det 
50 | 0.82 62/]111.18 49.3 | 0.00820 30 | 79.35 
GORIORSO R= (40) TL 435 Ges OnUso+ 36 | 81.10 
Koo OT sOl Se 925/511 077 66-822 0200845 40 | 82.35 
80 | 1.04 71.5 | 0.00849 45 | 838.70 
90 | 1.10 50 | 85.40 
6225 4h 6.52 y ype y Ss. = y 

a5 102 S|) 310 S20) 4062 SOs 
iP {| APP 10 | 28.5 DR ZaOneS 6 | 100.65 
3.9 | 2.45 15-) 26.1 5.9 late 7, 10 | 101.07 
450) | 2400 20 e2osD Oafaleo 12 | 101.30 
OE Zrse 25°) 20.8 9.6 | 66.1 Loo tOTeGu 
ty | Phe SOR ISH oul eee eee, 

Seoul coe 35") 15.8 

Granigoe2o) 40 | 13.4 


9. In one of the above problems calculate the values of the 
dependent variable from the empirical formula and find the 
residuals, 

10. In one of the above sets of data show the availability of 
a linear formula by finding the first differences. 
11. The latent heat of steam (L calories) is shown in the 


following table: 
T 70 85 100 115 130 
L 557 546 5386 526 515 


for various temperatures (7°). Find an empirical formula. 
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12. The force (F lbs.) which would just lift a weight (w Ibs.) 
was found in experiments with a crane to be as follows. De- 
duce an empirical formula. 

w 100 200 300 400 500 600 700 800 
BYS.6 “128 17.0" 204 25.6° 29.9" 34.2385 


13. The length of an iron bar (Z cm.) at various temperatures 
(T°) was found to be as follows. Find an empirical formula. 


ay 20 30 40 50 60 70 
L 1000.00 1000.20 1000.38 1000.57 1000.75 1000.95 


162. Equations of the forms y = a + bx? andy =a+ 
b 


e These forms involve two arbitrary constants and 


can therefore be obtained in the same way as linear 
equations. Since the first is the equation of a parabola 
symmetrical with respect to the y-axis, it is not applicable 
unless y has its least (greatest) value when x = 0 and 
increases (decreases) indefinitely with x. The graph of 


y=at+ ° is an equilateral hyperbola with the asymptote 


y = a and will sometimes fit a set of values in which the 
value of the dependent variable appears to approach a 
constant. 

If in the first case we set x’ = x?, the equation y = a 
+ ba? becomes y = a+ ba’, which is linear. Hence, if 
we plot (z’, y) and the plotted points lie nearly in a straight 
line, we may assume that y = a + ba? is the proper type. 
The values of a and b can then be approximated from the 
figure or obtained by the method of averages. Similar 


b 
remarks apply to the type y = a+ = 


Exampte. — Find an empirical formula fitting the data in 
the following table. 
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Solution. —Inspection of the table 
shows that as x increases y decreases, and 
a id “= indicates that y approaches a definite 


Sa POTT0\ toe oe 
10 | .0715 | .1000 
15 | .0650 | .0667 
20 | .0614 | .0500 
30 | .0582 | .0333 


40 | .0563 | .0250 — .060 
60 | .0540 | .0167 EEE 
30 | .0532] 0125 Desir Ss ke 

0 AV25 050 75 -100 125 


limit. It seems reasonable therefore to try a formula of the 
type y=a+ 2% We set x’ = “ and calculate the values 


of zx’. Plotting the points (2’, y), we find that they 
lie nearly in a straight line, whose equation is found 
from the graph to be y = 0.051 + 0.21 zx’. Hence an 
0.21 
re 

To obtain better values of a and b we divide the data into two 
equal groups and use the method of averages. Substituting the 
values of x’ and y in the equation y = a + br’, we have: 


approximate formula is y = 0.051 + 


.0770 = a+ .1250b .0582 = a+ .0333 6 
.0715 = a+ .10006 .0563 = a+ .02506 
.0650 = a + .0667 b .0540 = a-+ .01676 
.0614 = a +..0500b .05382 = a+ .01256 


.2749 = 4a+4 .3417b (1) .2217 = 4a + .08756 (2) 

Solving equations (1) and (2) simultaneously, we find that 

b = 0.209 and a = 0.0509. Hence y = 0.0509 + 0.209 x’, or 
1 = 0.0500 + 220, 

If we calculate the values of y by this formula, we find that 

the greatest residual is numerically 0.0004. However, we can 

obtain nearly as good results by using the simpler formula 


y = 0.051 +2, 
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163. The Parabola y = a + bx + cx®. — If it is thought 
that the values of x and y may satisfy an equation of this 
type, the coefficients a, b, and c can be obtained by the 
method of averages as in the case of linear formulas. 
Here the given values must be divided into three groups, 
since there are three arbitrary constants. 

As the work of finding these constants is much longer 
than in the linear case, it is desirable to have some quick 
method of determining the suitability of this type in 
advance. If the values of x are equidistant, this is easily 
found. In fact, we have the following theorem. 

Ify =a-+ be + cx? and Ax is a constant, Ay is a linear 
function of x. 


Proof. Let Ax = h. Then for any value of z: 


y =a-+ be + cx? 
y+ Ay=a+baa+h)+c(a +h)? 
a+ be + bh + cx? + 2 cha + ch?. 
Hence Ay = bh + 2 chx + ch? 
= (bh + ch?) + 2 chz, 


which is a linear function of z. 

The converse of this is readily established. To deter- 
mine whether or not Ay is linear we apply § 161. The 
difference between two successive first differences is 
called a second difference and is denoted by A’y. If Ay 
is linear, § 161 tells us that A*y, the first difference of Ay, 
must be constant. Hence we have the corollary: 


If y = a+ bx + cx? and Ax is constant, A*y vs constant, 
and conversely. 


From these results we conclude that if the values of x 
are equidistant and those of A*y are approximately equal, 
the proper formula is of the type y = a + bx + cz’. 
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Examp_e. — Find an empirical equation for the following 
table of values of ¢ and T, 


t Ey AT | “&r Tc regarding the former as the 
—- independent variable. 

o | 15:1 14.9 | -0.5 | 15.2 Solution. — Here At = 5. 

5 | 20.0] 4.4 | —0.4 | 20.0 Calculating AZ and A°T7, 
10 | 24.4] 4.0 | —O4 | 24.4 we find that the latter is 
ee a = ae a nearly constant and therefore 
95 | 35.2] 2.9 ~ | 353 assume a relation of the type 


30 | 38.1 38.1 T =a+ bt + ct? 
Dividing the data into three groups and substituting for ¢ and 
T, we obtain the following equations. 
a1 yn ee 
20.0= a+ 56+ 25c 
24.4= a+1064+100c 
59.5 =3a+1564 125c (1) 
28.4 a+156 + 225¢ 
32.0 a +206 + 400c¢ 
60.4 =2a +356 + 625c (2) 
35.2 = a+25b+ 625c 
38.1 = a+30b+4+ 900c 
73.38 =2a+55b + 1525c (3) 
Subtracting equation (2) from-equation (3) and dividing by 20, 
we get 
b+ 45c¢ = 0.645. (4) 
Multiplying equation (1) by 2 and equation (2) by 3, subtract- 
ing, and dividing the result by 25, we get 
36+ 65c = 2.488. (5) 
Now eliminate 6 from equations (4) and (5). This gives 
c = —0.0079. 
Hence b = 1.00*. Substituting 6 = 1 and c = —0.0079 in 
equation (1) gives finally a = 15.2. 
Our formula is then 
T = 15.2 + t — 0.0079 
The calculated values of T(T,) are seen to agree almost exactly 
with the given values. 
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PROBLEMS 


Find a formula of the type y = a + bz? approximately satis- 
fied by the following sets of values. 


i ey y 2202 y Bh Gs y Ai y 
0.1 | 1.64 5.4 | 0.0493 0 54.4 5.2 | 19.9 
OBZ. le beos 6.9 | 0.0821 4.5 | 64.6 Hae || 20) 
Orse) £60 Some Les Gesnie7456 Gro 24a 
0.4 } 1.58 9.6 | 0.154 hth || EES C4 73001 
Oebuie L5G 10.9 | 0.197 8.9 | 94.4 Sjar4 || St50 
OsG 52 11.8 | 0.234 
OL }.1.49 12-8 | 0.274 
0.8 4.43 14.1 | 0.328 


Find a formula of the form y = a + 2 approximately satisfied 


by the following sets of values. 


ip main y 6.2 y if Ee ] ce a y 
2 4.2 2 267. 320 | 0.0468 36.8 | 16.6 
4 8.1 aay Ne PRL 240 | 0.0459 oult5 || dle/ 66) 
6 9.6 La7ale 2026 180 | 0.0444 PAC) |i. LPL 74 
Sat 1Oet ZeOWels co 140 | 0.0431 21.0 | 17.4 
10 | 10.6 Ajay | moe el! 120 | 0.0420 15.8 | 18.2 
12 | 10.8 aye U7 (gle: Sas 100 | 0.0407 T2EGr ond 
Bjorsh |) Ia 80 | 0.0382 
AAO! 1226 60 | 0.0345 


Find a formula of the form y = a + bx + cx? approximately 
satisfied by the following sets of values. 


9. x Yy lB y It te ays 
0 | 1.818 0 | 0.26 1.5 | 36 

2 | 1.822 1 | 0.60 2.0 | 52 

3 | 1.826 2 | 0.98 Phi \ 4 

4 | 1.832 3 | 1.39 3. On 92 

5 | 1.840 4) 1.82 Se OMe L LS 

6 | 1.850 5 | 2.29 4.0 | 140 

Gale zat 4.5 | 168 

7 | 3.29 5.0 | 199 

8 | 3.84 6.0 | 267 
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12. The time (n yrs.) required for money to double itself at 
compound interest is given in the following table for various 
rates ({%). Express n as a function of 7. 


Vs L 2 3 4 5 6 it 8 8 18 
nm 69.4 35.0 23.5 17.7 14.2 11.9 10.2 9.0 8.0 7.3 


13. The following table gives the average weight (W lbs.) 
for men of various heights (A in.). Express W as a function of h. 


Be OA, 65. 66: 67. 68. 695 70 71 =f2) 7a ee 
W 136 140 144 148 152 156 161 166 172 178 184 


14. The following table gives the time of flight (¢ sec.) of a 
certain projectile for various ranges (R thousand yards). Ex- 
press ¢ as a function of R. 


Tetk 2 3 + 5) 6 
Pes. komt £8 silent wih eee 


15. The following table shows the velocity (v ft./sec.) of a 
stream at various depths (x tenths of the total depth). Ex- 
press v as a function of x. 

oO 1 2 3 4 5 6 7 8 
vy 4.27 4.86 5.14 5.15 4.85 4.24 3.36 2.16 0.67 


164. Equations of the form y = kx”. — Here k and n 
are unknown constants, whose values are to be determined. 
This type of equation can be reduced at once to the linear 
form by taking the logarithm of both members. This 
givés log y = log k + n log x. Setting y’ = log y, k’ = 
log k, and x’ = log x, we have y’ = k’ + nz’, an ordinary 
linear equation. 

Hence, to fit a formula of this type to a set of 
values of x and y, we first tabulate the values of 

= log x and y’ = log y. We then plot the points 
(x’, y’) and, ifthese appear to lie on a line, we can 
then determine k’ and n either sae or by the 
method of averages. 
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Exame_e. — Find a formula approximately satisfied by the 


following table of values. 
Solution. — Since the 


values of x are evenly 
spaced, we can easily 
show by calculating Ay 


= y a’ =logz |y’ =logy Ue 


10 | 1.06 | 1.0000 | 0.0253 | 1.06 | and a*y that the desired 
30 | 1.52 | 1az7i | cists | 1.52 | {mula is neither linear 
40 | 1.68 | 1.6021 | 0.2253 | 1.67 | Bor parabolic. Nor do 
50 | 1.81 | 1.6990 | 0.2577 | 1.80 | the values of y appear 
60 | 1.91 | 1.7782 | 0.2810 | 1.91 to approach a definite 
70 | 2.01 | 1.8451 | 0.3032 | 2.02 | jimit. 

go | 2.11 | 1.9031 | 0.3243 | 2.11 


We therefore look up 
a ee the AOgarithms Ol. and 
y and tabulate them. Plotting the points (a’, y’), we find 
that they lie nearly in a line. Hence the formula y = kz” is 
applicable and we begin with the linear relation y’ = k’ + na’. 

Proceeding by the method of averages, we have the following 


equations 

0.0253 = k’ + 1.0000” PT ROE, aed 

0.12389 = k’ +1.3010n 3 

0.1818 = k’+1.4771n 

0.2253 = k’ + 1.6021 n : 

0.5563 = 4k’ + 5.3802 n (1)° 

O.2577 = k +1.6990n 4 

0.2810 = k’ +1.7782n 

0.3032 = k’ + 1.84517 

0.3248 = k’ +1.90381n 0 z’ 


1.1662 = 4k’ + 7.22547 (2) 1. 1,2 14 1.6 1.8 2.0 


Solving equations (1) and (2) simultaneously, we obtain 
k’ = —0.3055 and n = 0.3305. Thus y’ = —0.3055 + 0.3305 2’. 

Since k’ = —0.3055, log k = —0.3055 = 9.6945 — 10, and k 
= 0.4949. Hence y = 0.4949 29-3305, The calculated values 
of y are given in the table. 


* 165. Equations of the form y = ke”*. — As stated in 
§ 114 many variables are connected by an exponential 
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law of this kind. Since log e = 0.4343 or e = 10°44, 
the equation y = ke” is equivalent to y = k(10)"*, where 
n’ = 0.43843 n. Taking logarithms of both sides, we 
have log y = log k + n’x. Setting y’ = log y and 
k’ = logk, we have y’ = k’ + n’z. 

Hence a formula of this type is indicated if the points 
(x, y’), where y’ = log y, lie approximately in a straight 
line. The method of finding k’ and n’ is the same as in 
the previous section. 


EXAMPLE. — Find a formula approximately satisfied by the 
following table of values. 


x y y’ = logy Uc 

1] 15.3] 1.1847 | 15.3 

2} 20.5] 1.3118] 20.5 

3 | 27.41 1.4378 | 27.4 

4| 36.6] 1.5635 | 36.7 

5 | 49.1] 1.6911 | 49.1 

6| 65.6 | 1.8169 | 65.6 

7| 87.8| 1.9435 | 87.8| Solution. — Iti 

g | 117.6| 2.07041 117.5| 4, a. is easy to show 


that the proper formula is 
neither linear nor parabolic. 
Tabulating the values of y’ = log y and plotting the points 
(w, y’), we find that these points lie nearly in a straight 
line. Hence the desired formula is of the form y = ker, 
ory = k (10). 

Substituting the values of «*and y’ in the corresponding linear 
relation, y’ =k’ + n’x, we have 


Lels47 = ki + on! 1.6911.= k= 57’ 
IL ls 5 fe ES 13.69) a en Ogee 
IAS (oe kh 3in/ 129435) = eae 
1.5685 = k’ + 4n/ 2.0704 = ch! SS 8a 


5.4978 = 4k’ + 107n’. (1) 7.5219 = 4k’ + 26n’ (2) 
Solving equations (1) and (2) simultaneously, we get n’ = 0.1265 
and k’ = 1.0582. Hence y’ = 1.0582 + 0.1265 x. 


— 


GRAPHS OF FUNCTIONS 257 


Since k’ = log k = 1.0582, & =11.43. Thus y =11.43 (10)0.1265 2, 
Using the relation 10 = ¢?-3026, we transform this at once into 


= 11,43 ¢0-29132- 


166. The foregoing sections constitute only an intro- 
duction to the subject of empirical equations. Only a 
few of the simpler algebraic and exponential forms have 
been used and nothing has been given regarding periodic 
functions. For a more extensive treatment special text- 
books* on the subject should be consulted. 


PROBLEMS 


Find formulas of the type y = kur as satisfied 
by the following sets of values. 


Te He ] Zee y 3 w y 
2 2229 2 | 0.49 750 | 0.00220 
1G) Peas Sil 1343 1000 | 0.00197 
14 | 2.41 DASy || Papas) 1500 | 0.00171 
Lh) | 2247 50 | 3.438 2000 | 0.00157 
LG e2 De LOO] |Fo221 2500 | 0.00147 
197) || WAR 5Yp 150 | 6.59 3000 |! 0.00140 
ZOOE hele 


Find formulas of the type y = ke"* approximately satishied 
by the following sets of values. 


(A le y ieee ee oe 6 By Yy 

4A} 10) 0 | 7.50. 0.0 | 9.95 
10 | 11.4 AVN || 7f Dds 6.9 | 9.45 
Gy | PAGS 188 | 6.75 PT || BAG 
22 | 13.4 238 | 6.25 38.6 | 7.45 
28 | 14.6 SATO 57.6 | 6.45 
BYE |) ieee 530 | 5.00 80.2 | 5.45 
54 | 20.3 

628 E22 E7 


* * For example, Merriman’s Method of Least Squares and Lipka’s 
Graphical and Mechanical Computation. 
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7. The following table gives the number (N) of bacteria in 
a certain culture at various times (¢ hrs.). Express N as a 
function of t. (N = ke.) 
iad 1 2 3 + 5 6 7 
N 200 330 544 898 1478 2440 4020 6620 


8. The dip of the sea horizon (D’’) at various heights (A ft.) 
is given in the following table. Express D as a function of A. 
(D = kh.) 
h 10 20 30 40 5O 60 
D186 263 322 372 416 455 


9. The following table gives the intercollegiate track records 
for various distances (¢ sec., d yds.). Express ¢ as a function of 
i, (STR) 

d 100 220 440 880 1760 3520 
fe OS ol 2 48 8 116. OS 2ores aiGorG 


10. The following table gives the difference between the 
temperature of a heated body and that of the air (7°) for vari- 
ous times (f min.). Express 7’ as a function of ft. (7 = ke*.) 

t 0 1 2 3 4 5 ey | 
T 64.1 59.1 54.2 49.9 464 438.5 41.1 39.1 


11. The following table gives the time of revolution about the 
sun (7 yrs.) and the radius of the orbit (R million miles) for 
each of the planets. Express T asafunctionof R. (7 = kR".) 

R 36.0 67.2 92.9 141.5 483.3 886.0 1781.9 2791.6 
T 0.382 0.62 1.00 1.88 11.86 29.46 8402 164.78 


CHAPTER XIII 
SOLID ANALYTIC GEOMETRY 


167. Plane Analytic Geometry deals with the proper- 
ties of figures which are wholly contained within a single 
plane. In Solid Analytic Geometry this restriction is 
removed. The effect of the addition of one dimension is 
to generalize the work of the previous chapters, the num- 
ber of variables being increased to three, the loci of equa- 
tions being surfaces, etc. The student should note care- 
fully the correspondences between the two systems. 


168. Codrdinates. — The position of a point is deter- 
mined with reference to three mutually perpendicular 
planes, XOY, YOZ, and 
XOZ. These are called the 
coérdinate planes, and desig- 
nated as the xy-, yz-, and xz- 
planes respectively. Their 
lines of intersection, OX, 
OY, and OZ, are called co- 
ordinate axes and desig- 
nated as the z-, y-, and z- 
axes respectively; and their 
common point, O, is called the origin. 

The codrdinates of a point P are its distances from the 
respective codrdinate planes measured parallel to the 
codrdinate axes. The x-codrdinate is the distance from 
the yz-plane parallel to the x-axis, the y-coérdinate that 
from the zz-plane parallel to the y-axis, and the 2z-co- 
ordinate that from the xy-plane varallel to the z-axis. 

259 
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For the point P in the figure, 

=FP= BE =CD=O0A; 
DP = AE = CF = OB, 
EP = BF = AD=0OC. 

Corresponding to each point there are evidently always 
three codrdinates. Conversely, a point is completely lo- 
cated by its codrdinates. 
For the x-coérdinate fixes 
it in a plane parallel to the 
yz-plane (or perpendicular 
to the z-axis), and simi- 
larly for the other coér- 
dinates; and these three 
planes meet in but one 
point. In plotting a point, 
we usually take : 
x= OA, y = AE, z = EP. 

The positive directions are as indicated in the figure. 
The codrdinate planes divide space into eight octants, 
which are distinguished by the signs of the codrdinates of 
the points within them. For example the octant contain- 
ing P in the figure has all the codrdinates positive in sign. 


ree 
ott 


169. Radius Vector and Direction Cosines. — The dis- 
tance of a point from the origin is called its radius vector, 
and is denoted by p. 

For the point P in the 
figure p= OP. It is evi- 
dent that 

ss OF? 1 BP? 

= 0A? - AE’ + EP’. 
Hence - 
p=xt+y2+2% (54) 4 
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The angles between the line OP and the positive halves 
of the x-, y- and z-axes are called the direction angles of the 
line OP and are denoted by a, 8, and y, respectively. The 
cosines of these angles are called the direction cosines of 
the line. They evidently fix its direction. From the 
figure it is readily seen that 


x = pcosa, y = pcosB, Z=pcosy. (55) 
Formulas 54 and 55 give at once the important 
relation 
cos? a + cos*6 + cos*y = 1. (56) 
It is sometimes convenient to locate a point by means 
of its radius vector and its direction angles. In this 
case we write 
P(a, Y) z) = P(p, a, B, Y)- 
This mode of representation is analogous to the polar 
coérdinate system in plane analytic geometry. 


170. Distance between Two Points. — The distance 
between any two points Pi(x1, yi, 21) and P2(xe, Y2, 22) ts 
given by the formula, 

d = V (x1 — m)? + (y: — yo)? + (Zi — %2)%. ~~ (87) 

To prove. this, pass 
planes through the given 
points P; and P2, parallel 
to the codrdinate planes. 
These will form a_ rec- 
tangular parallelopiped, of ¥ 
which P,P» is the diagonal. 

By elementary geometry, 

P,P,” = P,A” + AD’ + DP’. 
But P2A = 41 — m, AD = y1 — Y, and DP; = 2; — z% 


Hence we have the formula. 
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171. Direction of a Line. — The direction angles of a 
line not passing through the origin are defined as the direc- 
tion angles of a parallel line through the origin with the same 
positive direction. 

The positive direction on a line is arbitrary and in- 
dicated by the order in which its end-points are read. 
It is evident that if the direction is changed, the direction 
angles are replaced by their supplements. Thus, if the 
direction angles of P.,P; are a, B, and y, those of P;P2 
are t — a, t — B, and t — y. In all cases the direction 
angles are in value between 0 and z. 

In the above figure the edges of the parallelopiped are 
parallel to the codrdinate axes; hence the direction angles 
of the line PP; are: 

a = AP2P,, B = BP2P,, y = CP2P,. 


Then we have at once 


X1 — Xe = Zi ae 
cosa = cosg = i cos y = ——_— 


d d d 

Since the direction cosines are connected by Formula 

56, they may be found if three numbers to which they 
are proportional are known. For if 


(58) 


cos a:cos8: cosy =a:b:c, 


then 
cos?a __ cos’B _ cos*y _ cos?a + cos” 8 + cos? y 
‘Tr ce er Ma ee Oo 
= 1 
Sears 
whence 
cosa = 2 


Veep oh xyes 
Cc 


8 Soe : 
Vato? ce 
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Any three numbers proportional to the direction co- 
sines of a line are called direction numbers of the line. 


172. Angle between Two Lines. — The angle between 
two lines which do not meet is defined as the angle between 
two intersecting lines parallel to the given lines and having 
the same positive directions. If the lines are parallel, the 
angle between them is 0 or z, 
according to their directions. 

We now derive a formula for 
the angle between two lines in 
terms of their direction cosines. 
Let the lines through the origin 
parallel to the given lines be 
OP, and OP», where the co6rdi- 
nates of P; and Py» are (41, y1, 21) 
and (22, y2, Z2) respectively. Let 
d be the distance between these points, let p: and pe: be 
their radii vectores, and let 6 be the angle between the 
lines. Then 


24 2_ d2 
ons eee 


2 P1p2 
But 
py = ty? + i?’ + 21", 
po? = XQ” + Yy2" + 22”, 
ad = (ty — my + Gi — yo)? + i — &)*. 
eos f= U12_ + YrY2 =F 2122 


P1p2 


Now formula (55) gives = cos a, etc. Hence this 
last equation becomes 


cos 6 = COS a COS a2 + cos Bi COS By + COS 71 C0S y2. (59) 
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When the two lines are parallel, we have 
CO 903; By = Bo, and ao Bs Ue i 

or aj=T—m ~Bp=r7—f, and y=T—Y¥. 

T 


AC 
5 and (59) 


When the two lines are perpendicular, # = 


becomes 
COS a COS az + cos Bi cos 8, + cos yicosy2= 90. (60) 


PROBLEMS 


1. Find the radius vector and its direction cosines for each 
of the following points: 
(a) (8, 4, 5), (6, 0, 0), (—6, 1, 3); 
(Oy t—=2,'3, —1), (7, =§ 4); G Oa 
(c) (0, 0, 2), (0, 3, “ayy (2, 7s 1). 


2. Plot each of the above points. 


~8. Find the angles of the triangles whose vertices are given 
in Problem 1. 


4. Generalize the definition of symmetry with respect to a 
line so that it will apply to symmetry with respect to a plane. 
Show that the point (x, y, z) is symmetrical to (—z, y, 2) with 
respect to the yz-plane; to (x, —y, z) with respect to the az- 
plane; to (z, y, —z) with respect to the xry-plane. 


5. Show that the point (x, y, z) is symmetrical to (—z, —y, z) 
with respect to the z-axis; to (—a, y, —z) with respect to the 
y-axis; to (x, —y, —z) with respect to the z-axis. 

‘6. Show by two methods that the following are the vertices 
of a right triangle: 

(a) (2, 3, 5), (=o; ay 3), (0, 0, 1a); 
(0) (2, 6, =5); (a8 0, =i; (4, 3, 1): 
7. Find the area of each of the above triangles. — 


8. Show that the following points are vertices of a regular 
tetrahedron: 
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a) (4, 0, 0), ©, 4, 0), (0, 0, 4), (4, 4, 4); 
(b) (6, =a, 1), (3, a; 1), (3, = 2, 4), (2, =; 0). 
9. Find the codrdinates of the point determined as follows: 


p =8, cos a = }, cosy = —H. 


10. Show that the codrdinates of the point P, dividing the 
line P;P2 in the ratio 7: : rz are 


a Tot, + T1X2 : ye = TY. + T1Y2 ‘ he 1221 + 1122 : 
ith al T +172 Tit 
11. What is the locus of points for which 
fecal (ec) © =3,2= —2; 
(6) y =k; (f) p =6; 
ieee — te Oc (g) cosa =0; 
Chea ys (h) cosa = cose = 0? 


12. Show that the three points (1, 4, — 2), (4,7, 1), and 
(—2, 1, —5) are in a straight line. 

43. Find the lengths of thé medians of the triangle whose 
vertices are (3, 2, 1), (1, —4 3), and (—1, 0, —5). 
14. Prove that the points (4, 2, 1), (0, 0, 0), (2, 3, —1), 
and (6, 5, 0) form a parallelogram. 
~115. What is the projection of P(—2, 3, —4) on 

(a) the xy-plane; (b) the z-axis? 


173. The Locus in Solid Geometry. — The locus of a 
point in space satisfying a given condition is in general a ; 
surface. To illustrate, consider the locus of a point at 
a given distance a from a given fixed point C. This is 
evidently the definition of the surface of a sphere of 
radius a and center C. Again the locus of a point at a. 
constant distance a from a given straight line / is evidently 
a circular cylindrical surface having / as an axis and a as a 


- radius. 


- ‘Extending the definition of the equation of a locus given 
in Chapter II, this shows that the locus of a single equa- 
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tion in the three variables, z, y, and z, is in general a 
surface. 

If the codrdinates of a point satisfy two equations 
simultaneously, its locus must be common to the two 
surfaces which are the loci of the equations, 7.e., it must 
be their intersection, which is a curve or set of curves. 
Finally the points determined by a set of three equations 
will be the intersections of the surface determined by 
the third with the curves determined by the first two, 
and hence will be isolated points. Note the analogy to 
plane analytic geometry, where one equation determines a 
curve, and two equations the isolated points in which the 
curves meet. 


174. The Normal Equation of the Plane. — The per- 
pendicular upon a plane from the origin is known as the 
normal axis and the distance of the plane from the origin 
is known as the normal intercept. A plane is completely 
determined if the length of the normal intercept p, and the 
direction angles, a, 8, and y, of the normal axis are known. 

To find the normal 
equation of a plane, take 
any point P(a, y, 2) in the 
plane and join it to the 

‘origin. Draw the normal 
axis ON. Let p; be the 
radius vector of P, and a, 
81, 71, its direction angles; 
let a, 6B, y be the direc- ,7 
tion angles of ON; and 
let 6 be the angle between OP and ON. 

Then by Formula 59, 

cos 6 = cos a; COS a + cos 6; Cos B + COs 1 COS y. 


ONT ® 
pias 
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Eliminating 6 between these equations, 
p1 [COS a; COS a + Cos Bi cos B + cos ¥1 COS Y] = Pp. 
This becomes on applying (55), 
xcosa+ycosB + zcosy = p, (61) 
which is the normal equation. 


Exercise. — Show that for any point P(z, y, z) not in the plane 


x cos a + ycosB + 2cos y 2 Dp. 


175. Plane Parallel to One or More Codrdinate Axes. — 
Suppose the plane is given parallel to the z-axis. In this 


case the normal axis will lie in the zy-plane and y = Be 


Hence (61) reduces to the form 
xcosa+ycosB = p. (61a) 
Similar equations are obtained for planes parallel to 
either of the other axes. 
In case the plane is parallel to both the y- and z-axes, 


we have the normal along the z-axis. Then 8 = y = x a‘ 
and a = 0. For this case (61) reduces to the form 
c= ?p, 


a result obvious from the definition of codrdinates. 


176. The General Equation of the First Degree. — 
The normal equation (61) of the plane is of the first degree. 
We now wish to prove conversely that the locus of the 
general first-degree equation 


Ax + By + Cz+D=0 (62) 


is‘a plane. To do this we simply show that (62) can al- 
ways be reduced to the form (61). 
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Dividing both sides of the equation by + V A?+ B?+C%, 
we have 


A B 
y+ 
Ae = G” e +VA?2+ Be+ C2 
¢ —D 


i - : 
+VA?+B?+C2 +VA?+ B+ C? 


By § 171 the coefficients of x, y, and z are direction co- 
sines of a line. Hence this equation has the same form as 
(61) and its locus is a plane. The direction cosines of its 
normal are 

A B 
+VA?+B?+C2 +VA?+ B?+C2 
(@ 

+ V APE BC 


and the length of its normal intercept is 

a eee 

+VA? + B+ 0? 
The sign of the radical is taken opposite to that of D so 
that the normal distance p shall be positive. Comparison 
with (61a) shows that if any one of the three variables is 


missing the locus is a plane parallel to the corresponding 
axis. 


177. Angle between Two Planes. — The angle between 
two planes is readily seen to be the same as that between 
their normal axes. Hence the angle between two planes 
can be found by Formula 59. If we wish to express cos @ 
in terms of the coefficients of (62), substitution of the 
above values of the direction cosines gives 


AA’ + BB’ + CC’ 


jie eee eee 
6 FPR LO. vatteite: %) 
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Parallel Planes. — If two planes are parallel, their 
normal axes are the same. Hence their direction cosines 
are the same or numerically equal with unlike signs. 
This gives 

A os +A’ 
VA? + Bt + C2 nf Al ies Cr’ 
Oa es 
VEE +O 
By alternation we have 
VET BEC Bo VPRO 
VAT+ BPE OC! Bi VA + BPE O® 
CV Al ae 
O~ Vane 
This gives as the condition for parallelism, 
ALB TC 
ABO eee 


= etc. 


a 
Ac 


Perpendicular Planes. — If the planes are perpendicular, 
cos @= 0. Then from (63) we have at once 
AA’ + BB’ + CC’ = 0. (65) 


178. The Intercept Equation.— The intercepts of a 
plane are the distances from the origin to the points in 
which it meets the x-, y-, and z-axes. They are denoted 
by a, 6, and c, respectively. 

If in equation (62) we set y = z = 0, we find that the 
D D 
aa and c = ig 
Hence by transposing D and dividing both sides by — D, 

equation (62) may be reduced at once to the form 


Ky yz 
~4¥42—1, (66) 


; ae HY, er 
x-intercept, a, 1s eri Similarly b = 


which is known as the intercept form of the equation. 
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PROBLEMS 


1. Write the equations of the following planes in the inter- 
cept and normal forms and determine which octant contains the 
foot of the normal axis: 

(a) 3a —4y+12z2-—5=0; (d) 15r-—82+420 =0; 
*(b) da +y+2-—8 =0; (ec) 22+ 9y —62 = 18; 
(c) 4a —y —82+4+ 10 =0; (f) 44a+7y —42+4+ 27 =0. 

2. The same as Problem 1 for the planes: 

(a) 44+ 3y —20 =0; (d) 2x —2y —z =4; 
(6) x+z2—1=0; (ec) 8a—3y—52+4+ 60 =0; 
(c) t+y4+2 =12; (f) 6x —2y+324+14=0. 
3. Write the equations of the planes determined by the 
following data: 
(2) o=S b= 4.6 = —4; 
*(b) p = 5, cosa = 3, cosB = —3; 
-(c) through the points (1, 1, 1), (2, —1, —3), (4,3, —2); 
(d) parallel to the plane 32 —4y +8z—5 =0 and con- 
taining the point (2, 1, —4). 


4. Write the equation of the plane: 
\(@ perpendicular to the plane 3x —4y +8z—5 =O and 
containing the points (2, 1, —4) and the origin; 


(6) which has the foot of the normal axis at the point 
toa WD): 


.(c) parallel to the z-axis and containing the points (2, —4, 1) 
and (8, 5, —2). 


5. Find the angle between each of the planes of Problem 1 
and the plane xz + 2y +22—5 =0. 


6. Find the angle between the planes of Problem 2 and the 
planes + 2y —2z2-—-5 =0. 


7. Find the angles at which each of the planes of Problem 2 
meets the codrdinate planes. 


SOLID ANALYTIC GEOMETRY 271 


“78. Show that the distance from the plane x cos a + y cos 8 
+zcos y — p = Oto the point (1, y:, 1) ist cos @ + yi COS B + 
2 COS y — p. 


9. Using the result of Problem 8 find the distance from each 
of the planes of Problem 2 to the point (3, 0, —2). 


“710. Find the locus of points equidistant from the points (—2, 
—3, 1) and (4, 5, —7). 


11. Find the point of intersection of the planes 


(a) x+2y—32 = 16, (b) 24 -—3y +22 =5, 
382 —4y—z= —-7, 82+ 5y —32 =6, 
2x—8y+52 = —41; 4x —2y+z=9. 


— 712. Show that the planes bisecting and perpendicular to the 
_edges of the tetrahedron whose vertices are (3, 1, —2), (4, 2, —1), 
(6, 1, —5), (1, 3, 2) meet in a point. 


13. Find the locus of points equidistant from the planes 2 « — 
3y+2=4and32 —-2y+2=5. 


14. Find the volume of the tetrahedron whose vertices are 
given in Problem 12. 


15. What is the locus of each of the following equations: 
(a) 22 —32+2 =0; 
LOR GF = 05 
(c) 2°+22y +4? —z* =0? 


16. Nameall pairs of the following planes which are (i) parallel; 
(ii) perpendicular to each other: 


(a) 2x —3y +52 =8; (d) 3x2—y—32 = 10; 
(b) 4x +6y+22=1; (e) Ta —2y —42 = 14; 
(c) 62 —9y 4+ 152 =5; (f) 6z2+2y—-—62 = 15. 


179. The Equations of the Line. — Since any straight 
_ line may be regarded as the intersection of two planes, it 
will’ be seen from §§173 and 176 that it requires two 
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equations of the form 
Az+ By+Cz+D=0 


to determine a straight line. 

It is more convenient, however, to determine a line 
from two given points upon it, or from one point and its 
direction angles. From these we derive equations for the 
line. It should be noted that in each case two equations 
are required. 


180. The Symmetrical Equations. — Let the line pass 
through the point P(x, yi, 2:1) and have direction angles 
a, B, and y. If P(a, y, z) is any point on the line and d 
denotes the distance P,P, then by Formula 58 
=e y-N ee wks bs 


cos = COS B= = cos 
(0 eat eee | eee ae, s = ae 
d d ‘A d 


These relations give, 
es. Y “hs, Sees 


? 
cos a cos B cos y 


(67) 


which are the symmetrical equations. 
If a point P; and the direction numbers of the line a, b, 
and c are known, a more convenient form to use is 
ee Ai Pee 
= ip ee . (67a) 
181. The Two-point Equations. — Let the line be de- 
termined by the points P1(x1, yi, 21) and Po(ae, yo, 22). 
Then from (58) the difference of the respective codrdinates 
are direction numbers. Hence by substituting x; — a, 
Yi — Y2, and z; — 2, for a, b, and ¢, respectively in (67a) 
we obtain the two-point equations 
ee cee Ut 20 eit 


Xie ) ye (676) 
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182. The Projection Forms. — Let the equations of 
the projections of the given line on the azy- and «z-planes 
respectively be 

y= kx+™m, 


2h. (68) 


These equations taken together determine the line. 

For each equation may be regarded as the equation of 
the projecting plane. For example, the first by (61a) is the 
equation of a plane parallel to the z-axis and hence per- 
pendicular to the zy-plane. But it contains all points 
satisfying the relation y = kx + m and so must contain 
the given projection. Similarly, the other equation is 
that of the plane projecting the line on the zz-plane. 
Thus the line is determined as the intersection of its pro- 
jecting planes. 


183. Reduction of the General Equations of a Line to 
the Standard Forms. — Consider the line determined 
by the equations 

Azr+y—z+2=0, 
z-+-4y 4+22-—- 1=0. 


To reduce these to the projection forms, eliminate first 
z and then y between the equations. We have at once, 


32+2y¥+1 =), Ot 22 0 = 0. 


That the locus of these equations is the same as the locus 
of those given is obvious, since codrdinates satisfying the 
first pair of equations must satisfy the last. 

To reduce the given equations to the symmetrical form 
solve the projection forms for x. We have, 


fy +1 22-3. 


? faa eT 


—3 5 
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Equating these, we have 


= 
1 


The denominators are direction numbers, and if we di- 
vide each one by V1? + (—3)? + ($)? = 4° V38 they be- 
come direction cosines by § 171. Doing so, we get 


Sn daa PO, Mees 
pee) 


= = , 


5 


V38 V38 V38 


which are the symmetrical - equations of a line having 
direction cosines 75, — a and passing through the 
point (0, —%, 3). But these are merely transformations 
of the original equations, and hence are the forms 


required. 


PROBLEMS 


1. Find the points at which the following lines cut the co- 
ordinate planes and draw the lines: 
(a) 22 —38y +2z2-—5=0,3827 —y —2+6=0; 
(b+) 2a —4y =5,3y —z =2; 
(c) z= _y-—3 _2+1 


2. Do the lines of Problem 1 (a) and (b) meet? 
3. Reduce the equations in Problem 1 to the symmetrical 
form. 


4. Reduce the equations in Problem 1 to the projection form, 


the projecting planes being perpendicular to the xz- and yz- 
planes. 


5. Find the equations of the straight lines determined as 
follows: 


(a) through the points (1, 0, —5) and (—2, 3, 1); 
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(b) through the point (1, —1, 2) and parallel to the z-axis; 

(c) through the point (1, —1, 2) and perpendicular to the 
2-axis; 

(d) through the point (1, —1, 2) and having cosa = }, and 
cos 6 = f; 

(e) through the point (1, —1, 2) and parallel to the line of 
Problem 1 (a). 


6. Show that if a line is perpendicular to a plane, it has the 
same direction cosines as the normal to the plane. 


7. Find the angle between the lines 


—— = + = —_ and 


8. Show that if a line is parallel to a plane its direction co- 
sines and those of the normal to the plane satisfy the relation 


COS a COS a’ + cos B cos B’ + cos y cos 7’ = 0. 


9. Find in the symmetrical form the equations of the locus 
of points 

(a) equidistant from the points (8, —1, 2), (4, —6, —5), and 
(0, 0, —3); 

(b) equidistant from the planes22 — 3y = 6,324 — 22 =8, 
and 22+ 32 =5. 


10. Show that the line iat et eo 
(a) is parallel to the plane 6x — 8y + 122 — 60 =0; 
(b) lies in the plane 3x —4y + 62 — 19 =0; 
(c) is perpendicular to the plane 2x +3y +z =6. 


184. Cylindrical Surfaces. — A cylindrical surface is a 
surface generated by a moving straight line which constantly 
intersects a given fixed curve and remains parallel to a fixed 
straight line. The fixed curve is called the directrix and 
the generating line the generatriz. 

‘Let the directrix of a cylindrical surface be an ellipse in 
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the xy-plane symmetrical with respect to the codrdinate 

axes, and let the generatrix remain parallel to the z-axis. 

Then the equation of the 

ellipse in its plane will be 
bx? + a2y? = ab. 

Let P(z, y, z) be any 
point on the surface, and 
Q the corresponding point 
on the ellipse. Evidently 
the codrdinates of Q will be 
(x, y, 0); 7.e., the xz- and y- 
coérdinates of every point 
on the line PQ are the same 
as those of Q. But the co- 
ordinates of Q satisfy the 
equation of the ellipse. Hence for any point on the cylin- 
drical surface, 


bar? + a*y? = a*b?. 

The preceding is perfectly general, and we see that it 
leads at once to the theorem: 

A cylindrical surface whose directrix is a curve in the xy- 
plane and whose generatrix moves parallel to the z-axis, has 
the same equation as the directrix. 

The converse, which is readily established, is: 

The locus of an equation in two variables, x and y, is a 
cylindrical surface, whose directrix is the curve in the xy- 


plane which has the same equation, and whose generatrix 
moves parallel to the z-axis. 


Similar theorems hold of course for cylinders whose 
generatrices are parallel to either the z- or y-axes. 


Exercise. What is the locus of any equation in one variable? 
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185. Surfaces of Revolution. — A surface generated by 
revolving a plane curve about a fixed line in its plane as an 
axis is called a surface of revolution. 

The curve is called the generatrix; its position with 
reference to the axis is unchanged during the revolution. 
Sections of the surface made by planes through the axis are 
called meridional sections. From the definition of such a 
surface it is evident that 

(a) sections made by planes perpendicular to the axis 
are circles; 

(b) any meridional section is the generatrix itself. 


Let us first consider a conical surface generated by re- 
volving a straight line about the z-axis. Let the position 
of the generatrix in the xz-plane be AB, of which the 
equation is 

2x+2=5. 


bet PG, y, 2) be any 
point of the locus. As the 
line turns about the z-axis, 
P describes a circle of 
radius r = LP in a plane 
parallel to the xy-plane and 
distant from it KP =z. 
Now when the line is in the 
gz-plane, x = r; hence for 
all positions of the line, 

2r+Z = 9d. 


But, as P describes a circle of radius 7 in a plane parallel 
to the xy-plane, we have at once 
a? + y? = 1. 
Substituting above, we have 


2Ve2+y+2=5. 
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Simplifying, we have the equation 
a iy) =e 


Consider the surface generated by revolving about the 
x-axis a circle of radius a whose center is the origin. The 
equation of the gener- 
atrix in the zz-plane is 


2 = a7. 
Evidently the point P 
describes a circle with 
its center on the z-axis 
and of radius r; hence 
72 7? = a. 
But y? + 2? = r’, 
Hence we have at 
once, 
x? + y? +27 =a". (69) 


This equation is important, as it is the equation of a 
sphere of radius a and having its center at the origin. 


PROBLEMS 


1. Find the equation of the surface generated by revolving 
the curve about the axis indicated: 


(a) 32 +12y =3, z-axis; 


(6) 2% = "2 pe. X-axis; 
2 2 
(c) a ee = 1, y-axis. 
2. Identify and sketch the following surfaces: 
(a) x2 -—4y? =4; (d) zz = 15; 
(b) «2 +22? = 16; (e) yz+4y—5 =0; 


(c) yx+22+2y46z2 =15; (f) 22 = 162. 
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3. Find the equation of the surface of a cone whose vertex 
is at the origin, with the z-axis for its axis of revolution and op- 
posite elements perpendicular to each other. 


4. Show that the locus of a point equidistant from the 
point (p, 0, 0) and the yz-plane is the paraboloid of revolution 
y? +2? = 2 pr — p*. 


5. Find the equation of the locus of a point equidistant from 
a given plane and a given line parallel to the plane. 


Hint. — Let x = 0 be the given plane and x = p, y = 0 be the 
given line. 


6. Show that the locus of a point in space the sum of whose 
distances from the points (+c, 0, 0) is 2 a is the prolate spheroid 
a? y? 22 7 1 
a bt be 

7. Find the equation of the surface generated: 

22 


(a) by revolving about the z-axis the hyperbola = ie Fale i13 


(6) by revolving about the z-axis the ellipse = F = 0 


a2 y? 22 
8. How may the hyperboloid = eee 1 be defined 
as a locus? 
9. Find the equation of the locus of points in space such 
that the difference of its distances from the points (0, 0, +c) 
is 2a. 


10. Find the equation of the surface generated: 
2 2 
(a) by revolving about the z-axis the hyperbola = Putt il’: 


2 2 
(b) by revolving about the z-axis the ellipse : + A =1; 


(c) by revolving about the y-axis the parabola x? + 2 py = 0. 


.186. Discussion of Surfaces.— The discussion of a 
surface is in general a much more complicated matter than 
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that of a curve. The notions of intercepts, symmetry, 
and extent are readily generalized. Besides these, how- 
ever, we have two other methods which help to determine 
the nature of a surface. The first is to find the section of 
the surface by any of the coérdinate planes; the second 
is to find the section of the surface by any plane parallel 
to one of the codrdinate planes. The former is called a 
trace of the surface. 

To illustrate these, consider the sphere, with equation 


et yt 2 = a’ 
To find the equations of the traces, set x, y, and z 
successively equal to 0. When x = 0, we have 
oy? + 2 = a’. 


Thus the yz-trace is a circle of radius a. The zy- and 

xz-traces are also circles of the same radius, with equations 
ety=@ 
and x* + 22 = a? respectively. 

The section made by a plane parallel to the yz-plane and 
at a distance c from it is the curve determined by the given 
equation and the equation x = c. Eliminating x between 
the two equations, we have 

yt+2=a?— ec, 
which shows that the section is a circle having the point 
(c, 0, 0) as a center and Va? — c? asthe radius. Ifc > a, 
this is imaginary, indicating that the surface lies wholly 
within the planes x = +a. A similar discussion holds 
for sections parallel to the other codrdinate planes. 

To sketch a surface when only two variables of its equa- 
tion are of the same degree, or of the same degree and sign, 
first draw sections parallel to the plane of the two variables. 
These sections and the traces give the best representation 
of the locus. 
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187. Quadric Surfaces. — By analogy to the conics, 
the locus of the general equation of the second degree 
Ax* + By? + Cz? + Day + Eyz + Frz + Gx + Hy + 

kze+ L=0 
is called a quadric surface. It can be shown that these 
surfaces have properties analogous to those of the conics; 
and in particular that every plane section of such a sur- 
face isa conic. We shall not go into these details, but will 
confine our discussion to the simpler forms to which the 
general equation may be reduced. 


188. The Ellipsoid. — The locus of the equation 
er 2 e 
@ a be ie an 1 (70) 


is called an ellipsoid. 

From the form of the equation we see at once that the 
surface is symmetrical with respect to all of the codrdinate 
planes and coérdinate axes. The intercepts on the axes 


are 


r= +4, 
y= +5, 
(i= Se (oe 


Setting x = 0, the equa- 
tion of the trace on the 
yz-plane is 


hence it is an ellipse with 
semi-axes b and c. In 
like manner the traces on the other coérdinate planes 


are ellipses. 
i Se S ; , y? 22 a? — k2 
- Setting x = k, the equation becomes Be + aa 
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a form which shows that there is no section for k numeri- 
cally greater than a. Dividing by the right-hand member, 
this becomes 


2 g2 
ine «2 ae 
quit = ke} me — k?) 


Hence the various sections are ellipses symmetrical 


with respect to the x-axis. The semi-axes, ey a* — k? and 


=v a? — k?, grow smaller as k increases, until the ellipse be- 


comes a point when k = a. Similarly the sections parallel 
to the other codrdinate planes are ellipses. 

The values a, b, and c are called the semi-axes of the 
ellipsoid. When a = b= c, the ellipsoid is evidently 
a sphere with the center at the origin. Ordinarily the 
semi-axes are unequal, and in this form of the equation it 
is usually assumed that a>b>c. When 6 =c, but 
a> b ore, the ellipsoid is called a prolate spheroid. In 
' this case the sections parallel to the yz-plane are circles. 
The locus is then a surface of revolution since it is gener- 
ated by revolving the xz-trace (or the xy-trace) about the 
x-axis. When a = b, but c < a or b, the surface is that 
of an oblate spheroid. This is also a surface of revolution 
and the sections parallel to the zy-plane are circles. 


189. Hyperboloid of One Sheet. — The locus of the 
equation 
x? CE Zz? 
2 obs ee 1 (71) 
is called a hyperboloid of one sheet. 
In this case sections parallel to the xy-plane, made by 
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the planes z = k, have equations 
x? ee iad k? 
a tp ite 


and hence are ellipses which increase in size as the numer- 
ical value of k increases. 


The xz-trace and the yz-trace are the hyperbolas 
2 2 2 2 
= - = =] and = — . = | respectively. 
If a = b, the locus is a surface of revolution about the 
z-axis. 


190. Hyperboloid of Two Sheets. — The locus of the 
equation 


2 2 2 
a US aed] (72) 


is called the hyperboloid of two sheets. 
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In this case we consider sections parallel to the yz-plane 
made by the planes x = k. These are the ellipses 


If k? < a® the right-hand member is negative. Hence 
no part of the locus is between the two planesx = +a. If 
k = ta, each corresponding section is a point ellipse. As 
k increases numerically from a to © the section increases 
indefinitely. 

The xy-trace and the xz-trace are the hyperbolas 

x? a a? 2 


in fe 1 and ae 1 respectively. 


If b = c, the locus is a surface of revolution. 


191. Elliptic Paraboloid.— This is the locus of the 
equation 


2 2 
are = 2-cz. (73) 


Proceeding as before, we observe that sections 
made by the planes =k are ellipses whose axes 
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increase indefinitely as k increases. The surface lies 
j wholly above or wholly 
below the zy-plane, ac- 
cording as c is positive 
or negative. The zz- 
and yz-traces are parab- 
olas. If a=b, the locus 
is a surface of revolu- 
tion. 


192. Hyperbolic Parab- 
oloid. — This is the locus 
of the equation 

x? y° 


Qe pt (74) 


Consider c positive. Sections made by the planes 
z = k are the hyperbolas 
2 2 
_ — es = 2 ck. 
As k increases from 
0 to © the vertices of 
the corresponding sec- 
tions lie in the zz- 
plane and recede in- 
definitely from the 
z-axis. Ask decreases 
from 0 to —o the 
vertices of the sections are in the yz-plane and recede 
indefinitely from the z-axis. The xz- and yz-traces are 
parabolas, each having its vertex at the origin, the 
former extending above the zy-plane, the latter below. 
The xy-trace is a pair of lines intersecting at the origin. 
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PROBLEMS 


1. Find the traces of the following surfaces on each of 
the codrdinate planes: 


(a) v2? + y? = 122; (d) x2? —4y? —422 =9; 

(b) a2 +4y? oa =16; (e)«2? =y? +927; 

(c) «2 —4y?2 =0; (f) 427 +9y? —92? = 36. 
2. The same as Problem 1 for the surfaces: 

(a) x +422 = 16y; . (d) 22+y? =923; 

(b) y2—422 =0; (e) 4a? —9y? —9 2? = 36; 


(c) a +4y2?+922=25; (f) 92? +4y? — 162? = 64. 


3. Find the intersection of each of the surfaces in Problem 1 
with the plane x = 4. 


4. Find the intersection of each of the surfaces in Problem 2 
with the plane y = 3. 


5. Discuss the traces of the surfaces: 


6. Discuss the traces of the surfaces: 


2 2 2 
@) 5-4 +5-1, () 5-4 422-0. 


7. Show that the sections of = + - = 2z are parabolas if 
perpendicular to the z- or the y-axis, and ellipses if perpendicular 
to the z-axis and z > 0. 


8. Show that the sections of the surface ~ = — a +22=0 
perpendicular to the z- or the y-axis are parabolas. How do 
those perpendicular to the x-axis differ from those perpendicular 


to the y-axis? 
9. Discuss and sketch the following surfaces: 


(a) 4a? + 25 y? + 162? = 100; 
(6) 2822 +196 = 9y? + 1622; 


10. 
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(c) 422? +9y? —22+4 36 =0; 
(d) 1622 + y? + 642 =0; 
(e) 922+ 86y? — 81a =0; 
(f) y2-2+82 =0. 


Discuss and sketch the following surfaces: 
(a) 22 +4y2? +92? = 36; 

(b) 12y?2 + 144 = 162? 4+ 252?; 

(c) 9a? — 16y? +42? + 144 =0; 

(d) 422 —22 = 16y; 

(e) 4y2 +92? = 182; 

(f) 22 —2y?+82z=0. 
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APPENDIX 


THEOREM. — Any plane section of a right circular cone 
is an ellipse, parabola, hyperbola, or a limiting form of 
one of these curves. Hence they are called conic sections, 
or conics.* 

Let V be the vertex of a right circular cone whose 
axis VN makes an angle a with the elements of the cone. 
Let JKL be any cir- 
cular section perpen- 
dicular to the axis, 
and having KL for a 
diameter. Through 
O, any point on the 
element VL pass a 
plane POQ intersect- 
ing the plane JAKL in 
the line PQ perpen- 
dicular to KL. 

_ Draw OH and OE 

parallel to VN and 
VK respectively and 
draw OM. Let @ be 
the angle which the plane POQ makes with the vertical 
line OH, and let d be the distance of the vertex V from O. 
Call OF (= OL) = 9, KE =a, EM =}, and ML = c. 
Also in the plane POQ, let O be the origin of codrdinates 
and OM the z-axis, so that the codrdinates of P are 
OM =2x,MP=y. 

* The authors are indebted to Professor W. W. Landis for the 
following proof of this theorem. 
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By plane geometry, MP is a mean proportional be- 
tween KM and ML, hence, 

y? = (at djc (1) 


according as M is to the right or left of the point Z. 
Also since MH = 3 (c+ 6), and OM = z, we have 


a Se 
and g° - (<}") + OH,. 


Subtracting these x? = g? + be. 
Adding this to the above equation, we have 
x? + y? = 9? + ac. (2) 
x cos 8 
COS a” 


Now OH = g cos a = x cos 9, therefore g = 


Also a=2NO = 2dsina, 
and c= MH+HL=2sn0+gQgsina 
= (sin@ + cos@ tan a)z; 
hence ac = 2dsina (sin@ + cos @ tan a)x. Substituting 
these values for g and ac, equation (2) becomes 


cos 6 


2 
24 y2 = 2 in a (sind + cos6t 
vty (") x? + 2dsina (siné@ + cosé tan a)2, 


or 


CORO plan so ine . ‘ = 
1 — —— )a?+y?—2 dsin a (sin 6+ cos 6 tan a)x=0. (3) 
cos” a 


Using the formulas for sin 2a and-sin (a + @) this 
~ equation reduces readily to 


(cos? a— cos? 6)x?+ cos? a: y?—d sin 2 asin (w+6)-2=0. (4) 
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For different values of the parameter @ we distinguish 
the following cases: 
(a) If 6 = 90° equation (4) becomes 
v+y?—2dsna-r1=0 


which is a circle with center at N since ON = d sina. 

(b) If 6 > a, cos 6 < cos @ and the coefficients of x? 
and y? have the same sign. The plane POQ cuts all the 
elements of the cone and the section is an ellipse. 

(c) If 6 = @ equation (4) becomes 

y? — 4dsin?a-x4 = 0. 


The plane POQ is then parallel to the element VK and 
the section is a parabola with the distance of the focus 
from the vertex equal to d sin? a. 


Exercise. —Show that the focus of this parabola is the foot of 
the perpendicular on the plane POQ drawn from N. 


(d) If 6< @ the coefficients of x? and y? have unlike 
signs and the equation is that of the hyperbola. If the 
elements of the given cone be produced through the vertex 
to form an equal inverted cone, the intersection of these 
two cones by the plane POQ gives the two branches of 
the hyperbola. 

Limitinc Forms. — The special cases or limiting forms 
of the conics may be obtained from the equations above 
by giving special values to the parameter d. These will 
be considered in order. 

(a) As d approaches zero the equation of the circle 
approaches the limiting form 2?+ y2=0. The plane 
POQ passes through the vertex and the section becomes 
a point-circle. tf the plane is moved farther, the locus 
is on the inverted cone. 

(b) This is the same case as (a) excepting the plane 
section through the vertex is known as a point-ellipse. 
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The coefficients of x? and y? differ but have the same sign. 

(c) When d = 0, the parabolic section becomes y? = 0. 
The plane POQ becomes a tangent plane cutting the cone 
in a double straight line. If it is moved still farther the 
locus is on the inverted cone. 

(d) The limiting form of the hyperbolic section as d 
approaches zero is two intersecting straight lines. The 
coefficients of x? and y? differ in sign, and since these are 
the only terms remaining in the equation, it has two linear 
factors. The plane POQ passing through the vertex in- 
tersects in two elements of the cone. 

(e) The only remaining case to be considered is when 
the vertex of the cone is moved away indefinitely so that 
the cone approaches a cylinder as a limiting form. The 
parabolic section is then a pair of parallel lines. 
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FORMULAS AND EQUATIONS 


ForMULAS OF DISTANCE AND DIRECTION 
No. Pace 
Distance: d = V(x, — a)? + (yi — y)?. (1) 8 
Point dividing line in the ratio 7, : 73: 


_ Toh1 + 1X2 _ Tei + Ye 


: Fo ka : ekg Rie (nk (2) ? 
Mid-point: 
to = F(%1 +2), Y= 2Yty). (2a) 9 
c = yi ¥ = Y2 . 
Slope: m™ eee (3) ES 
Test for parallelism: m, = me. (4) 18 
Test for perpendicularity : 
, mim, = —1. (5) 18 
Angle between two lines: 
_ a ™ | 
tan 6 = ica (6) 18 


Tre Srraigut LINE 
Equations: : ; 
Point slope form: y— y, = m(x — 2). (yao 


Two point form: eee = aes . (7a) 52 
Slope intercept form: 
y=mce+o. (8) 3.552 
: c.Y 
Intercept form: = + nad if (9) 53 
General form: Axr+ By+C=0. (10) 56 


Test for parallelism: 
A TAC= RB 57 


FORMULAS AND EQUATIONS 


No. 
Test for perpendicularity: 


AA’ = —BB’. 
Test for identity: A: A= BB’ =C:C’. 
Normal form: zcosw+ysinw—p=0. (11) 
To reduce form (10) to form (11), divide by 
+VA? + B?, sign to agree with that of B. 


Distance from a line to a point: 
d= 2 coSw + yi: SINw — Pp. (12) 


THE CIRCLE 
Equations: 
Standard form: (x —h)? + (y—k)? =r. (18) 
Center at origin: 
ck ar (13a) 
General form: 
e+y+De+Hy+F=0. (14) 
Length of a tangent from P;: 
0 =(1—h)?+y—k)?—r. (15) 
B=2?+ y7?+ Dxi+ Hy + F. (15a) 
Equation of the radical axis: 
(oD je (by Fo Fo =). (16) 


THe PARABOLA 


Equations: y? = 2 px. (17) 
x? = 2 py. (17a) 
Latus rectum: 2 p. 


THe ELLIPSE 


Formulas connecting the fundamental constants: 
; a= b+ c. (19) 
Cc = ae. (21) 
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Pace 


58 
59 
65 
66 


69 


82 
82 
85 


93 
94 


o6 
102 


102 
103 


113 
17 
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No, 
2 2 
Equations: = e = 1, (18) 
2 x? 
- ae de (182) 
Focal radii: p+p’ = 2a. (20) 
2 
Latus rectum: 2” . 
THe HypeRBOLA 
Formulas connecting the fundamental constants: 
c= a?+ bd (23) 
c = ae. (21) 
2 2 
Equations: = _ = 1, (22) 
y? x 
ett (22a) 
2 
Latus rectum: a : 
Focal radii: p —p = 2a. (24) 
Equations of the asymptotes: 
b 
Y= =F x. (25) 
x y? 
Equilateral hyperbolas: 
27 (26) 
2 
ry = oe (26a) 


TRANSFORMATION OF COORDINATES 


Translation: s=aethy=yt+k (27) 
Rotation: x= 2 cosé—y’'sin8, (28) 
y = 2’ sin@d+ y’ cosé@. 


Pace 


112 


116 
113 
113 


123 
127 


123 


124 


124 
124 


128 


128 


130 
130 


136 
137 


FORMULAS AND EQUATIONS 


Equation of the conic with the directrix as the 
y-axis and the focus on the z-axis: 
(1 — e)e* —2erty?+ p?=0. (29) 
Generalized standard equations of the conics: 


Parabola: (y — k)? = 2 p(x — h). (30) 
(x — h)? = 2 ply — k). (30a) 
Ellipse: eo + cots = 1. (31) 
ea = ude eas _ eile. B1a) 
Hyperbola: cee — a =1. (32) 


aati Js 1. (82a) 


Angle of rotation for eliminating the ry term: 


B 
tan 2:0 = rare < (33) 
PoLaR COORDINATES 
Relation to rectangular coérdinates: 
x= pcosd, y = psin#g. (34) 
p? = x? + y’, @ = arc tan Z. (35) 
Equations of the straight line: 
pcosé = a. (36) 
psinéd =a. (36a) 
6=C¢. (37) 
Equations of the circle: 
p=r?r. (38) 


p = 2r cos @. (39) 
p = 2rsin 0. (39a) 
p =acosé+ bsin#. (40) 
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145 


147 
147 


147 
147 
147 


147 


151 


1b1 
161 


164. 
164 
165 


165 
165 
165 
165 
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No 


Formula of rotation: 6 = 6’ + a. (41) 
Equations of the conics: 
: ep ; 
PT =e cos8 So 
= epee 
e~ 1 ome ae) 
TANGENTS AND NORMALS 
Slope of a tangent: 
To the circle: ee (43) 
Y1 
To the ellipse: m= — oe . (44) 
ary. 
To the parabola: m= oe (45) 
1 
b2a, 
To the hyperbola: =m = a (46) 
1 
Length of the subtangent: - . (47) 
Length of the subnormal: my. (48) 
Equation of the diameter bisecting chords of slope m: 
: b? 
In the ellipse: YS see (49) 
In the parabola: y= = . (51) 
b2 
he h bola: = —xz. 
In the hyperbola Uae a (52) 
Relation between the slopes of conjugate diameters: 
2 
In the ellipse: mm! = ue . (50) 
a 
2 
In the hyperbola: mm = _ (53) 
a 


PaGcs 


171 


172 


172 


222 


222 


FORMULAS AND EQUATIONS 


Soutip ANALYTIC GEOMETRY 


: No. 
Radius vector and direction cosines: 

p=xet+y?+ 2%. (54) 

=pcosa, y= pcosp, z= pcosy. (55) 

cos? a + cos? B + cos? y = 1. (56) 


Distance: 
d = V(x — 2)? + (i — ye)? + (a — &)”. (57) 
Direction cosines: 
1 t 
d 
Angle between two lines: 
COS 8 = COS a; COS @2 + COS Bi COS 8, + COSY1COSY2. (59) 
Condition for parallelism: 
a = a2, Bi = fo, V1 = 12, 
or 1=T—m f=7—p, N= 7T— 2 
Condition for perpendicularity: 
COS a; COS a2 + cos 81 COS Bz + COS ¥1 COS Y2 = 0. (60) 
Equations of the plane: 
Normalform: zrcosa+ycosB+zcosy =p. (61) 
Parallel to the z-axis: xcosa+ycosB =p. (61a) 
General form: 
Axz+ By+Cz+D=0. (62) 
Angle between two planes: 
AA’ + BB’+CC’ 
Ata Re Oe Ae Bee C2 
Test for parallelism: 
AltA BeBe OE C’. (64) 
Test for perpendicularity : 
‘ AA’ + BB’ + CC’ = 0. (65) 
Intercept equation of the plane: 


pe 4 ea. (66) 


, cosB = 


cose = ~ eS = z LS (58) 


» COSY = —G 


cos 8 = (63) 
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260 
261 
261 


261 
262 


263 


264 


267 
267 


267 
268 
269 
269 


269 


298 ANALYTIC GEOMETRY 


Equations of the line: 
Hoa Wma! Geert) Sa eg 


Symmetrical forms: 


Two point forms: eae Se 


Projection forms: y = kx + m, z = lx + n. 


Equations of the quadric surfaces: 


Sphere: x? + y? + 2? = a? 
Sielcs = © ee 
Ellipsoid: ae = ty an 1 


Hyperboloid of one sheet: 
x? eg 22 
a? ae 


Hyperboloid of two sheets: 


ot nea 
Varn P Fal |p 
Elliptic paraboloid: a + Phe 2 CZ. 
Hyperbolic paraboloid: 
2 2 
7 Late. 


COS @ cosB cosy” 


283 


285 


ANSWERS 


The following tables of answers cover the majority of the odd-num- 
bered problems. The exceptions consist mainly of cases where a state- 
ment of the answer would destroy the usefulness of the problem or where 
it is very easy to check the solution. Radicals and fractions which in- 
volve large numbers have been evaluated to two places of decimals; 
angles are given correct to minutes. 


Pages 4, 5, 6 
5. (a) 36; (b) 26; (c) 48; (d) 4(a@ —d)(b — Cc). 
7. (a) 12.04; (6) 13.60; (c) 14.42; (d) V(a — d)? + (6 —c)*. 


7 (2% 0), (0, ony By, 
eel Gear) 
21. (a) (5 =a Gs av); ) ee SES 


23. (a + b, c) or (b — a,c) or (a — db, — Cc). 


Pages 12, 13 

3. (a) 15.35; (b) 30.20; (c) 29.05; (d) 29.05; (e) 75.80; 
(f) 2a+2Vae+ Be. 

5. 3V6. 7. 84.5. 9. 17V2. 

11. (a) (11, — $); (©) 2, —2%); () GH; @ Ga, 28). 

13. (a) (1, 42); (@) (-3% §; (© (-4, 9); @ 0, —4); 
© (3-3)) © (3): 

15. (1, 3). 

17. (2 +3V3, 1 + V3) or (2 — 3V3, 1 — V3). 

1 


ANALYTIC GEOMETRY 


Pages 19, 20, 21 


1. (a) 3, 56°19’; (b) 44, 57°16’; (c) — #4, 129° 40’; 
(d) 48, 49°5’; (ec) 5 —2V6, 5°46’; (f) — 1, 135°. 

7. (a) 6°20’; (b) 83° 40’; (c) 8°40’; 

(d) 8°40’; (e) 69° 38’; (f) 19°33’. 


9. (a) 90°; (b) 0°; (c) 75°; (d) 75°; (e) 14°2’;. (f) 64°06" 
int, eleva 


18. (a) 26°34’, 153° 26’; (b) 26°34’, 153° 26’; 
(c) 2°56’, 177°4'; (d) 52°15/; 127° 45’. 
15. (a) 45°, 45°, 90°; (b) 78°41’, 78°41’, 22°37’; 
(c) 50°51’, 61° 52’, 67°17’; (d) 19°26’, 21° 10’, 139° 24’. 


21. (0.211, 3.894) or (3.789, 2.106). 


Pages 31, 32, 33 


3. (a) 62 —8y = 27; (b) 202 —6y = 11; 
(c) 10a2+8y+9 =0; (@) z—y+6=0; 
‘(e—) 32 —y = 10; (f) 22 =a. 


5. (2) ®#+y? +102 —12y¥+ 52 =0; 
(6) 2&+y—22+6y — 26 =0; 
(c) 22 + y? = 100; 
(d) (tz -hP+yy—kP =r. 
ity ee i (a) 2 —6x2+12y = 27; 
(b) yy +122 —12 =0; 
(c) wy +10y —62+16 =0; 
(d) y? =2 px — p*. 
9: (az) 2 —38y*—624 48y = 135; 
(b) 322 — y? — 362+ 60 =0; 
(c) 832 —y+242—-10y+11 =0; 
(d) 32 —y2+2 px — p? = 0. 
iW he (a) 424+3y2—2427+12y =0; 
(ob) 32+4+4y +242 =0; 
(c) 832 +4y —62+4+40y+4+91 =0; 
(d) 32+4y—-8prt+4p? =0. 
13. (a) y+ 162 = 32; 
(b+) wy —10x—4y—1=0; 
(c) 2 —16y+16 =0; 
(d) 2? + 2(p + 2)y = (p + 2). 


15. 


17. (a) r—y +5 =0; (6) c+y =1; 

(c) e+ yV3 = 3V3 -2; (d) « — yV¥3 =— 3V3 -2. 
Ley = 6. 21. 2xy =k. 

Page 48 
SD )eke > 20, ki— 20) ki 20> 
(c) Kk <<— 18, k =— 13, k > — 13. 
Pages 49, 50 

8. (— 1.69, — 4.77). 5. (3.83, 4.17), (— 7.83, 15.83). 
7. (+3, — 4), (+ 4.90, 1). 9. (+ 1.97, — 0.5). 

11. (4, + 7.21), (1, + 6.08). 

#S. (2.85. 1.41), (—2:83, — 1.41), (3.46, 1.15), (— 3.46, — 1.15). 
15. (0, 0), (2; + 2.83). 

27-7 (1-41, 2.93), (1-47, ~-2.83), (2.83, 1.41), (= 2.83, — 1.41). 
19. (42a, a). 21. : 46, 2.91), (— 1.46, — 2:91). 
23. SS z ==) SS oe 

; V1 + m? Laie oo Sean) 

25. (4.44, — 3.89). 27. e Sa ae 
ean oa Wie ie 

V1 — m 1 — m?/)’ Fa VS 
sl —1, as 
Pages 54, 55, 56 

8. (a) 32 —8y+22=0; (6) 7x+2y = 32; 

(ec) 82 —l1ly =1; (d) 22+3y =1; 

(ec) 82 —y = 70; (f) 182 +10y = 34; 

(g) 2x2£—Ty = 12; (h) Tae +3y = 34. 

& (@) «—y =2; (6) e+ y = 3; 


(c) 2V3 —y = V3—-5; 
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(a) 32+y = 18; 
(c) x =y; 


(ob) 32+ 5y = 27; 
(d) bx + ay = ab. 


(d) 32 —y =12; 


(ce) 2e+y+6 =0; 
(Ee: aie 4 = 0; 
(i) eV3+y =6. 


iti ya 3. = 0; 
(h) x — yV3 = 5V3; 


13. 
19. 


21. 
7x —y = 66, 
23. 
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(a) 3°11’; (b)-:25°21'; 
(e) 19° 26’; Chynide £3 
aty =+ 8v2. 
65. 


(ee 22° Bi" 
(g) 124° 31’; 


(d) 33°41’; 
(h) 127° 53’. 


ll. e+y =4,0or9z+y = 12. 


(a) c =+ 3¢, if the vertices of the base are (+ ¢, 0); 
(b) y =+3¢, if the vertices of the base are (0, +c). 


Pages 61, 62, 63 


(a) 52 —12y +60 =0,122+5y = 25; 
(b) <+2y = 20,27 —y = 10; 

(c) x —12y+88 =0,127+y+41 =0; 
(dq) 8x2—4y = 38,4274+3y =9; 

(ec) 4a +3y = 55,382 —4y = 10; 

Gf) c-y+2=0,2+y = 10; 

(gg) 8a2@+15y =0,15r—-—8y =0; 


(hk) y=0,2+3 =0. 
48 54 

(a) —=; (b) —=; 
V61 V113 

24. ie 


V13" V50’ 


(e) (f) 


12, 16, 
(c) (d) 533 


(g) i (h) 6. 


(a) y=0,382—y =18,32—4y =0; 
(6) c=3,2+3y =16,42+3y = 25; 
(c) ©=8,24+3y =0,4274+3y = 24; 
(d@) 82@—T7Ty =0,32+2y =18,62—5y = 18. 


(b) 84. 
The point of intersection is 
(a) (6, 3s); 


(0) Ge, 42); 


(c) (8, 4). 


(a) ¢ = (16, — 3), r = V265 = 16.28; 
(b) c = (0, 104), r = 4V697= 13.20; 

(c) ¢ = (— 4, — 6), r = V208 = 14.42; 
(d) c = (— 12, — 48), r = 1V884 = 9.91. 


(10, 4), (— 6, — 8), 

(x—y =— 34. 
(a) y=—32xo0ry =32; 
(6) y=— Frory =22; 
(c) y=—3z20ry =32;: 
(d) y=Frory =— Fa; 


e+7Ty = 38, 


e+7y = 


(ce) y=%xrory =— $2; 
(ff) y=—4trory =22; 
(g) y=—220ry =22; 
(h) y=treory=—38-2. 


17. 2 =+ ‘, if the points are (+ ¢, 0). 
c 


— 62 
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(c) (74, 23), 24. 


Pages 67, 68 
1. (a) e +y= 6V2; (e) e —y = 16V2; 
(6) «V3 -—y+10=0; (f) V3 —y = 40; 
(c) a +'yV3 = 24; (g) e+yV3 +20 =0; 
(d) y =8; (h) x +12 =0. 
Bey oe id SC Bee 
3. (a) ete 5? (e) oe ; 
8 TOT ee le Rd a ea 
(b) 77 ty7Y 17? (f) aa ; 
Boys fo: NS) 
Cet pias CU Se ea 5; 
(d) #rt+dsy =0; (h) —$x+4#y =—§. 
5. (a) 53°8’; (b) 67°23’; (ce) 118° 4% (d). 26° 34: 
(e) 68°26’;  (f) 157°23’;  (g) 104°2’; — (h) 45°. 
%. (a)'2—y=15; f (c) 2442+ 7y = 50; 
(b+) e—V3y=5+10V3; (d) 32+4y 425 =0. 
ee ee Be 
9. SEA peers tan w “5 
ab? a’b 
11. aes oa) 
Pages 70, 71, 72, 73 
a (ayet 677 (d) 0; 
(b) 2V2 or 2.837; (e) — $$ or — 1.15+; 
(c) 485 or 4.257; (f) V2 or 6.36+. 
3. (a) V10 or 3.16+; (c) 42V13 or 3.337; 
(b) 3413 or 1.117; (d) 4.8. 
5. (a) 53; (b) 273; (c) 28}. 
7. (a) 945; _ (b) 174; (c) 523; (d) 56. 
9. (a) 72+ 7y=11e—y=1; 
(6) 7z2—Ty =15,2+y=1. 
PG) Cae (y= 1; (6) 7x —7y+45 =0. 
18. 832+4y =41,324+4y + 23 =0. 
“15. (a) e-3y =0,2a+4y = 25,72 —y = 50; 
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Pages 75, 76 


. (a) b = 8V3, m = 4V3, p = 2k, w = 120°; 
(c) a = 4V3, b = 12, m =— V3, w = 30°; 
(d) b =— 10V3, a = 60°, m = V3, p =— 5V3; 
(h) a =+ 133, = 36° 52’ or 143° 8’, m =+ 3, = 126° 52’ 


or 53° 8’; 


5. 


7 
9 


i. 


13 


ao - 


~t 098 


1 


(i) a = 6V5, b = 12V5, a = 116° 34’, w = 26° 34’. 
(a) (y +1) = m(a — 5); 
(h) cxcosw+ysnw = 13; 
G) ty =k. 
; (a) = 25 (d) 9; (f) — 25. 
. 22—5y =k. 
y —5 = m(x — 8), — &. 
. (a) Impossible; (d) Impossible; (g) + 1V3; 
(b) 48; (e) Impossible ; (h) — 62. 
(c) — ge} ee ines 


Pages 78, 79 


. 4124 218y —167=0. 3. 8y+15 =0,1227 —49 = 0. 
. (a) 8724+ 87y = 85, 387 xz — 87y + 25 = 0; 

(0) 22+3y =0,32 —2y =0; 

(c) t=s,y = #5 

(d) 50% — 90 y + 283 = 0, 90x + 50 y = 169. 


Page 81 
. (a) 23; (6) 43; (c) 36. 
. (@@) 2 —y—82+4+16 =0; 
(ob) 4229 —y? — 207 —2y+ 24 =0; 
(c) @—4ayt+4y?—42+4+8y — 21 =0; 
(d) 922 — 16 y? — 96 y — 144 = 0. 
. 4y¥y—-—3 =0,224+3 =0. 
Oey Oey ones 


Pages 82, 83, 84 


.(@) 2@+y—62e2-10y+9=0; 
(c) 2 +y—82+6y =0. 


a a 
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3. (2) P+y—-—Sx+t12y+16 =0; 
(ob) ?@+y+16%7+12y+ 36 =0; 
(c) a? + y? + 322+ 32 y + 256 = 0; 
(dq) 2?+y4+162+12y =0; 

(e:) 2 +4y?+ 242+10y =0; 
ff) @+y+42+2y = 20, or 
et+y—127+2y4+12=0. 

5. 2tyt2e2—S8y = 36. 

7. 25 2 + 25 y? — 300 x + 20 y = 696. 


Pages 86, 87, 88, 89 


1. (a) (— 3, 4), 8; = ek ae! a ee 
(b) (— 4, 5), 0; (g) (4, 5), 6.40; 
(c) (2, — 3), 6; (h) (— §, 9), 3; 
(d) (0, — 8), 8; (i) (12, — 5), 18; 
(e) @, 9), 5 = Fry 0. 


5. (a) (x + 3)? + (y + 4)? = 64; 

(b) (@ + 4)? + (y+ 5)? =0; 

ela a? — 4 — 1607 — 25 — 0 

(d) 22 + y? — 1€y = 0; ete. 
7. (a) |k|>4v2; (b) | k |>2V6. 
9. (a) (0,2), (6, — 4),2+y =2; 

(b) (6, 0), Cs; 3); oe eee = 6. 

Wl. (a) 624+12y = 73; 13. 72+ y = 50, 14.14. 
(b) 42 — 3y = 66; 15. 25 2? + 25 y? = 49. 
(c) 8a+15y = 257; 

(d) x —38y + 26 = 0. 

1 (@) 2? -h 4? =a; 

(b+) 2 +y+2ay—a=0,ore’+y —2ay-—a =0; 

(c) ka? + ky? + 2 ay = ka?, or kx? + ky? — 2 ay = ka’; 

(d) (a +3a)?+Y¥ =4k, or (cq —3a)? +y¥ =42. 

19. (2 —1)(?+ y?) +2ar = a. 

21. 2+y+re =0. 


Pages 92, 93 


1. @) @+y—-32-13y418 =0; 


(6) 2 +7? —6a+-8y —0; 
(c) 822 +8y — 79x — 32y+95 =0; 
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(d) 42° +4y?-—82+19y — 140 =0; 
(e) 2 +y—22+6y =0; 
(ff) 324+3y—42+4y —8% =0. 


3. (a) (x — 4)? + (y + 2V3)* = 16; 

(b+) 522 +5y—82 =41; 

() @+yY—62+4y+8 =0; 

(d) 2+y—10x2-—10y+25=0, or +7? — 582 — 58y 
+ 841 = 0; 

(ec) 22° ++2yY+72 —24y =0; 

(f) (@ — 12)? + (y — 18)? = 160, or (x — 4+ (y + 6)? = 100; 
(Qg) @+y+10r+6y = 135; 

(h) 2 +y? +82 —12y = 117; 


1 il 


(i) (@ — 88)? + (y + 48)? = 144, or (x + 28)? + (y — 28)? = 144; 
Gg) 2@+y—-1027-—b6y=llo#+y—62+412y = 55; 
(kk) P@ +y—-2Qe—4y =0,or9r? +9y? —S58rx+4y =0; 


() 2 +y—22—10y +22 =0; 
(m) 2 +y+42—-—6y =0,orr+y+4a2—- 14y+4+208 =0. 
Pages 99, 100 


1. (a) 5; (b) 9.42; (c) 4.31; (d) 5.45; (e) 8.26; (f) 9.93; 
(g) 11.70; (4) 4.81; (j) 1.51. 


3. (a) (0, 7) and (— 1, 0); (b) (1, 4) and (4, — 1). 
5. (a) (G2, 48); (6) Th = s)- 


Doe Cite Peta de LO 7G. 


Pages 106, 107, 108, 109, 110 
1. (a) (3,0),2 +3 =0, 12; (g) (0, 4),y +4 =0, 16; 


(b) (0, 3), y + $ = 0, 6; (h) (0, — 3), y = 3, 12; 

(c) (0, —%),y = 3,6; (7) (0, a) Ui-t o = 0, 44; 
(d) (— 2, 0), w = 2, 22; if She oe 
(e) (— 6, 0), x = 6, 24; @) Ge eta wees 


(f) GPs, 0), +e = 0, 4; 
3. (2) 2 =20y; (0) y+ 242 =0; (c) y2 = 4az; 
(d) 3y¥2 = 162, or422°+9y =0; 
(e) y= 162; (f) y +122 =0. 
5. a? = 24 y. 7. y? =2az. 
9. 222 4+2y? —5 px =0. 
ll. 4 pv3. 18. a+ 4p. 15. (0,0), (2 p, 2p). 


17. 
25. 
27. 


29. 


31. 


33. 


3. 
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4p. 19. (—8, —8). 21. 42+3y =15. 23. 2y? = px 
rt2y =0,or2 —4y? =0. 

(aq) Y =2pr + p’, or yy? =— 2 px + p’; 

(b) 2? = 2 py — p*, or 2? =— 2 py — p?. 

(b) 2= 2, c— 5, 2), (—%, 6) and (= iG = 2); 

(c) z= 3, (3, 2), (11, 6) and (— 5, 6); 

(d) y =k, (h, k), (h +a, k + 2a) and (h +a, k — 2a). 
(bt) Yy+8x2—4y+44 =0; 

(c) 2 —6x2—16y+41 =0; 

(d) (y —k)? =4a(a —h). 

(a) yy —20z2+4y+24=0,y+2 =0, 20; 

(o) 2 +22+144¥y+64 =0,2+1=0, 14; 

(c) Y+8x—-—6y+25 =0,y = 3,8; 

(d) 2 —2axr —4by +02? 4+ 4b? =0, 2 =a, 45; 

(e) y¥ —2pr —2ey+e+2ap+p =0,y =c, 2p. 


Pages 114, 115, 116 


(b) 6, 3, 3, (+ 3V3, 0); (+ 6, 0); 

(c) 3, 2, 22, (+ V5, 0), (+ 3, 0); 

(d) €, 1, 3, (44V7,.0), (44, 0); 

(e) V30, V5, +V30, (+ 5, 0), (+ V30, 0); 

(f) 5, 3, 42, (+ 42V2, 0), (+ 5, 0); 

(g) 24, 2, 28, (+ ¢V6, 0), (+ 24, 0); 

(h) 8, 4, 4, (+ 4V3, 0), (+ 8, 0); 

(i) 5V2, 5, 5V2, (+5, 0), (+ 5V2, 0). 

(a) 922 + 25 y? = 900; 5. (a)a =bV2; (b)a =2b. 


(b) 2 +3y? = 12; 7. 16 2? + 25 y? = 1600. 
(c) 5227 +9y? = 180; 9. 2 +4y? = 36. 


(d) 2 +4y? = 64; ll. 5227+9y 


(e) 25 a? + 169 y? = 4225. 18. 62x? + a®y? = a*b?. 


Pages 119, 120, 121 


(b) (0, +6), 0, +4V2), 3V2, $; 
(c) 0, +42), 0, + §V7), 4V7, 33; 


(d) (0, + 33), (0, + $V5), 4V5, 38; 


(e) (0, +V17), (0, + 3), %V17, 49V17; 
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(f) (2, 0), (8, 0), $, 985 
(g) (0, +2), (0, + V3), 4V3, 1. 


. (@) 162+77 = 112; 


(b) 169 x? + 25 y? = 4225; 
(c) 327 + y*® = 24; 

(d) 25 a? + 16 y? = 400; 
(e) 169 2? + 25 y? = 4225. 


5. b =aV1—e. 7. 922? +5y? = 720. 
9. 4 aa? + b?y? = 4 ab?. 


. 22+ ny? = a2, or (n — 1)?2? + n?y? = a2(n — 1)?. 
. ag? + by? = a?b?. 
. (@@) 822 +77 = 115; 


(b) 9 a? + 25 y? = 225, or 25 2? + 9 y? = 225. 


. ara? + by? = a®b?. 
. (a) (4, 2), (8, 2) and (0, 2); (4,2 +2V3); 6; 3; 


(b) (3, 1); (3, 6) and (3, = 4); (6, 1) and (0, ie 33; = 


Pages 125, 126 


. (b) 2V5, 4, 48V5, (+ 6, 0); 


(c) 3, 2, 8, (0, + V13); 

(d) 42, 3, 73, (+ 3V41, 0); 

(e) 2, 6, 36, (0, + 2V/10); 

(f) 5, 2, &, (+ V29, 0); 

(g) V10, V6, ¢V'10, (0, + 4); 
(h) V15, V21, 12V15, (+ 6, 0). 


. (a) 25 2? — 64 y? = 400, or 25 y? — 64 2? = 400; 


(b) 5a? —4y? = 80, or 5 y? —422 = 80; 

(c) 25 2? — 24 y? = 600, or 25 y? — 24 2? = 600; 
(d) 16 2? — 25 y? = 400, or 16 y? — 25 2? = 400; 
(e) 327 —4y? = 108, or 3 y? — 4 22 = 108; 

(f) 1622 — 9 y? = 324, or 16 y? — 9 2? = 324. 


5. $2? — y? = 3 a’. 


7. (2) 2 -y+9=0; (b) 2522 —-7y2+75 =0. 
9. (— 5, — 22). 
11. 22-2y4+c=0. 


13. 


15. 


.2ay+25=0. 7b 9. 
. (a) (3, 7) and (3, as 3), (3, 6) and (3, = 2), $5 
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Pages 132, 133, 134 


. (0) 4, 6, 4V13, (+ 2V13, 0), 32 +2y =0; 


(c) 8, 4,2V5, (0, +4V5),22+y =0; 

(d) 5, 3,234, (4V34, 0), 32 45y =0; 

(e) 5, 5, V2, (0, 5V2),24+y =0; 

(f) 3,4, (0, +5), 32+4y=0; 

(g) 5, 10, V5, (0, 5V5),x+2y =0; 

(h) 2V6, 2V'10, 2V6, (0, + 8), eV¥3 tyV5 =0; 
(i) V15, 6, 2V85, (£V51, 0), 22V3 tyV5 =0. 


. (a) 25 22 — 94? = 225, 1V34, (4 V34, 0); 


(b) 922? —4y? + 144 = 0, 4V13, (0, + 2V/13); 

(c) 422 — y? = 64, V5, (+ 4V5, 0); 

(d) 9a? — 25 y? + 225 = 0, 2V34, (0, +V34); 

(e) a2 — y? = 25, V2, (+ 5V2, 0); 

(f) 922? — 16 y? = 144, 5, (+5, 0); 

(g) 2 — 44? = 100, V5, (+ 5V5, 0); 

(h) 322 —5y? = 120, 2V10, (+8, 0); 

(i) 1222 — 5 y? + 180 = 0, 4V51, (0, +V51). 
ab? 

e+ ob 


&) (10, — 8) and (—2;-— 3), G4 2V5, — 3), ev5. 


(a) 322 — y? = 27; (c) x? — y? = 20; 
(b) 42% — 5 y? + 80 =0; (d) 42% — y2 +20 =0. 


(c, + $c), (=< + }c). 


Pages 137, 138, 139 


. (a) 42%—y2+4=0; (d) 2% + y = 13; 
(6) 227% -+y' =0; () y =232 —4 27; 
(c) y? = 82"; (f) vy’ =e. 


> @) «2? —y2 = 16; 


(b) zy’ +8 =0; 

(0) a? — y? = at; 

(d). 7’? —3y"? =9; 

(e) 422 —9y2+36=0; _ 

(f) @? + ya! — y') = 2V2az'y’. 
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- (@) y? =82'; 


. (a) SO eae 


(pers PCy sek aoe 
PAG eer 20 : 
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. (a) (— 9, — I), (a — 6, b — 5); 


(c) (0, 8), (@a+3,b +4); 
(dq) (-3 —h,4 +k), (a —h,b +k). 


. (a) (—V2, 4V2), (5, — 3); 


(b) (— 2V2, 0), (2, 2); 
(c) [V2(h — k), 4V2(h + k)], (kh, — A). 


. ze =xcos 6+ ysin 8, 


y’ =— zsin 6+ y cos @. 


Pages 141, 142, 143 


. (a) (2, —2),92%2+4y = 36; 


(b) (2, 0), 162 — 25 y” = a 
(e) (— 4, A 42% —y" = 
(d) (— 4,4), 427 +5y" = 80; 
(e) (5, ae 2 + y”? = 169. 


(d@) y® =32'; 
(e) y’ =a’ —Za'. 


(6) x? = 12y’; 
(cy? -- 122’ =.0; 
(d) 2 + 20 y' = 0. 


. (a) 9a’? + 25 y’ = 225; 


(b-) 1622 +7 y? = 112. 


Pages 148, 149, 150 


(zs — 2) 
25 16 , () 36 


Cael Ne BR (x + 3)? 
(b) ae ie ape 1; (@) che 


? 


(b) ea w+ 1 =0; 


= SiS Jee 
() ent 


(6) 322 +4y? 
(c) 32’? — y’? = 48; 
(d)-2? = 167’; 
(e) 25 2” + 9 y’2 = 225; 
(f) 1622 —9y? = 


. (a) 422+ y2 = 64; 9. (a) 422+ y”? = 36; 
(b) 16 2 — y’? = 81; (b) 422 + y? = 36. 
(c) 22 = 87; ll. @) y2+122' =0; 


= 48; 


144. 
+ y + 2)? et eee 
20 
y= TP 
+ 25 i 


1; 


13. 


Ct ae 
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(@) GEM _ WB" +1 =0 


(a) ke — 2)? Sas J 0, (o=- 2)8 OLS Se —. =1; 


25 9 9 25 
Ee et? ee Mee) eet ee OES ae 
6 rio ara ae to 16 : 
(Gets Vieoe Say kee ay ow 6 
a oer igs ee 4 L 
egy GeO) Wy Uy Say Gra) a bP Ly 
24 25 25 24 


. (a) Y + 12(2 — 3)= 


() Y +4)? = 12(2 — 2); 
(c) (w + 5)? = 14(y + §); 
(d) (x — a)? + 8b(y —3b)=0 
(e) (y — b)? + 4a(¢ — a)= 
ig 2) oo (yt = sre 
eo is : 
(b) (ec + 1)? = 7(y — 4); 
(c) (He ene) (y + 2)? =1; 
24 16 


ar 


(d) (y+ 3)? = $x — 1); 
(x + 2)? iy $i 
(e) 7) + a 1; 
oe ae aa es 
(f) 7 ee 0. 
(a) y = 8(x — 2); Gy ea eat: 
(b) 2 + 4(y — 4) =0; 4 i} : 
(c) 2 = 5(y + 5); G) (os)? oe =<¥ 
(a) = ee Ly: 64 256 
» % (h) haar S/n GP ays 
gs 0)" : 64 256 , 
() Wa =0; 
68s a eee) al 
16 64 
Pages 154, 155 
4 gl !2 + y' = 4 5. Ziyi? = 3 gl’. 
3 a? + 2y'? 10. 6. 27/2 +4y” =0. 
gl"? ae 4 y!2 an 4=0. 7. 25 gl!2 — y!” = (i) 
22/2 —3y'2+6 =0. 8. 47/2 =1. 
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. (xv +y')? +1 =0. Imaginary. 
. 222% + 66 2'y’ +110 y2 +199 = 0. Imaginary. 


24/2 + y'? =0. 16. 32°27 —y'2 =9. 
92% +4y'2 =0. 17. 2/2? —y'2 +4 =0. 
Ag! =1. 18. 224+ 2y'2 =4. 
. gt — yy? = 0. 19. y"2 =42". 

922 +4y!? = 36. 20. 2 — yy! =+ 2V2. 


. (a) 92’? — 16 y’2 + 28= 0; 


(b) 3a’? — y'? = 8 


Page 158 


. (a) 92° +164? — 362 — 32y +27 =0; 


(6b) ey —2xe+y-—10=0. 


. (a) 2 +42ey+4y—42—-12y =0, or 


25 «2 + 60 zy + 36 y? — 100x — 108y = 0; 
(b) 2 —2Zay+y—2e7-—-1=0. 
(a) 422 + zy + y? = 40; 
(b) 2 —2ay+2y? = 5; 
(c) 622 —138 ay +6y =0. 
(a) 2x =16—-—19y+57; 
(6) 22 =3y —5y; 
le) 2a 4 y +9; 


@) «=7? — 1. 
Pages 163, 164 
(a) (8V3, 8); (ad) (— 4, 0); 
(b) (— 2, 2V3); (e) (— V2, — V2); 
(c) (0, 6); (f) (4V2, — 4V2). 


. (a) (2, 120°), (— 2, 300°); 


(b) (2V2, — 45°), (— 2V2, 135°); 
(c) (13, — 67° 23’), (— 18, 112° 37"); 
(d) (4, 60°), (— 4, 240°); 

(e) (— 2, 45°), (2, 225°) ; 

(f) (5, 58° 8’), (— 5, 233° 8’). 


. (@) 2+ 7 = 16; (g) @+y —2ay =0; 


(c) #2 +y — 102 =0; (h) y = 2a; 
(f) 2% —3y =0; G) @+Y—2—y=0. 


10. 
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(a) otan @ — 2: (h) p? cos 2 6 = 16; 
(c) pcos 0 =a; (kK) p? sin 2 6 = a. 
(f) p = 6 cos 6; 


Pages 171, 172 


1. (a2) p =— acot? 6’ csc 6’; 3. (a) p = a(1 + cos 6); 
(b) p =—acse & +b; (6) p =a — bcos 6; 
(c) p=acos3 @’; (c) p =— a tan? 6 sec 6; 
(d) p =— asin @’; (d) p = 2a tan 6 sec 6; 
(e) p=a-—bsin 6’. (e) p =— acos3 6; 

ff) p =— acos 6. 
Pages 174, 175 
(a 3. 2 ep. 
1 + ecos 6 

B. (a) $4, 32V3; —G) 22,2V15; (9) 98, 4a. 
(b) 18,12V2; — (i) :15, 10V2; 

9. (a) p= —P___|, b) p= — P . 
one 1+ecos 06’ (0) p 1+ esin@ 
Pages 177, 178 

1. p = 2(6 + a cos 6), a limagon. 

2. p =a(1+sin 6), a cardioid. 

SE ae =V p2 + px —2 pPip2 COS (01 aa 2). 

4. p? + p2 — 2 pip cos (6 — 41) = 7. 

5. p2(1 — e cos? 6) = b?. 

6. p = a(2 cos 6 + 1), the trisectrix. 

7. p =asec 6+5, a conchoid. 

So p sii 2.0. = a- 

9. p = acos 4, where a is the radius of the given circle. 

10. p = asin 2 6, the four-leafed rose. 

11. p = 2a tan @sin 6, the cissoid. 

12. p? = 2 a? cos 2 9, the lemniscate. 

Page 179. 
(a) @ + y? + az)? = a(2? +’); 


. 27. 


(6) (+ y — bz)? = P(? + y’); 
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(c) 2 = ay’; 

(d) (a — a)*(x? + y?) = b’a?; 
(e) # + zy — 2ay’ = 0; 
f) (+ vy)? = 4a; 
(9) (@ + y’)? = 2 aay; 


(h) y = xz tan Vee 
a 
Pages 184, 185 
. (c) ce =— logsy; (h) impossible ; 
(e) « =— 42 logy; (i) r=V- logey ; 
(g) & = 5log.10 7; (7) impossible. 


. (c) e =4+ 10%; (ec) ce = 4 — 10; (g) z=ive —1. 
. (a) x = loge (y Vy? — 1); 


(b) « = log. (y +Vy? +1); 
e pes ty 
(c) & a log. ( . ) 


Pages 192, 193, 194 


. (a) sin (— z)=— sin zg, sin (x + x) =F sing, 
sin (27 + 2)= + sin 7; ete. 

> (a) 2x3 (e) 4x; (7) no period ; 

(c) 47; (g) no period ; (n) no period. 
Pages 199, 200 

. (a) zy = 36; (i) 2 — y =a’; 
(b) y =42; (j) 42% — 25 y? = 100; 
(c) 2y =(@#— 2); (k) (2) ak ‘GE =1; 
@ya4e55+3; : : 
() +18 = (@— 1); OS 4( tia 
(f) B22? + ay? = ab?; & b 
(g) 2 +4y? = 400; (m) y = a(1 — cos 2); 


(h) P+y—42+4y=17; (n) 4an — y? =4a2. 


.2=104+23tV3,y =. 
7. (a) = 288V2t, y = 288V2t — 16 2, 10,368 ft., 2,592 ft. ; 


(b) « = 200V3t, y = 200t — 16 #, 4,330 ft., 625 ft. ; 


EI; 


13. 
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(c) x = 640%, y = 480¢ — 16 #, 19,200 ft., 3600 ft. ; 
(d) x = 120¢, y = 160¢ — 16 @, 1,200 ft., 400 ft. 
5796 feet measured along the slope. 


y=axtane — 16 2° 
v? cos? a 
p = 4. 15. Every = seconds. 
© k 
Page 202 


MG = rare vers 2 —V2 ry — y. 


. x — intercepts: — 0.78, + 0.78, 62.06 63.61, etc. 


y — intercepts: — 2, 3.79. 
Page 205 
z =#R cos 0 — Ecos 4 6,y = 4 sin 6 — F sin 40, 


(a) x = R(2 cos 6 — cos 2 6), y = R(2sin 6 — sin 2 4); 
(b) x = 26 cos 6 — cos 3 4), y - ke sin @ — sin 3 6). 


Page 209 
(a) (2? + y? + bx)? = a*(2? + 9’); 
(6) @+y+az? =@(2? +7); 


bas 027 ae 
(cj) +7? = Gao 


ie Uy. 
Ce = as 


(e) (2 + y)* = (a? — "5 
(f) (a + y)? = ay(3 x — 9’). 
yacos 2 0 
cos @ 
pt! — 2a’? cos20+at—ct#=0. 


p= 


Pages 213, 214, 215 


(a) — 4; o) CoS 
4 
(b) 3 ax; (d) bax. 


? 
ay 
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8. (a) 3, pet (e) 4, — 4B; 
(c) 3V3, 4303; (g) 4, —4; 
(d) — $V5, 43V5; (h) %, — ¥- 


Buta) (1, sy 1 — 2): (b) (V3, 4), (— V3, — 4); 
(c) (10, — 5V3), (— 10, 5V3); 
(d) impossible ; 


(e) G8V5, — 38V5), (— 32V5, 38V5) 5 
(f) G&V17, — 28V17), (— $V17, 2V17); 
(g) (10, — 5); (h) (27, 203). 
Wedayvca me (c) 90°; 
(b) 103° 54’; (d) 153° 26’, 63° 26’. 


9 a? + 6? =) | —@a + 6 ‘ 
Vath Vat +B Vae+b Vat + Bb? 
Ze. 
ae he 


2e 
b tan. == =e 
(b) are on 4 


11. (a) are tan 
s e 
13 ( =) 
- pi m+—)- 
m 
Pages 218, 219 


1. @) 227—3y = 13,32+2y =0; 

(ob) 22 —y=9,2+2y =2; 

(c) 24” —y = 82,2 +24y = 386; 

(dz) 832+2y = 24,22-—3y+10 =0; 
(ec) 162+ 9y = 28,92 —16y = 100; 
(ff) e+ty+2=0,7-—y+6 =0; 

(9) ¢—8y+15 =0,82+y = 10; 
(h) 92 —y +28 =0,2+9y =6. 


3. (a) a % 2; (d) a 4, a 9; (g) 16, 255 
(b) =" aaa 2; (e) 4, SF (h) % 9. 
(c) 3, 384; G) = 2i= 23 
5. 42 —3y =k where k has the value: 
(a) + 5V13; (d) impossible ; (g) impossible ; 
(b) + 3V41; (e) impossible ; (h) + 2V 903. 


(c) + $v2; (f) 225 


. 
° 


11. 


5. 


Ub 


9. 
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. (a) 2 v1, P, V ea = yr, Vye i= Pp; 


21,2 2. - — 
(yee ae sen ue + bey, 4 Vay? + dire; 


? 
b22x1 


29742 
(c) ae 2, oe me biz, aVay? ae bia; 


ye , 
(@) -4,-—m; “3°. 
Mae Ty 


. (a) yw + py = y(p + 21); 


() 2 Py _ wy; 


al Yi. 
2 2. 

(c) ae, by _gip; 
Ty Yn 


(d) yx — ny = 0. 
pty +2 =0,or2—yt? =0. 


( a 35 [ ) ( made 25 [iP ): 
Vat +b? Va? + b? j Va +b Va +b 
15. 


a’. 


Pages 224, 225 


. (a) e+8y =0; (d) 8y =5; 


(ec) 9x + 32y =0; 
(ff) 8x —9y =0. 


(b) «x —18y =0; 
(c) e+2y=0; 


mm =— a. 
6? 

y = 2. (OR an On 11. 4 ab. 

m 

Pages 239, 240, 241, 242 

1g 2/3, ll. V = 42°(21 — 2). 

4 18. 0.366 cu. ft. per degree. 
Y= 3r— 2. 15. L = 30 + 0.0000326 t. 

oe ons 17. T = 212 — 0.002 h. 

SS ae 23. A = 1.728%. 
Ae (2) — 7). . 255 C= —4. V2 

2. 27. pv = 150. 


Ngee 
aa 2). 
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Pages 248, 249 * 
1. y = 0.41 + .00785 z. 7. y = 36.03 + 3.13 z. 
2. y = 109.95 + .0198 z. 8. y = 100.00 + 0.108 z. 
3. d = .00761 + .0000123 ¢. 11. L = 605 — 0.689 T. 
4. y = 70.31 + 0.300 z. 12. F = 4.22 + 0.0428 w. 
bye aa SUR pre 13. L = 999.63 + 0.0188 T. 
6. y = 33.65 — 0.51 z. 

Pages 253, 254 * 
1. y = 1.64 — 0.312 2?. 6. y = 6.08 + 24.8 
2. y = 0.0029 + .001646 z?. 
3. y = 54.4 + 0.506 2’. 7. y = 0.0496 — 0.901. 
4. y = 9.9 + 0.371 2?. x 
§. y= 12.1 — 158. 8. y = 15.7 + 325 

x 

9. y = 1.818 — 0.00025 x + 0.000917 z?. 


10. y = 0.253 + 0.338 x + 0.0137 z?. 
ll. y = 3.03 + 15.15 & + 4.80 2”. 


12. 1 = 0.34 + S28 


13. W = 682 — 19.97 h + 0.179 h?. 


14. ¢ =— 0.14 + 2.02 R + 0.206 R?, or 
t = 1.92 R + 0.219 R*. 


15. v = 4.265 + 0.739 x — 0.1485 2”. 


Pages 257, 258 * 


1. y = 0.994 2386, 7. N = 200 e%5¢, 

2. y = 0.326 9-600, 8. D = 58.8 h°-5. 

3. y = 0.0181 2~9-2!. 9. £ = 0.0357 d1-19, 

CS = OC 10. T = 63.0 e-.07192, 
Doe OUe me Celeb | ll. T = 0.001344 R1-474, 


6. y= 9.95 e70-007512_ 


* Nore. Incalculating these answers the values of the variables were substituted 
in the appropriate type of equation and the resulting equations were grouped ex- 
actly as in the model examples. A variation in this grouping will lead to somewhat 
different results. To determine which of several results is the best it is necessary 
to calculate the residuals. 
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Pages 264, 265 
. (a) p = 5V2, cosa = 3, V2, cos B = 2V2, cosy = 4V2; 
p = 6, cosa = 1, cos B = cosy = 0; 
p =V46, cos a =— 3 V 46, cos B = a, V'46, 
cos y = 2.46; 
(b) p =V 14, cosa =— 3V14, cos B = 3, V14, 
cos y = — 7zV 14; p = 3V10, cosa = xV10, 
cos 8 = — ¥V10, 208 y = §V10; p = V2, cosa = 3V2, 
cos B = 0, cos y = $V2; 
(c) p = 2, cosa = cos 8B = 0, cosy = 1; 
p = 5, cos a = 0, cos B = 3, cosy =— §; 
p = 3, cosa =— 2, cos B =— 3, cosy = j- 
amos deen Leal! 34° 38" 
(6) 169° 157, 6° 51773" 53’; 
(c) 90°, 24° 6’, 65° 54’. 


. (a) 244; 13. V29, 5V2, W59. 
(b) 243. 15. (a) (— 2, 3, 0); 
. (4, + $V 23, — $). (b) (0, 0, — 4). 


Pages 270, 271 


a. 32 _ 4Y 1242— 5 aa ? 
=F ere Ere iepaae 13’ Tt +); 

peat Se ey te TH; 
2 8.8 Bo “GVOr (32 FT 3V2 


() 24+ bn 2-94 2 23,(--4). 
a 


. (a) 424+ 3y — 242 = 12; 
(b+) 32 —4y +V11 2 = 30; 
(c) 142—-9y +82 =18; 
(2) 3a—4y+82+30 =0. 
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(a) 60° 51’; (c) 58° 46’; (e) 75° 58’; 
(b) 51°3'; (d) 88° 53’; (f) 111° 44’. 


(a) 36° 52’, 53° 8’, 90°; 

(b) 45°, 90°, 45°; 

(c) 54° 44’, 54° 44’, 54° 44’: 

(d) 48° 11’, 131° 49’, 109° 28’; 

(e) 143° 55’, 72° 22’, 59° 40’; 

(f) 149° 0’, 73° 24’, 115° 23’. 

(a) — 13; (c) —32V3; 
ey 0; (d) 18; 


(e) — 47 


v2. 
x 8 


(f) — 3%. 


. (a) (= 2, 15, = 5); (b) (13, < 43, “a 57). 
13. 
14. 


52—5y+22-—-9=0,andr+y—1=0. 
ip 
Pages 274, 275 


. (a) (= 33, = 34, 0), (= o 0, 33), (0, 12, 43) ; 


(0) (38, % 0), (25, Dost 2), (0, a 14, = 53) ; 
(c) (4, 33, 0), (= ff 0, aoe 53); (0, 23, re 2). 


8 a) 
— 21 1 z2+2 
a 
(0) 2 1 3 
(@) e-1=-y=2+2; 


(6) c=1l,y=—-1; (€) c+y =0,2 =2; 
(@) 24 =y 41-42; 


(ec) 22 —8y+2z2=9,32—-—y=—2 =2. 

48° 31’. 

(a) Melo. Ty 4+ 46 = 
— 32 — 13 


@; 


a _ldy—4 52+83 
0); Ss tee 
Dye eo =e ale 
1 Sale Mage 
zx_38y+40 2-13 


= 
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ANSWERS 


Pages 278, 279 
1. @) @-1P? =16Y+2); 7 (a) ae 


SS ike 
(b) y+ 2 = 2 px; a a2 b2 ? 
= y" a b x y P_y 
(c) eb ee iene Oe Sane ; 
8. 2= 22+ 7°. pee = Or = 6, 
5 y? ey px — p*. b2 b2 @ 
Pages 286, 287 © 
Le) y? =.122, 2 = 122, 2? 4+ 9? =0; 
() Y+2=4,24+42= 16, 2+4y = 16; 
(c) y=0,2 =0,2 —4y? =0; 
(d) Imaginary, 22 —42 = 9,2 —4y? =9; 
(e) y+t92=0,2=92, 2=y; 
Gf) y—# =4,40 —92 = 36,47 1 9y = 36. 
3. (a) yy = 122 — 16; (@) 4y +42 =7; 
(b+) yy +2 =0; (ec) +92 = 16; 


ees; (f) yx — 2 +42 = 0. 
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